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Abstract Let M be a von Neumann algebra without central abelian projections. In this
paper, it is proved that under some mild conditions, every nonlinear ξ-Lie ∗-derivation (ξ 6= 0, 1)
L :M→M is an additive ∗-derivation.

1 Introduction and preliminaries

Let A be an algebra over the complex field C. Recall that an additive mapping δ : A → A is
called an additive derivation if δ(AB) = δ(A)B + Aδ(B) for all A,B ∈ A, and an additive Lie
derivation if δ([A,B]) = [δ(A), B]+[A, δ(B)] for allA,B ∈ A, where [A,B] = AB−BA is the
usual Lie product of A and B. The problem of how to characterize the Lie derivations and reveal
the relationship between Lie derivations and derivations has received many mathematicians’
attention for many years (for example, see [4], [5], [7], [9]). Let δ : A → A be a map (without the
additivity or linearity assumption) and ξ be a non-zero scalar. We say that δ is a nonlinear ξ-Lie
derivation if δ([A,B]ξ) = [δ(A), B]ξ+[A, δ(B)]ξ for all A,B ∈ A, where [A,B]ξ = AB−ξBA
is the ξ-Lie product of A and B. It is clear that if ξ = 1, a nonlinear ξ-Lie derivation is a
nonlinear Lie derivation. Recently, Yu and Zhang [10] described nonlinear Lie derivation on
triangular algebras. Bai and Du [1] investigated nonlinear Lie derivations on von Neumann
algebras. Bai, Du and Guo [2] proved that every nonlinear ξ-Lie derivation (ξ 6= 1) on a von
Neumann algebra with no central abelian projections is an additive derivation.

Let A be a ∗-algebra over the complex field C and ξ be a non-zero scalar. We say that
a mapping δ : A → A is an additive ∗-derivation if δ is an additive derivation and satisfies
δ(A∗) = δ(A)∗ for all A ∈ A. A mapping (without the additivity or linearity assumption)
L : A → A is called a nonlinear ξ-Lie ∗-derivation if L([A∗, B]ξ) = [L(A)∗, B]ξ + [A∗, L(B)]ξ
for all A,B ∈ A. If L(A∗) = L(A)∗ for all A ∈ A, then L is a nonlinear ξ-Lie derivation if
and only if L is a nonlinear ξ-Lie ∗-derivation. But, in general, a nonlinear ξ-Lie ∗-derivation
does not satisfy L(A∗) = L(A)∗ for all A ∈ A. It is clear that if ξ = 1, a nonlinear ξ-Lie
∗-derivation is a nonlinear ∗-Lie derivation. In [6], the authors studied the structure of nonlinear
∗-Lie derivations and proved that a nonlinear ∗-Lie derivation on a von Neumann algebra with no
central abelian projections can be expressed as the sum of an additive ∗-derivation and a mapping
with image in the center vanishing at commutators.

In this paper, we will give a characterization of nonlinear ξ-Lie ∗-derivations on von Neumann
algebras without central abelian projections for all scalars ξ 6= 1.

Before giving our main result, we need some notations and preliminaries. Throughout this
paper, letH be a complex Hilbert space, and B(H) be the algebra of all bounded linear operators
on H. A von Neumann algebra M is a weakly closed, self-adjoint algebra of operators on H
containing the identity operator I . The set ZM = {S ∈ M | ST = TS for all T ∈ M} is called
the center of M. A projection P is called a central abelian projection if P ∈ ZM and PMP
is abelian. For A ∈ M, the central carrier of A, denoted by A, is the intersection of all central
projections P such that PA = A. It is well known that the central carrier of A is the projection
onto the closed subspace spanned by {BA(x) | B ∈ M, x ∈ H}. For each self-adjoint operator
A ∈ M, we define the core of A, denoted by A, to be sup{S ∈ ZM | S = S∗, S ≤ A}. If P
is a projection, it is clear that P is the largest central projection Q satisfying Q ≤ P . We call a
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projection core-free if P = 0. It is easy to see that P = 0 if and only if I − P = I , here I − P
denotes the central carrier of I − P .

First, we give the following lemma which will be used frequently.

Lemma 1.1. LetM be a von Neumann algebra.

(i) [8, Lemma 4] IfM has no central abelian projections, then each nonzero central projection
inM is the central carrier of a core-free projection inM.

(ii) [3, Lemma 2.6] If M has no central abelian projections, then M equals the ideal of M
generated by all commutators inM.

(iii) [6, Lemma 2.1] Let P ∈ M be a projection with P = I and A ∈ B(H). If AMP = 0 for
all M ∈M, then A = 0. Consequently, if Z ∈ ZM, then ZP = 0 implies Z = 0.

By Lemma 1.1(i), there exists a projection P such that P = 0 and P = I . Throughout this
paper, P1 = P is fixed. Write P2 = I − P1. By the definition of central core and central carrier,
P2 is also core-free and P2 = I . According to the two-side Pierce decomposition ofM relative

P1, denoteMij = PiMPj , i, j = 1, 2, thenM =
2∑

i,j=1
Mij . For every A ∈ M, we may write

A = A11+A12+A21+A22. In all that follows, when we writeAij , it indicates that it is contained
inMij .

2 The Results

In order to prove our main theorem, we need the following result.

Lemma 2.1. LetM be a von Neumann algebra with no central abelian projections, ξ 6= 0, 1 be
a scalar and Aii ∈ Mii, Bjj ∈ Mjj , 1 ≤ i 6= j ≤ 2. If AiiCij = ξCijBjj for all Cij ∈ Mij ,
then Aii +Bjj ∈ (ξPi + Pj)ZM.

Proof. For any Dii ∈ Mii, we have AiiDiiCij = ξDiiCijBjj = DiiAiiCij . Hence we get
(AiiDii − DiiAii)PiCPj = 0 for all C ∈ M. It follows from Lemma 1.1(iii) that AiiDii =
DiiAii, that is Aii = ZiPi for some Zi ∈ ZM. For any Djj ∈Mjj , we get

ξCijDjjBjj = AiiCijDjj = ξCijBjjDjj .

Then we have ξCij(DjjBjj −BjjDjj) = 0. Since ξ 6= 0, we obtain that

(DjjBjj −BjjDjj)
∗PjCPi = 0

for all C ∈ M. By Lemma 1.1(iii), we get DjjBjj = BjjDjj , that is Bjj = ZjPj for some
Zj ∈ ZM. Hence we have that ZiPiCij = ξCijZjPj , i.e. ZiCij = ξCijZj for all Cij ∈ Mij . It
means that (Zi− ξZj)Cij = 0 for all Cij ∈Mij . By Lemma 1.1(iii), we get Zi = ξZj , and then
Aii +Bjj ∈ ZiPi + ZjPj = (ξPi + Pj)Zj ∈ (ξPi + Pj)ZM. 2

Our main result reads as follows:

Theorem 2.2. LetM be a von Neumann algebra with no central abelian projections. If ξ 6= 0, 1
is a scalar and L : M → M is a nonlinear ξ-Lie ∗-derivation satisfying L(I) ∈ ZM where
I is the identity operator ofM, then L is an additive ∗-derivation and L(ξA) = ξL(A) for all
A ∈M.

Proof. We will divide the proof of the theorem into several claims.
Claim 1. L(0) = 0.

Indeed, L(0) = L([0∗, 0]ξ) = [L(0)∗, 0]ξ + [0∗, L(0)]ξ = 0.

First, we will show that L is additive.
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Claim 2. For every Aii ∈Mii, Bij ∈Mij and Bji ∈Mji, 1 ≤ i 6= j ≤ 2, we have

L(Aii +Bij) = L(Aii) + L(Bij),

L(Aii +Bji) = L(Aii) + L(Bji).

Let T := L(Aii +Bij)− L(Aii)− L(Bij) ∈M. Then we have

L(−ξBij) = L([P ∗j , Aii +Bij ]ξ)

= [L(Pj)
∗, Aii +Bij ]ξ + [P ∗j , L(Aii +Bij)]ξ.

On the other hand, by Claim 1, we have

L(−ξBij) = L([P ∗j , Aii]ξ) + L([P ∗j , Bij ]ξ)

= [L(Pj)
∗, Aii]ξ + [P ∗j , L(Aii)]ξ + [L(Pj)

∗, Bij ]ξ + [P ∗j , L(Bij)]ξ

= [L(Pj)
∗, Aii +Bij ]ξ + [P ∗j , L(Aii) + L(Bij)]ξ.

Hence [Pj , T ]ξ = 0, that is PjT − ξTPj = 0. Since ξ 6= 1, we get

Tjj =
−Tji + ξTij

1− ξ
.

Then we obtain that [
Pj , Tii + Tij + Tji +

−Tji + ξTij
1− ξ

]
ξ
= 0.

With easy calculations we have
−ξ

1− ξ
(Tij+Tji) = 0. Since ξ 6= 0, 1, we get Tij+Tji = 0. Then

we have Tjj − ξTjj = 0. Since ξ 6= 1, we get Tjj = 0. Thus Tjj = Tij + Tji = 0. Similarly,

L((ξ − ξ2)Aii) = L([(ξPi + Pj)
∗, Aii +Bij ]ξ)

= [L(ξPi + Pj)
∗, Aii +Bij ]ξ + [(ξPi + Pj)

∗, L(Aii +Bij)]ξ.

On the other hand, we have

L((ξ − ξ2)Aii) = L([(ξPi + Pj)
∗, Aii]ξ) + L([(ξPi + Pj)

∗, Bij ]ξ)

= [L(ξPi + Pj)
∗, Aii]ξ + [(ξPi + Pj)

∗, L(Aii)]ξ + [L(ξPi + Pj)
∗, Bij ]ξ

+[(ξPi + Pj)
∗, L(Bij)]ξ

= [L(ξPi + Pj)
∗, Aii +Bij ]ξ + [(ξPi + Pj)

∗, L(Aii) + L(Bij)]ξ.

Hence [ξPi+Pj , T ]ξ = 0, that is (ξPi+Pj)T −ξT (ξPi+Pj) = 0. Then we get ξ(1−ξ)Tii = 0.
Since ξ 6= 0, 1, we have Tii = 0. Hence T = 0 and thus L(Aii + Bij) = L(Aii) + L(Bij).
Similarly, one can prove L(Aii +Bji) = L(Aii) + L(Bji).

Claim 3. For every Aij , Bij ∈Mij , 1 ≤ i 6= j ≤ 2, we have

L(Aij +Bij) = L(Aij) + L(Bij).

Since Aij +Bij = [(A∗ij + Pi)∗, Bij + Pj ]ξ, by using Claim 2, we have that

L(Aij +Bij) = [L(A∗ij + Pi)
∗, Bij + Pj ]ξ + [(A∗ij + Pi)

∗, L(Bij + Pj)]ξ

= [L(A∗ij)
∗ + L(Pi)

∗, Bij + Pj ]ξ + [(A∗ij + Pi)
∗, L(Bij) + L(Pj)]ξ

= [L(A∗ij)
∗, Bij ]ξ + [L(A∗ij)

∗, Pj ]ξ + [L(Pi)
∗, Bij ]ξ + [L(Pi)

∗, Pj ]ξ

+[Aij , L(Bij)]ξ + [Aij , L(Pj)]ξ + [Pi, L(Bij)]ξ + [Pi, L(Pj)]ξ

= L([(A∗ij)
∗, Bij ]ξ) + L([(A∗ij)

∗, Pj ]ξ) + L([P ∗i , Bij ]ξ) + L([P ∗i , Pj ]ξ)

= L([Aij , Pj ]ξ) + L([Pi, Bij ]ξ)

= L(AijPj − ξPjAij) + L(PiBij − ξBijPi)
= L(Aij) + L(Bij).
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Claim 4. For any Aii ∈Mii, Bjj ∈Mjj , 1 ≤ i 6= j ≤ 2, we have

L(Aii +Bjj) = L(Aii) + L(Bjj).

Let T := L(Aii +Bjj)− L(Aii)− L(Bjj) ∈M. We have

L((1− ξ)Aii) = L([P ∗i , Aii +Bjj ]ξ)

= [L(Pi)
∗, Aii +Bjj ]ξ + [P ∗i , L(Aii +Bjj)]ξ.

On the other hand, by Claim 1,

L((1− ξ)Aii) = L([P ∗i , Aii]ξ) + L([P ∗i , Bjj ]ξ)

= [L(Pi)
∗, Aii]ξ + [P ∗i , L(Aii)]ξ + [L(Pi)

∗, Bjj ]ξ + [P ∗i , L(Bjj)]ξ

= [L(Pi)
∗, Aii +Bjj ]ξ + [P ∗i , L(Aii) + L(Bjj)]ξ.

Hence [P ∗i , T ]ξ = 0, that is PiT − ξTPi = 0. Since ξ 6= 1, we get Tii = Tij + Tji = 0.
Similarly,

L((1− ξ)Bjj) = L([P ∗j , Aii +Bjj ]ξ)

= [L(Pj)
∗, Aii +Bjj ]ξ + [P ∗j , L(Aii +Bjj)]ξ.

On the other hand,

L((1− ξ)Bjj) = L([P ∗j , Aii]ξ) + L([P ∗j , Bjj ]ξ)

= [L(Pj)
∗, Aii]ξ + [P ∗j , L(Aii)]ξ + [L(Pj)

∗, Bjj ]ξ + [P ∗j , L(Bjj)]ξ

= [L(Pj)
∗, Aii +Bjj ]ξ + [P ∗j , L(Aii) + L(Bjj)]ξ.

Thus we have [P ∗j , T ]ξ = 0, that is PjT − ξTPj = 0. Since ξ 6= 1, we get Tjj = 0. Then we
obtain that T = 0, hence L(Aii +Bjj) = L(Aii) + L(Bjj).

Claim 5. For any Aii, Bii ∈Mii, i = 1, 2, we have

L(Aii +Bii) = L(Aii) + L(Bii).

Let T := L(Aii + Bii) − L(Aii) − L(Bii) ∈ M. We only need to prove T = 0. For i 6= j, we
have

0 = L([P ∗j , Aii +Bii]ξ)

= [L(Pj)
∗, Aii +Bii]ξ + [P ∗j , L(Aii +Bii)]ξ.

On the other hand,

0 = L([P ∗j , Aii]ξ) + L([P ∗j , Bii]ξ)

= [L(Pj)
∗, Aii]ξ + [P ∗j , L(Aii)]ξ + [L(Pj)

∗, Bii]ξ + [P ∗j , L(Bii)]ξ

= [L(Pj)
∗, Aii +Bii]ξ + [P ∗j , L(Aii) + L(Bii)]ξ.

Hence [P ∗j , T ]ξ = 0, that is PjT − ξTPj = 0. Since ξ 6= 1, we get Tjj = Tij + Tji = 0.
For any Cij ∈Mij (i 6= j), by Claim 3, we have

[L(Cij)
∗, Aii +Bii]ξ + [C∗ij , L(Aii +Bii)]ξ

= L([C∗ij , Aii +Bii]ξ)

= L(C∗ijAii + C∗ijBii) = L(C∗ijAii) + L(C∗ijBii)

= L([C∗ij , Aii]ξ) + L([C∗ij , Bii]ξ)

= [L(Cij)
∗, Aii]ξ + [C∗ij , L(Aii)]ξ + [L(Cij)

∗, Bii]ξ + [C∗ij , L(Bii)]ξ

= [L(Cij)
∗, Aii +Bii]ξ + [C∗ij , L(Aii) + L(Bii)]ξ.
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Thus we have [C∗ij , T ]ξ = 0. That is, C∗ijTii = 0 for all Cij ∈ Mij . Hence T ∗iiPiCPj = 0
for all C ∈ M. By Lemma 1.1(iii), we get Tii = 0. Consequently, we have T = 0. Hence
L(Aii +Bii) = L(Aii) + L(Bii).

Claim 6. For any Aij ∈Mij , Bji ∈Mji, we have

L(Aij +Bji) = L(Aij) + L(Bji).

Let T := L(Aij +Bji)− L(Aij)− L(Bji) ∈M. For every Cij ∈Mij ,

[L(Cij)
∗, Aij +Bji]ξ + [C∗ij , L(Aij +Bji)]ξ

= L([C∗ij , Aij +Bji]ξ)

= L([C∗ij , Aij ]ξ) + L([C∗ij , Bji]ξ)

= [L(Cij)
∗, Aij ]ξ + [C∗ij , L(Aij)]ξ + [L(Cij)

∗, Bji]ξ + [C∗ij , L(Bji)]ξ

= [L(Cij)
∗, Aij +Bji]ξ + [C∗ij , L(Aij) + L(Bji)]ξ.

Hence [C∗ij , T ]ξ = 0. That is, C∗ijT − ξTC∗ij = 0. Thus we have C∗ijTPj = 0, i.e. C∗ijTijPj = 0
for all Cij ∈ Mij . Hence T ∗ijPiCPj = 0 for all C ∈ M. By Lemma 1.1(iii), we have Tij = 0.
Similarly, Tji = 0.

On the other hand,

[L(ξPi + Pj)
∗, Aij +Bji]ξ + [(ξPi + Pj)

∗, L(Aij +Bji)]ξ

= L([(ξPi + Pj)
∗, Aij +Bji]ξ)

= L([(ξPi + Pj)
∗, Aij ]ξ) + L([(ξPi + Pj)

∗, Bji]ξ)

= [L(ξPi + Pj)
∗, Aij ]ξ + [(ξPi + Pj)

∗, L(Aij)]ξ + [L(ξPi + Pj)
∗, Bji]ξ

+[(ξPi + Pj)
∗, L(Bji)]ξ

= [L(ξPi + Pj)
∗, Aij +Bji]ξ + [(ξPi + Pj)

∗, L(Aij) + L(Bji)]ξ.

Hence [ξPi+Pj , T ]ξ = 0, that is (ξPi+Pj)T −ξT (ξPi+Pj) = 0. Thus we have ξTii+Tjj = 0.
Similarly, we get Tii + ξTjj = 0. Comparing these equations, we obtain that Tii = Tjj . Hence
[ξPi + Pj , 2Tii]ξ = 0, that is Tii = 0. So we have Tii = Tjj = 0. Then we get T = 0, proving
the claim.

Claim 7. For any Aii ∈Mii, Bij ∈Mij , Cji ∈Mji, 1 ≤ i 6= j ≤ 2, we have

L(Aii +Bij + Cji) = L(Aii) + L(Bij) + L(Cji).

Let T := L(Aii +Bij + Cji)− L(Aii)− L(Bij)− L(Cji) ∈M. It follows from Claim 6 that

[L(Pj)
∗, Aii +Bij + Cji]ξ + [P ∗j , L(Aii +Bij + Cji)]ξ

= L([P ∗j , Aii +Bij + Cji]ξ)

= L([P ∗j , Aii]ξ) + L([P ∗j , Bij + Cji]ξ)

= [L(Pj)
∗, Aii]ξ + [P ∗j , L(Aii)]ξ + [L(Pj)

∗, Bij + Cji]ξ + [P ∗j , L(Bij + Cji)]ξ

= [L(Pj)
∗, Aii +Bij + Cji]ξ + [P ∗j , L(Aii) + L(Bij) + L(Cji)]ξ.

Hence [P ∗j , T ]ξ = 0, that is PjT − ξTPj = 0. Since ξ 6= 1, we have Tjj = Tij + Tji = 0.
By using Claim 2, we have that

[L(ξPi + Pj)
∗, Aii +Bij + Cji]ξ + [(ξPi + Pj)

∗, L(Aii +Bij + Cji)]ξ

= L([(ξPi + Pj)
∗, Aii +Bij + Cji]ξ)

= L([(ξPi + Pj)
∗, Aii + Cji]ξ) + L([(ξPi + Pj)

∗, Bij ]ξ)

= [L(ξPi + Pj)
∗, Aii + Cji]ξ + [(ξPi + Pj)

∗, L(Aii + Cji)]ξ + [L(ξPi + Pj)
∗, Bij ]ξ

+[(ξPi + Pj)
∗, L(Bij)]ξ

= [L(ξPi + Pj)
∗, Aii +Bij + Cji]ξ + [(ξPi + Pj)

∗, L(Aii) + L(Bij) + L(Cji)]ξ.
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Thus we get [ξPi+Pj , T ]ξ = 0, that is (ξPi+Pj)T − ξT (ξPi+Pj) = 0. Hence Tii = 0. So
we have T = 0, this proves the claim.

Claim 8. For any A11 ∈M11, B12 ∈M12, C21 ∈M21, D22 ∈M22, we have

L(A11 +B12 + C21 +D22) = L(A11) + L(B12) + L(C21) + L(D22).

Let T := L(A11 + B12 + C21 +D22) − L(A11) − L(B12) − L(C21) − L(D22) ∈ M. It follows
from Claim 7 that

[L(P1)
∗, A11 +B12 + C21 +D22]ξ + [P ∗1 , L(A11 +B12 + C21 +D22)]ξ

= L([P ∗1 , A11 +B12 + C21 +D22]ξ)

= L([P ∗1 , A11 +B12 + C21]ξ) + L([P ∗1 , D22]ξ)

= [L(P1)
∗, A11 +B12 + C21]ξ + [P ∗1 , L(A11 +B12 + C21)]ξ + [L(P1)

∗, D22]ξ

+[P ∗1 , L(D22)]ξ

= [L(P1)
∗, A11 +B12 + C21 +D22]ξ + [P ∗1 , L(A11) + L(B12) + L(C21) + L(D22)]ξ.

Hence [P1, T ]ξ = 0. That is, P1T − ξTP1 = 0. Then we have T11 = T12 + T21 = 0. Similarly,
we can obtain that T22 = 0. Hence T = 0.

Claim 9. L is additive.
By Claims 3, 5 and 8, we can prove that L is additive.

Since L is additive and L(I) ∈ ZM, we get

L(A)− L(ξA) = L((1− ξ)A) = L([I∗, A]ξ) = [I∗, L(A)]ξ = L(A)− ξL(A)

for any A ∈M. Hence L(ξA) = ξL(A) for all A ∈M.

Now we need to prove that L is an additive derivation and L(A∗) = L(A)∗ for all A ∈M.

Claim 10. P1L(Pi)P1 + P2L(Pi)P2 = 0, i = 1, 2.

For any A12 ∈M12,

L(A12) = L([P ∗1 , A12]ξ)

= [L(P1)
∗, A12]ξ + [P ∗1 , L(A12)]ξ

= L(P1)
∗A12 − ξA12L(P1)

∗ + P1L(A12)− ξL(A12)P1.

Multiplying both sides of the above equation by P1 and P2 from the left and right, respectively,
we have

P1L(P1)
∗P1A12 = ξA12P2L(P1)

∗P2.

By using Lemma 2.1, we get

P1L(P1)
∗P1 + P2L(P1)

∗P2 ∈ (ξP1 + P2)ZM. (2.1)

Similarly, for any A21 ∈M21,

L(A21) = L([P ∗2 , A21]ξ)

= [L(P2)
∗, A21]ξ + [P ∗2 , L(A21)]ξ

= L(P2)
∗A21 − ξA21L(P2)

∗ + P2L(A21)− ξL(A21)P2.

Multiplying both sides of the above equation by P2 and P1 from the left and right, respectively,
we get

P2L(P2)
∗P2A21 = ξA21P1L(P2)

∗P1.
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It follows from Lemma 2.1 that

P2L(P2)
∗P2 + P1L(P2)

∗P1 ∈ (P1 + ξP2)ZM. (2.2)

Assume that P1L(P1)∗P1 + P2L(P1)∗P2 = (ξP1 + P2)Z1 and P2L(P2)∗P2 + P1L(P2)∗P1 =
(P1 + ξP2)Z2 for some Z1, Z2 ∈ ZM. We also have that

0 = L([P ∗2 , P1]ξ)

= [L(P2)
∗, P1]ξ + [P ∗2 , L(P1)]ξ

= L(P2)
∗P1 − ξP1L(P2)

∗ + P2L(P1)− ξL(P1)P2.

If we multiply both sides of the above equation by P2 from the left and right, respectively, then
we get (1 − ξ)P2L(P1)P2 = 0. Since ξ 6= 1, we obtain that P2L(P1)P2 = 0. Similarly, since
ξ 6= 1, we can get P1L(P2)∗P1 = 0. Since P2L(P1)P2 = 0, we also have P2L(P1)∗P2 = 0, and
it follows from that

[(ξP1 + P2)Z1, P2]ξ = [P1L(P1)
∗P1 + P2L(P1)

∗P2, P2]ξ = 0.

Hence (1 − ξ)P2Z1 = 0. Since ξ 6= 1, we get Z1P2 = 0. By Lemma 1.1(iii), we have that
Z1 = 0. Thus

P1L(P1)
∗P1 + P2L(P1)

∗P2 = 0. (2.3)

Similarly, we can obtain that

P2L(P2)
∗P2 + P1L(P2)

∗P1 = 0. (2.4)

From the equations (2.3) and (2.4), we easily reach the desired result.

Define a mapping ∆ : M → M by ∆(A) = L(A)− [A, T0] for all A ∈ M, where T0 :=
P1L(P1)P2 − P2L(P1)P1.

Claim 11. T ∗0 = −T0.

Since L is additive and L(ξA) = ξL(A) for all A ∈M, we have

L(P1)− ξL(P1) = L([P ∗1 , P1]ξ)

= [L(P1)
∗, P1]ξ + [P ∗1 , L(P1)]ξ

= L(P1)
∗P1 − ξP1L(P1)

∗ + P1L(P1)− ξL(P1)P1. (2.5)

Multiplying both sides of the above equation by P1 and P2 from the left and right, respectively,
we get

−ξP1L(P1)P2 = −ξP1L(P1)
∗P2.

Since ξ 6= 0, we have
P1L(P1)P2 = P1L(P1)

∗P2. (2.6)

On the other hand, if we multiply both sides of the equation (2.5) by P2 and P1 from the left
and right, respectively, we get

P2L(P1)P1 = P2L(P1)
∗P1. (2.7)

Then by using the equations (2.6) and (2.7), we have that T ∗0 = −T0.

Since T ∗0 = −T0, we have ∆([A∗, B]ξ) = [∆(A)∗, B]ξ + [A∗,∆(B)]ξ for all A,B ∈M.

Claim 12. ∆(Pi) = 0, i = 1, 2.
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We have that

0 = L([P ∗1 , P2]ξ)

= [L(P1)
∗, P2]ξ + [P ∗1 , L(P2)]ξ

= L(P1)
∗P2 − ξP2L(P1)

∗ + P1L(P2)− ξL(P2)P1. (2.8)

Multiplying both sides of the equation (2.8) by P1 and P2 from the left and right, respectively,
we obtain that

P1L(P1)
∗P2 + P1L(P2)P2 = 0. (2.9)

Similarly since ξ 6= 0, we can get

P2L(P1)
∗P1 + P2L(P2)P1 = 0. (2.10)

By using the equations (2.6) and (2.7) in the proof of Claim 11, we have that

P1L(P1)P2 + P1L(P2)P2 = 0 (2.11)

and
P2L(P1)P1 + P2L(P2)P1 = 0. (2.12)

If we add the equations (2.11) and (2.12), then we get L(P1) + L(P2) = 0. Thus ∆(P1) =
L(P1)− [P1, T0] = 0 and ∆(P2) = L(P2) + L(P1) = 0.

Claim 13. ∆(Mij) ⊆Mij , 1 ≤ i 6= j ≤ 2.

For any Bij ∈Mij , 1 ≤ i 6= j ≤ 2, we have

∆(Bij) = ∆([P ∗i , Bij ]ξ)

= [P ∗i ,∆(Bij)]ξ = Pi∆(Bij)− ξ∆(Bij)Pi.

Then,
Pi∆(Bij)Pi = Pj∆(Bij)Pj = 0. (2.13)

Moreover, if ξ 6= −1, then we have Pj∆(Bij)Pi = 0.
Assume that ξ = −1. For every Aii ∈Mii, Bij ∈Mij ,

∆(A∗iiBij) = ∆([A∗ii, Bij ]−1)

= [∆(Aii)
∗, Bij ]−1 + [A∗ii,∆(Bij)]−1

= ∆(Aii)
∗Bij +Bij∆(Aii)

∗ +A∗ii∆(Bij) + ∆(Bij)A
∗
ii.

It follows from (2.13) that,

Pj∆(A
∗
iiBij)Pi = Pj∆(Bij)A

∗
iiPi = ∆(Bij)A

∗
ii. (2.14)

Then for every Nii,
Pj∆(N

∗
iiA
∗
iiBij)Pi = ∆(Bij)N

∗
iiA
∗
ii. (2.15)

On the other hand,
Pj∆(N

∗
iiA
∗
iiBij)Pi = ∆(A∗iiBij)N

∗
ii.

By (2.14), we also have ∆(A∗iiBij)N
∗
ii = ∆(Bij)A∗iiN

∗
ii since

∆(A∗iiBij)Pi = (I − Pi)∆(A∗iiBij)Pi = Pj∆(A
∗
iiBij)Pi = ∆(Bij)A

∗
ii.

It means that
Pj∆(N

∗
iiA
∗
iiBij)Pi = ∆(A∗iiBij)N

∗
ii = ∆(Bij)A

∗
iiN
∗
ii. (2.16)

From (2.15) and (2.16), we have

∆(Bij)[N
∗
ii, A

∗
ii] = 0.
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Now replacing Nii by NiiRii where Rii ∈Mii, we obtain

∆(Bij)R
∗
ii[N

∗
ii, A

∗
ii] = 0.

By Lemma 1.1(ii), ∆(Bij)P ∗i = 0. Hence Pj∆(Bij)Pi = 0 for all ξ ∈ C. Thus we get
∆(Bij) ∈Mij for all Bij ∈Mij .

Claim 14. ∆(Mii) ⊆Mii, i = 1, 2.

We have that

0 = ∆(Pi) = ∆

([
I∗,

1
1− ξ

Pi

]
ξ

)
=

[
∆(I)∗,

1
1− ξ

Pi

]
ξ
+
[
I∗,∆

( 1
1− ξ

Pi

)]
ξ

=
1

1− ξ
∆([I∗, Pi]ξ) +

[
I∗,∆

( 1
1− ξ

Pi

)]
ξ

=
1

1− ξ
∆((1− ξ)Pi) + (1− ξ)∆

( 1
1− ξ

Pi

)
.

On the other hand, we get
∆((1− ξ)Pi) = ∆([P ∗i , Pi]ξ) = 0.

Hence ∆

( 1
1− ξ

Pi

)
= 0. For any Aii ∈Mii,

∆(Aii) = ∆

([( 1
1− ξ

Pi

)∗
, Aii

]
ξ

)
=

[ 1
1− ξ

Pi,∆(Aii)
]
ξ

=
1

1− ξ
Pi∆(Aii)− ξ∆(Aii)

1
1− ξ

Pi

=
1

1− ξ
(Pi∆(Aii)− ξ∆(Aii)Pi).

Thus we have ∆(Aii) ∈Mii, i = 1, 2.

Now, we will show that ∆(AB) = ∆(A)B + A∆(B) for every A,B ∈ M, that is ∆ is an
additive derivation.

Claim 15. For any Aii ∈Mii, Ajj ∈Mjj , Bij ∈Mij , 1 ≤ i 6= j ≤ 2, we have

∆(AiiBij) = ∆(Aii)Bij +Aii∆(Bij),

∆(BijAjj) = ∆(Bij)Ajj +Bij∆(Ajj),

∆(B∗ij) = ∆(Bij)
∗.

We have that

−ξ∆(AiiB∗ji) = ∆(−ξAiiB∗ji) = ∆([B∗ji, Aii]ξ)

= [∆(Bji)
∗, Aii]ξ + [B∗ji,∆(Aii)]ξ

= −ξAii∆(Bji)∗ − ξ∆(Aii)B∗ji.

Since ξ 6= 0, we have ∆(AiiB∗ji) = Aii∆(Bji)∗ + ∆(Aii)B∗ji. On the other hand, by using the
equation ∆(Pi) = 0, we get

∆(B∗ji) = ∆(PiB
∗
ji) = Pi∆(Bji)

∗ = ∆(Bji)
∗.
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It follows from that

∆(AiiBij) = ∆(Aii(B
∗
ij)
∗)

= Aii∆(B
∗
ij)
∗ + ∆(Aii)Bij

= Aii∆(Bij) + ∆(Aii)Bij .

Similarly, we have ∆(BijAjj) = ∆(Bij)Ajj +Bij∆(Ajj).

Claim 16. For any Aii, Bii ∈Mii, i = 1, 2, we have

∆(AiiBii) = ∆(Aii)Bii +Aii∆(Bii),

∆(A∗ii) = ∆(Aii)
∗.

For any Cij ∈Mij , i 6= j, it follows from Claim 15 that

∆(AiiB
∗
ii)Cij +AiiB

∗
ii∆(Cij)

= ∆(AiiB
∗
iiCij)

= ∆(Aii)B
∗
iiCij +Aii∆(B

∗
iiCij)

= ∆(Aii)B
∗
iiCij +Aii∆([B

∗
ii, Cij ]ξ)

= ∆(Aii)B
∗
iiCij +Aii([∆(Bii)

∗, Cij ]ξ) +Aii([B
∗
ii,∆(Cij)]ξ)

= ∆(Aii)B
∗
iiCij +Aii∆(Bii)

∗Cij +AiiB
∗
ii∆(Cij).

Thus (∆(AiiB∗ii)− ∆(Aii)B∗ii −Aii∆(Bii)∗)Cij = 0, for all Cij ∈Mij . Then we have

(∆(AiiB
∗
ii)− ∆(Aii)B

∗
ii −Aii∆(Bii)∗)PiCPj = 0

for all C ∈M. It follows from Lemma 1.1(iii) that

∆(AiiB
∗
ii) = ∆(Aii)B

∗
ii +Aii∆(Bii)

∗.

By using the above equation, we also have

∆(A∗ii) = ∆(PiA
∗
ii) = Pi∆(Aii)

∗ = ∆(Aii)
∗

since ∆(Pi) = 0. Hence

∆(AiiBii) = ∆(Aii(B
∗
ii)
∗)

= ∆(Aii)Bii +Aii∆(B
∗
ii)
∗

= ∆(Aii)Bii +Aii∆(Bii).

Claim 17. For any Aij ∈Mij , Bji ∈Mji, 1 ≤ i 6= j ≤ 2, we have

∆(AijBji) = ∆(Aij)Bji +Aij∆(Bji).

For any Cij ∈Mij , i 6= j, it follows from Claim 2 and Claim 15 that

∆(AijB
∗
ij)Cij +AijB

∗
ij∆(Cij)

= ∆(AijB
∗
ijCij)

= ∆(Aij)B
∗
ijCij +Aij∆(B

∗
ijCij)

= ∆(Aij)B
∗
ijCij +Aij∆([B

∗
ij , Cij ]ξ) + ξAij∆(CijB

∗
ij)

= ∆(Aij)B
∗
ijCij +Aij([∆(Bij)

∗, Cij ]ξ) +Aij([B
∗
ij ,∆(Cij)]ξ)

= ∆(Aij)B
∗
ijCij +Aij∆(Bij)

∗Cij +AijB
∗
ij∆(Cij).
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Then (∆(AijB∗ij)− ∆(Aij)B∗ij −Aij∆(Bij)∗)Cij = 0 for all Cij ∈Mij . Hence we get

(∆(AijB
∗
ij)− ∆(Aij)B

∗
ij −Aij∆(Bij)∗)PiCPj = 0

for all C ∈M. It follows from Lemma 1.1(iii) that

∆(AijB
∗
ij) = ∆(Aij)B

∗
ij +Aij∆(Bij)

∗.

Since ∆(B∗ij) = ∆(Bij)∗, we have

∆(AijBji) = ∆(Aij(B
∗
ji)
∗)

= ∆(Aij)Bji +Aij∆(B
∗
ji)
∗

= ∆(Aij)Bji +Aij∆(Bji).

Claim 18. ∆ is an additive derivation.

For any A =
2∑

i,j=1
Aij , B =

2∑
i,j=1

Bij ∈M, we have

∆(AB) = ∆(A11B11) + ∆(A11B12) + ∆(A12B21) + ∆(A12B22) + ∆(A21B11)

+∆(A21B12) + ∆(A22B21) + ∆(A22B22)

= ∆(A11)B11 +A11∆(B11) + ∆(A11)B12 +A11∆(B12) + ∆(A12)B21

+A12∆(B21) + ∆(A12)B22 +A12∆(B22) + ∆(A21)B11 +A21∆(B11)

+∆(A21)B12 +A21∆(B12) + ∆(A22)B21 +A22∆(B21) + ∆(A22)B22

+A22∆(B22)

= ∆(A11)(B11 +B12) + ∆(A12)(B21 +B22) + ∆(A21)(B11 +B12)

+∆(A22)(B21 +B22) +A11(∆(B11) + ∆(B12)) +A12(∆(B21) + ∆(B22))

+A21(∆(B11) + ∆(B12)) +A22(∆(B21) + ∆(B22))

= (∆(A11) + ∆(A21))(B11 +B12) + (∆(A12) + ∆(A22))(B21 +B22)

+(A11 +A21)(∆(B11) + ∆(B12)) + (A12 +A22)(∆(B21) + ∆(B22))

= ∆(A)B +A∆(B).

Hence ∆ is an additive derivation.

By the definition of the mapping ∆, we obtain that L is an additive derivation. Finally, we
need to prove that L(A∗) = L(A)∗ for all A ∈M.

From Claim 15 and Claim 16, we get

∆(A∗) = ∆(A∗11) + ∆(A∗12) + ∆(A∗21) + ∆(A∗22)

= ∆(A11)
∗ + ∆(A12)

∗ + ∆(A21)
∗ + ∆(A22)

∗

= (∆(A11) + ∆(A12) + ∆(A21) + ∆(A22))
∗

= ∆(A)∗

for all A ∈M. Then by using T ∗0 = −T0, we have that

L(A∗)− [A∗, T0] = ∆(A∗) = ∆(A)∗

= (L(A)− [A, T0])
∗

= L(A)∗ − (AT0 − T0A)
∗

= L(A)∗ − (−T0A
∗ +A∗T0)

= L(A)∗ − [A∗, T0]
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for all A ∈M. That is L(A∗) = L(A)∗ for all A ∈M.

Hence we obtain that L is an additive ∗-derivation, as desired. 2
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