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Abstract We establish some common fixed point theorems for four weakly compatible self-
mappings satisfying generalized contraction under rational expressions in complex valued b-
metric spaces. Our results unify, extend and improve some results in the literature (see [3]). Our
results supported by an example.

1 Introduction

Fixed point theory is one of the useful theories for determining the existence and uniqueness of
solutions to many mathematical equations in mathematical science, engineering and applications
in other fields. Banach’s contraction principle is one of the most important relations in the
study of non-linear equations and many applications in mathematical science and engineering
fields. There are many extensions and generalizations were made by using different contractive
conditions on an ambient space. These contractive conditions play very important role to show
the existence and uniqueness of a fixed point. The concept of metric space was developed and
generalized as rectangular metric spaces, pseudo metric spaces, probabilistic metric spaces, D-
metric spaces, Fuzzy metric spaces, cone metric spaces, 2-metric spaces and G-metric spaces
etc.. see [1,6,9,10,11,12,13,17].

In 1998, Czerwik [8] introduced the concept of b-metric spaces that were considered more gen-
eral than ordinary metric spaces. Recently, Rao. et al. [14] introduced the concept of complex
valued b-metric spaces which is more general than complex valued metric spaces that was pre-
sented by Azam et al. [5]

2 Preliminaries

In this section, we begin with some basic notations and definitions that will be very important
and useful for our results.

Let C be the set of complex numbers and z;, z; € C. Define a partial order = on C as follows:
21 3 2z ifand only if Re(z1) < Re(2;) and Im(z1) < Im(z,).
Consequently, one can infer that z; = 2, if one of the following conditions hold:

(p1) Re(z1) =Re(z) and Im(z;) < Im(2),
(p2) Re(z1) < Re(zz) and Im(z1) = Im(j),
(p3) Re(z1) < Re(z2) and Im(z1) < Im(z,),
(p4) Re(z1) =Re(2z) and Im(z1) = Im(23).

In particular, we write z) § 2z if 21 # 2z, and one of (py),(p2) and (p3) is satisfied and we write
z1 < zp if only (p3) is satisfied.

Definition 2.1 [16] The “max” function of the partial order = is defined as follows:
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(1) max{z],zz} =2 < 2] :j 27.
(il) z; I max{z,23} = 21 S 2 or z; 3 2.
(iii) max {z1, 22} = 20 & 2z Sz or |z| < |z

Definition 2.2 [4] Let X be a nonempty set and s > 1 be a real number. A mapping d :
X x X — Cis called a b-metric on X if for all z,y, z € X, the following axioms are satisfied:

BM)) d(z,

y) =0 ifand only if z =y,

(BMy) d(z,y) =
y)

(

d(y,z) forall z,y € X,

(BM3) d(z, ; [d (x z)+d(z,y)] forall z,y,z € X.

Then the pair (X, d) is called a b-metric space.

Example 2.1 [15] Let (X, d) be a metric space and p(z,y) = (d(z,y))", where
q > 11is a given real number. Then (X, p) is a b-metric space with s = 2971,

Definition 2.3 [14] Let X be a nonempty set with a real number s > 1 and C be the
set of all complex numbers. A function d : X x X — Cis called a complex valued
b-metric on X if for all x,y, z € X, the following conditions are satisfied:

(CBM)) 0 2 d(z,y) and d(z,y) =0 iff z =y,
(CBM,) d(z,y) =d(y,z) forall z,y € X,
(CBM3) d(z,y) 3 sld(z,z) +d(z,y)] forall z,y,z € X.

Then (X, d) is called a complex valued b-metric space.

Example 2.2 [14] Let X = [0, 1]. Define the mapping d : X x X — C by
d(z,y) = |z -y’ +ilz =y Va,yeX,

Then (X, d) is called a complex valued b-metric space with s = 2.

Definition 2.4 [7] Let X be a complex valued metric space and (.5, 7) be a pair of
self-mappings. The pair (S, 7T) is said to be weakly compatible if STz = T'Sx
whenever Sx = T'z. i.e., they commute at their coincidence points.

Definition 2.5 [5] Let {x,,} be a sequence in a complex valued metric space (X, d)
and x € X. Then

(i) « is called the limit of {x,} if for every ¢ > 0 there exist no € N such that
d(x,,x) < eforall n > ny and we can write lim,_,», =, = .

(ii) {x,} is called a Cauchy sequence if for every ¢ > 0 there exist ng € N such
that d(z,,, Ty1m) < € forall n > ng, where m € N.

(iii) (X, d) is said to be a complete complex valued metric space if every Cauchy
sequence is convergent in (X, d).

Lemma 2.1 [5] Let (X, d) be a complex valued metric space. Then a sequence
{z,} in X converges to x if and only if |d(z,,z)| — 0 as n — oo.

Lemma 2.2 [5] Let (X, d) be a complex valued metric space. Then a sequence
{z,} in X is a Cauchy sequence if and only if |d(x,,Zpim)] — 0 as n — oo,
where m € N.



Fixed Point Theorems for Weakly Compatible Self-Mappings 751

3 Main Results

Now, we will prove our main theorem:

Theorem 3.1 Let (X, d) be a complete complex valued b-metric space with coeffi-
cients > land F,G,S, T : X — X be four self-mappings satisfying:
d(Sz, Fx) d(Ty, Gy)
d(Fz,Gy) 3 d(Sz,T ’ ’
(Fz,Gy) 3 BmaX{ (S2,Ty), [t d(Fr.Gy)
forall z,y € X, where 3 is a non-negative real with 0 < g < 1. If F/(X) C T'(X)
and G(X) C S(X), then F,G, S and T have a coincidence point. In addition, if the
pairs (F, S) and (G, T') are weakly compatible, then there exists a unique common
fixed point of the four self-mappings.

Proof. Let x be arbitrary point in X. Since F'(X) C T(X) and G(X) C S(X),
we can define the sequence {x,} such that,

ey

{ Ton+1 = Fxy, = T$2n+1 )

Loan4+2 = G$2n+1 = S$2n+2

forall n € N.
Then, from (1) and (2), we have

d(zani1, Toni2) = d(Fxa, GTapir) a8 Fa,) d(T G )
"/I: s ‘/I: n l’ n ) 'I n
5 (S o), S0 T s el
d(Izm x2n+1) d(Ian, $2n+2) }
1 + d(xan41, Tanta)

j ﬂ max {d(x%n x2n+1) 5
= 5 d(x2n7x2n+l)a
where d(2an41, Tant2) < 14 d(Tani1, Tanta)-

That is,

d(ﬂfan, 33'2n+2) ,"5, B d(l'zn, Cli'zn+1)- (3)

By a similar way,

d($2n+2>372n+3) = d(G:UZnJrlanZnJrZ)

j Bmax {d(5$2n+2, T$2n+1> ,

d(5$2n+2, F$2n+2) d(T$2n+17 G$2n+1) }
1+ d(F$2n+27 Gx2n+l)

d($2n+27 $2n+3) d($2n+1, $2n+2) }
1 + d(x2n+3, Tanta)

,—\<, B max {d<x2n+27 x2n+1> )

d x n 7'r mn d T n ,(L’ n
3 0 mas (a1 az0), TR )|

3 B max {d(Tani1, Toni2) , A(Toni1, Tonya)}
= B d(22n11, Tany2)-
This implies that
d(T2n42, Tont3) 3 Bd(T2n41, Tant2), 4)

forall n € N.
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On repeating this process, we find that

d(Tant1; Tony2) 3 Bd(Tan, Tant1) I 52d($2n—17$2n) S 3 ﬁznﬂd(xo,ﬂﬁl)- (5)
Hence, we have

Ad(Tni1s Tnya) 3 Bd(@n, 2n01) T Bd(wn1,20) T 0 3 B d(wo, 11). (6)
Therefore, for n, m € N, one can write

ATy Tman) 3 8[d(@m, Tme1) + A Ximirs Tman) |

SA(Tms Ts1) + 8 [A(Tmg1, Tmiz) + Ad(Tma2, Tmgn) ]

IR IN

Sd($m, xm+1) + 52 d(merl? xm+2) + ...

+ Sn_l d(xm+n72a mernfl) + s" d(xm+n717 xm+n)

3 sfmd(xg, z1) + 2™ d(xg, 1) + ... + "B d(wg, 1)
=3 sﬁm(l + 88+ (sB)* + ... + (sﬂ)”_l) d(zo, 1)
sp™
<
3 1_85d(930,351)—>0, as m — 00.

This implies that {z,,} is a Cauchy sequence in X. Since (X, d) is complete, then
there exists v € X such that x, — v as n — oo. Then from (2), one can write

lim Fux,, = lim Gz = v
n——aoo n—-aoo
and lim Sz, = lim Tz, = v.
n—oo n—oo
Thus,
lim F[L‘zn = lim Gx2n+1 = lim Slﬁzn = lim Tl‘ln—i—l = . (7)
n—-oo n—:oo n—-:o0 n—m-o0
Since F(X) C T'(X), there exists u € X such that
Tu=wv. 3)

We show that Gu = T'u, then from (1) we get
d(v,Gu) 2 s|d(v, Fxy,) + d(Faon, Gu)|

~

S sd(v, Fayn) + s maX{d(szn,TU), d(S22n, Fwan) d(Tw, GU)}

1 + d(Fxa,, Gu)

d([Ezn, Iln—l—l) d(U, Gu) }
1 + d($2n+1, GU) '

2 sd(v, Tapy1) + S max {d(:czm v), 9)

Taking the limit as n — oo in (9) and using (7), we get d(v,Gu) = 0, then
|d(v, Gu)| < 0. This implies that Gu = v and

v=Gu = Tu. (10)
Hence u is a coincidence point of G and T'.
Similarly, since G(X) C S(X), we can show that

v=Fw = Sw. (11)

Thus, w is a coincidence point of F' and S.
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Since the pairs (F,.S) and (G, T") are weakly compatible, one can say

GTu = TGu and FSw = SFw. (12)
Substituting from (10) and (11) in (12), we have
Gv = Tv and Fv = Sv, (13)

1.e., v € X 1is a coincidence point for the four self-mappings.

Next, we show that v is a common fixed point of G, 7', ' and S. From the equation
(1), we have

d(Fv,Gu) = B max{d(Sv,Tu), d(Sv, Fv) d(Tw, Gu)}.

1 +d(Fv,Gu)
Consequently, from (10), (11) and (13), we have
d(Fv, Fv) d(v,v) }
1+ d(Fv,v)

Thus, (1 — 8)d(Fv,v) 3 0, then |d(Fv,v)| < 0. ie., Fv = v, then according to
(13), we get

d(Fv,v) 3 6 max{d(Fv,v),

v=Fv=5v. (14)
By a similar method and using (14), one can show
v=Gv="Tv. (15)

Hence v is a common fixed point for our self-mappings.

To show the uniqueness: Let v* # v be another common fixed point of the four
self-mappings, then from (1), we get

d(v,v*) = d(Fv,Gv*)

< 3 max {d(Sv,TU*)’ d(Sv, Fv) d(Tv*, Gu )}_

1+ d(Fv, Gv¥)
This implies that
(1= 8)[d(v, v*)| <0.
since 0 < § < 1, then, |d(v,v*)| = 0. 1i.e., v = v*, then v is a unique common fixed

point of £, G, S and T'. This completes the proof.

Now, if we take S = T" = I, (where I is the identity mapping) in Theorem 3.1, we
obtain the following corollary.

Corollary 3.1 [[3] ,Theorem 1] Let (X, d) be a complete complex valued b-metric
space with coefficient s > 1 and F, G : X — X be self-mappings satisfy:

d(z, Fz) d(y, Gy) }
1 +d(Fz,Gy) |’

d(Fz,Gy) 3 8 max {d@c,y),

for all x,y € X, where 3 is a non-negative real with 0 < g < 1. Then F and GG
have a unique common fixed point.

Taking F' = G in Corollary 3.1, we get the following result.
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Corollary 3.2 [[3] ,Corollary 1] Let (X, d) be a complete complex valued b-metric
space with coefficient s > 1 and F': X — X be a self-mapping satisty:

d(z, Fr) d(y, F'y) }
1 +d(Fx,Fy) |’

d(Fz, Fy) < B max {d(-’t,y),

for all z,y € X, where [ is a non-negative real with 0 < § < 1. Then F" has a
unique fixed point.

If we put s = 1, we obtain other corollary.

Corollary 3.3 [[3] ,Theorem 1] Let (X, d) be a complete complex valued metric
space and I, G : X — X be self-mappings satisfy:

d(z, Fz) d(y, Gy) }
1+ d(Fz,Gy) |’

d(Fx,Gy) 2 [ max {d(:c,y),

for all x,y € X, where 3 is a non-negative real with 0 < g < 1. Then F and GG
have a unique common fixed point.

Now, we prove the following theorem under other contractive condition.

Theorem 3.2 Let (X, d) be a complete complex valued b-metric space with coeffi-
cients > land F,G,S, T : X — X be four self-mappings satisfying:
d(Sz, Gy) d(Ty, Fx)

1 + d(Fz,Gy)
forall z,y € X, where § is a non-negative real with 0 < g < 1. If F/(X) C T'(X)
and G(X) C S(X), then F, G, S and T have a coincidence point. In addition, if the
pairs (F,S) and (G, T') are weakly compatible, then there exists a unique common
fixed point of the four self-mappings.

Proof. Let x( be arbitrary point in X. Since F'(X) C T(X) and G(X) C S(X),
we can write the sequence {z,} as (2). Consequently, from (16) and (2), for all
n € N, we get

(16)

d(Fx,Gy) 2 [ max {d(Sx, Ty),

d($2n+1>372n+2) = d(Ffﬂzn,GianH)

d d(T F
< p max{d(Smn,TxZnﬂ)’ (Sxan, Grapntr) d(Tx2n11, xzn)}

1 + d(FZL‘zn, szn-‘rl)

d(l’zn, 372n+2) d(9€2n+1, 352n+1) }
1 4+ d(x2n11, Tonta)

;j 6 max {d(xZna $2n+l) )

3 B max {d(z2,, T2n41) , 0}
= B d(zan, Toni1),
Then, we have (3). Repeating this process, we get (4) and (5).
Also, for n, m € N, we obtain
d(@m, Tmn) 3 8[d(@m, Tmi1) + d(@mrt, Toman) |
Z sd(Tm, Tnr) + s? [d(Tmits Tmi2) + ATmi2, Tmin) ]
2 5d(Tmy Tmi1) + 2 A( @it Trnga) + oo

+ Sn_l d<xm+n—27 $m+n—l) + 5" d($m+n—la mern)
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2 s d(xo, 1) + B d(zo, 1) + .+ s"BT (2, 1)
= sﬁm(l + 8B+ (s8)* +... + (sﬂ)”*l) d(zo, 1)

S m
3 ] —636 d(xg,x1) — 0, as m — 0.

This shows that {x,,} is a Cauchy sequence in X. Since (X, d) is complete, then
there exists v € X such that z,, — v as n — oo. Consequently, from (2), we
write

lim Fux,, = lim Gz = v

n—oo n—m:o0

and lim Sz, = lim Tx, = v.
n—oo n—-~oo

Then, we get (7). Since F(X) C T(X), there exists u € X such that (8) is
satisfied.

Now, we show that Gu = T'u, then from (16), we get
d(v,Gu) 2 sld(v, Fxa,) + d(Fxay,, Gu)|

~

3 sd(v, Fary,) + sf max {d(szm Tu), d(Sxon, Gu) d(Tu, F,y,) }

1 + d(Fxa,, Gu)

d(xop, Gu) d(v, Tapy1) }
1 + d(xZn-‘rl ’ GU,) .

= sd(v, ,11) + 80 max {d(xZn, v), (17)
Taking the limit as n — oo in (17) and using (7), we have d(v, Gu) = 0, then
|d(v, Gu)| < 0. i.e., Gu = v and we obtain (10). Consequently, in this case u
became a coincidence point of G' and 7.

Similarly, since G(X) C S(X), we can deduce (11). Then, w also became a
coincidence point of F' and S.

Substituting from (10) and (11) in the weakly compatible condition of the pairs
(F,S) and (G, T)[in Eq.(12)], we get (13).

Next, we show that v is a common fixed point of G, 7', ' and S. From the equation
(16), we have

d(Fv,Gu) = [ max {d(Sv, Tu), d(Sv, Gu) d(Tu, Fv) }

1 4+ d(Fv, Gu)
Using (10), (11) and (13), the previous inequality became

d(Fuv,v) d(v, FU)}
1+ d(Fv,v)

d(Fv,v) 3 6 max{d(Fv,v),

Thus, (1 — 8)d(Fv,v) 3 0, then |d(Fv,v)| <O0. i.e., Fv = v, then according to
(13), we get (14). By a similar way and using (14), we obtain the equation (15) that
show v is a common fixed point for our self-mappings.

For the uniqueness, let v* # v be another common fixed point of the four self-
mappings, then from (16), we have

d(v,v*) = d(Fv, Gv*)
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< B max {d(SMTU*), d(Sv, Gv*) d(Tv ,Fz;)}

1 + d(Fv, Gv*)
This implies that (1 — ) |d(v,v*)| < 0. Since 0 < 5 < 1, then, |d(v,v*)| = 0.

i.e., v = v*, then v is a unique common fixed point of F' GG, S and T. Consequently,
the proof is complete.

Using another rational expression, we state and show the following theorem.

Theorem 3.3 Let (X, d) be a complete complex valued b-metric space with coeffi-
cients > land F,G,S,T : X — X be four self-mappings satisfying:

&*(Sz,Gy) + d*(Ty, Fx) (18)
d(Sz,Gy) + d(Ty, Fz)

forall z,y € X, where § is a non-negative real with 0 < g < 1. If F/(X) C T'(X)
and G(X) C S(X), then F',G, S and T have a coincidence point. In addition, if the
pairs (F,S) and (G, T) are weakly compatible, then there exists a unique common
fixed point of the four self-mappings.

Proof. Let x, be arbitrary point in X. Since F'(X) C T(X) and G(X) C S(X),

we can write the sequence {z,} as (2). Consequently, from (18) and (2), for all
n € N, we have

d(Fr,Gy) 2 B max {d(Sx,Ty),

d($2n+17$2n+2) = d(FxZnan2n+1)

& (T F
2B maX{d(szmchszrl)7 (Sxan, Grapnir) + d*(Txon 1, xz”)}

d(Sxon, Gropi1) + dA(TT2n41, Fa2y)

dz(iﬁzn, Tony2) + d2($2n+1, Toni1) }
d(@2n, Tant2) + d(Tont1, Tont1)

B max {d(22n, Tans1) , d(T2n, Tani2)}

B max { d(xon, Tont1) , 8[d(T2n, Tany1) + d(Tony1, Tong2)] }

= sf [d(Zan, Tany1) + d(Tant1, Tang2)]-

This implies that,

j 6 max {d(x2n7$2n+1)7

LA LA

d($2n+17$2n+2) ﬁ H d(xzn,$2n+1)7

where p = lfﬁsﬁ.
Similarly,

d($2n+2,$2n+3) = d(Gw2n+lan2n+2

j /B max {d(sx2n+27 TmZn-‘rl) )

)
d*(Stoni2, Gony1) + (T xans1, Fronio) }
d(Sxony2, GTopt1) + d(Txoni1, F2on12)

d2($2n+2, Tont2) + d2($2n+1 , Loni3) }

d(T2n42, Tans2) + A(Toni1, Tonts)
3 B max {d(@an i1, Tony2) , A(Tons1, Tons3)}
3 B max { d(zont1, Tont2) , S[A(Tont1; Tonta) + d(Tonsa, Tonss)] }

sB [d(xani1, Tansa) + d(X2nt2, Tons3)].

r_j B max {d(x2n+27 'r2n+1) )

Then,
d($2n+2,$2n+3) ,5 #d(ﬂﬁznﬂ,iﬂzmz),
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On continuing this process, we get (5).

Also, for n, m € N, we obtain

ATy Timan) 3 8[d(@m, Tme1) + A Ximits Tman) |

8 (T, Tmy1) + 87 [d(Tmits Tmia) + A @2, Tingn) ]

$d(Tmy Tmy1) + S d(Tpmits Tmia) + -

ORI

+ "V d(@pmin—2, Tman—1) + " A Emin_1, Tmin)
3™ d(wo, 1) 4+ 82 d(wo, 1) + .o A "B d (0, 2)
sB™(1+ s+ (sB)* + ...+ (sB)"") d(zo, z1)
sp™
1—sp

This shows that {x,,} is a Cauchy sequence in X. Since (X, d) is complete, then
there exists v € X such that z,, — v as n — oo. Consequently, from (2), we
write

LA LA

1N

d(xg,x1) — 0, as m — o0.

lim Fx,, = lim Gz = v

n—=oo n—aoo

and lim Sz, = lim Txp, = v.
n—oo n—oo

Then, we get (7). Since F(X) C T(X), there exists u € X such that (8) is
satisfied.

Now, we show that Gu = T'u, then from (18), we have
d(v,Gu) 2 sld(v, Fxy,) + d(Fxay,, Gu)|

d? P (Tu, F
= sd(v, Fay,) + s max{d(szn,Tu)7 (Sxop, Gu) + d*(Tu, xZn)}

d(St2,, Gu) + d(Tu, Fxsy,)

d2($2n, Gu) + dz(v, $2n+1>
. (19)
d(.?fzn, GU) + d(U, $2n+1)

= sd(v,mau41) + sP max {d(zzn,v),

Taking the limit as n — oo in (17) and using (7), we have d(v, Gu) 3 0, where
1 — 3 # 0, then |d(v, Gu)| < 0.i.e., Gu = v and we obtain (10). Similarly, since
G(X) C S(X), we can deduce (11).

Substituting from (10) and (11) in the weakly compatible condition of the pairs
(F,S) and (G, T)[in Eq.(12)], we get (13).

Next, we show that v is a common fixed point of G, 7', ' and S. From the equation
(18), we have

2 2
d(Fv,Gu) 3 B max {d(Sv,TU) @(5v,Gu) + &(Tw, Fv)}

d(Sv, Gu) + d(Tu, Fv)
Using (10), (11) and (13), we have

d(Fv,v) 3 [ max {d(FU,U) 7 &*(Fv,v) + d*(v, FU)}

d(Fv,v) + d(v, Fv)
This implies that, (1 — 8) d(Fv,v) 2 0, then |d(Fv,v)| < 0. ie., Fv = v, then

according to (13), we get (14). By a similar way and using (14), we obtain the
equation (15) that show v is a common fixed point for our self-mappings.
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For the uniqueness, let v* # v be another common fixed point of the four self-
mappings, then from (18), we have

d(v,v*) = d(Fv, Gv*)
2 [ max {d(Sv,TU*) ,

d?(Sv, Gv*) + d*(Tv*, Fv)
d(Sv, Gv*) + d(Tv*, Fv)

This implies that (1 — /) |d(v,v*)| < 0. Since 0 < § < 1, then, |d(v,v*)| = 0. i.e.,
v = v*, then v is a unique common fixed point of F, G, S and T'. Consequently, the
proof is complete.

Example 3.1 Let X = (0,4] be a complex valued b-metric space with a complex
valued b-metric d(z,y) = |z — y[z +i|x — y\z forall z,y € X and F,G, S and
T' be self-mappings of X, defined as follow:

P T if 2z €(0,2) ad Cp — L if 2 €(0,2)
1 if z € [2,4] 1 if z € [2,4]
i if = €(0,2) Z if x €(0,2)
Sr=<1 if x =2 and Tr =< 1 if £ =2
1 ifxe (2,4 il if xe(2,4]

This implies that

F(X):{%, } G(X):{%,l}, S(X) = (0,1, T(X)=0,3].

Therefore, one can say
F(X)CT(X) and G(X)CS(X).
Also, the previous complex valued b-metric can be written as:
d(a,y) = V2e' [z —yf

Next, to prove the inequality (1) in Theorem 3.1 is satisfied, there are three cases:

Case 1: Let z,y € (0,2), then
1 1
Fx:Fy:Gx:Gy:Z and Sa::Sy:Tx:Ty:Z.

Now, we can show that

LHS. =d(Fz,Gy) = 0.

R.H.S. = 3 max {d(Sx,Ty) | Sz, Fr) d(Ty, Gy)} — 0.

1 + d(Fz,Gy)
Clearly, both of sides are equivalent and both of them are equal to zero.

Case 2: Let x =y = 2,then

Fr=Fy=Gr=Gy=1 and Sx=Sy=Tx=Ty=1.
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Now, one can show that
LH.S. =d(Fz,Gy) = 0.

R.H.S. = § max {d(S:c,Ty) , d(Sz, Fx) d(Ty, Gy)} = 0.

1 + d(Fz,Gy)

Clearly, both of sides are equivalent and both of them are equal to zero.

Case 3: Let z,y € (2,4], then
Fr=Fy=Gr=Gy=1, Sac:Syzg—l and szTyz%%—l.

Now, one can show that
LHS. =d(Fz,Gy) = 0.
d(Sz, Fx) d(Ty, Gy)

1 +d(Fzx,Gy) } = V2t

Clearly, right hand side depends on the value of =,y and 8 whereas 0 < 8 < 1, so
one can say that

r oy 2
RH.S. = f max < d(Sz,Ty) , 575" 2‘ .

d(Fz,Gy) 3 B max {d(Sx,Ty) 7 d(Sz, Fr) d(Ty,Gy)}

1 +d(Fzx,Gy)
Consequently, from the previous cases, we deduce

d(Sz, Fx) d(Ty, Gy) }
1 4+ d(Fz,Gy)

Also, the pairs (F,.S) and (G, T") are weakly compatible.

d(Fz,Gy) 3 B max {d(Sx, Ty),

From the other hand, let {,,} = {1 + 515 }n>1 and {2} = {1 + 515 }n>1 be two
sequences in X. Then, we find that

1
lim Fz, = lim Sz, = lim Gz, = lim Tz, = - € X.
n—00 n—00 n—00 n—00 4

Therefore, L is a unique common fixed point of F,G, S and T.
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