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Abstract The purpose of the present paper is to study the notion of generalized recurrent and
generalized Ricci recurrent generalized Sasakian space forms and to study various properties
related with the existence of such notion.

1 Introduction

In differential geometry, the curvature of a Riemannian manifold (M, g) plays a fundamental
role. As well known the sectional curvature of a manifold determine the curvature tensor R-
completely. A Riemannian manifold with constant sectional curvature c is called a real-space
form and its curvature tensor is given by the equation

R(XaY)Z:C{g(sz)X_g(XaZ)Y}v (11)

for any vector fields X, Y, Z on M. Models for these spaces are the Euclidean space (¢ = 0), the
sphere (¢ > 0) and the Hyperbolic space (¢ < 0).

A Sasakian manifold M (¢, &, 1, g) is said to be a Sasakian space form if all the ¢-sectional
curvatures K(X A ¢X) are equal to a constant ¢, where K(X A ¢X) denotes the sectional
curvature of the section spanned by a unit vector field X, orthogonal to £ and ¢X. In such a
case, Riemannian curvature tensor of M is given by

c+3

RX.Y)Z = —~{o(Y,.2)X —g(X.2)Y} (1.2)

1
+

119X, 62)0Y — g(Y, 62)¢ X +29(X, ¢Y )62}

@)Y — n((Z)X + oK, Z)n(Y e
(¥ Z)(X)e}.

In 2004, P. Alegre, D. E. Blair and A. Carriazo [1] introduced the concept of generalized
Sasakian space forms.

A generalized Sasakian space form is an almost contact metric manifold M (¢, £, 7, g) whose
curvature tensor is given by

RX,Y)Z = fi{g(Y.2)X —g(X,2)Y} (1.3)
+2{9(X,02)9Y — g(Y,0Z)p X + 29(X, Y )pZ}
+H{n(XOn(Z2)Y —n(Y)n(Z2)X + g(X, Z)n(Y)E
—9(Y, Z)n(X)€},

where f|, f>, f3 are differentiable functions on M and X, Y, Z are vector fields on M. Sasakian
space forms appear as natural examples of generalized Sasakian space forms, with constant func-
tions f; = %3, fr= %1 and f3 = 511 , where ¢ denotes constant ¢-sectional curvature. The
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generalized Sasakian space forms have been extensively studied by [2, 3, 4, 8, 10, 17, 19] and
many others.

A Riemannian manifold (M, g) is called generalized recurrent [9] if its curvature tensor R
satisfies the condition

where « and (3 are two 1-forms, (3 is non zero and these are defined by
a(X) =g(X,p) and B(X) = g(X, ), VX € TM,

p1 and p, being the vector fields associated to the 1-form « and /5.
Again a non-flat Riemannian manifold M is called a generalized Ricci recurrent manifold
[15] if its Ricci tensor S satisfies the condition

(VxS)(Y, Z) = a(X)S(Y, Z) + B(X)g(Y, 2), (1.4)

where V is Levi-Civita connection of the Riemannian metric g and «, 8 are 1-forms on M and
these are defined by

a(X) =g(X,p1) and B(X) = g(X, p2),VX € TM,

being p; and p, the vector fields associated to the 1-forms « and £.

In particular, if the 1-form g vanishes identically, then M reduces to the well known Ricci-
recurrent manifold [16].

The notion of generalized recurrent manifolds was introduced by U. C. De and N. Guha
[9]. In [12], Q. Khan studied generalized recurrent and generalized Ricci recurrent Sasakian
manifolds. In 2002, Kim, Prasad and Tripathi [13] studied generalized Ricci recurrent Trans-
Sasakian manifolds. In 2014, V. J. Khairnar [11] studied generalized recurrent and Ricci re-
current Lorentzian Trans-Sasakian manifolds. On the other hand, many authors recently have
studied the basic results with some of its properties.

The purpose of this paper is to study generalized recurrent and generalized Ricci recurrent
generalized Sasakian space form. The paper is arranged as follows:

After the introduction in Section 2, we give the preliminaries of generalized Sasakian space
forms needed for this paper. In section 3, we give the notion of generalized recurrent generalized
Sasakian space forms and obtain the relations between, the associated 1-forms « and 5. We
also obtain the separate theorem for the relationship between the 1-forms « and 3. Section 4 is
devoted to a generalized concircular recurrent generalized Sasakian space forms. In Section 5,
for generalized Ricci recurrent generalized Sasakian space forms, a relation between the 1-forms
« and g is established. In the last section, an expression for Ricci tensor of a generalized Ricci
recurrent generalized Sasakian space form with cyclic Ricci tensor is obtained.

2 Preliminaries

An odd dimensional manifold M2"*!(n > 1) is said to admit an almost contact structure, some-
times called a (¢, £, n)-structure, if it admits a tensor field ¢ of type (1, 1), a vector field £ and a
1-form 7 satisfying [6, 7]:

n(§) =1, (2.1)

¢*(X) = —X +9(X)E, 2.2)
9(X,€) =n(X), 2.3)

9(6X, 8Y) = g(X,Y) — n(X)n(Y), 2.4)
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for any vector fields X, Y on M?"*!, In particular, in an almost contact metric manifold we also
have
¢ =0 and no¢=0. 2.7

Such a manifold is said to be a contact metric manifold if dn = ®, where

is called the fundamental 2-form of M. If, in addition, £ is a killing vector field, then M is
said to be a K -contact manifold. It is well-known that a contact metric manifold is a K -contact
manifold if and only if

Vx§=—9¢X, (2.9

for any vector field X on M. On the other hand, the almost contact metric structure of M is said
to be normal if

[st ¢} (X7 Y) = _2d77(X7 Y)§7
for any X,Y on M, where [¢, ¢] denotes the Nijenhuis torsion of ¢, given by

[6,0](X,Y) = ¢*[X, Y] + [6X, ¢Y] — ¢[¢X, Y] — ¢[X, 4Y].

A normal contact metric manifold is called a Sasakian manifold. It can be proved that an
almost contact metric manifold is Sasakian if and only if

(Vx@)Y =g(X,Y)E —n(Y)X, (2.10)

for any X, Y.

On the other hand, given an almost contact metric manifold M (¢, &, 7, g), we say that M is
a generalized Sasakian space form if there exist three functions f, f>, f3 on M such that the
curvature tensor R is given by

RX,Y)Z = fi{g(Y,2)X —g(X,Z2)Y} (2.11)
+f{9(X,0Z)Y — g(Y,0Z)pX + 29(X, 6V )9 Z}
+H{INX)N(Z2)Y —=n(Y)n(Z)X + g(X, Z)n(Y)E
—g(Y, Z)n(X)E},

for any vector fields X,Y,Z on M [5]. Such a manifold is denoted by M*"*1(fy, f, f3).

This kind of manifold appears as a generalization of the well known Sasakian space form, which
can be obtained as a particular case of generalized Sasakian space forms by taking f; = <3

4
h=f=

In a (2n + 1)-dimensional generalized Sasakian space form M2"*!(f|, fa, f3), we have the
following relations [4]:

R(X,Y)§ = (fi = f5)n(Y)X — n(X)Y], (2.12)

R(§, X)Y = (fi = 3)[g(X, V)€ = n(Y)X)], (2.13)

R(&X)E= (fi = f)[n(X)€ - X)), (2.14)

n(R(X.Y)Z) = (fi = f3)[9(Y, Z)n(X) — g(X, Z)n(Y)], (2.15)

S(X,Y) = @nfi +3f2 = f)9(X,Y) = Bf2+ (2n = 1) f3)n(X)n(Y), (2.16)

QX =02nfi+3f2— )X —0CBH+2n—1)f)n(X)E, (2.17)
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S(X,8) = 2n(f1 — f3)n(X), (2.18)
S(0X,¢Y) = S(X,Y) = 2n(f1 = f3)n(X)n(Y), (2.19)
S(&€) =2n(fi — f3), (2.20)

Q¢ =2n(fi — f3)¢, (2.21)
r=2n(2n+1)fi +6nf, — dnfs, (2.22)

where R, S and r denote the curvature tensor, Ricci tensor of type (0,2) and scalar curvature of
the space form, respectively, and @ is the Ricci operator defined by g(QX,Y) = S(X,Y). We
know that [4], the ¢-sectional curvature of a generalized Sasakian space form M?"*1(fy, fa, f3)
is fi +3f2.

3 Generalized Recurrent Generalized Sasakian Space Forms

Definition 3.1. A generalized Sasakian space form M?"+1(¢, &, 7, g) is called generalized recur-
rent if its curvature tensor R satisfies the condition

(VwR)(X,Y)Z = a(W)R(X,Y)Z + B(W)[g(Y, Z)X — g(X, 2)Y], 3.1)
where « and § are two 1-forms, (5 is non zero and these are defined by
a(W) =g(W,p1) and  B(W) = g(W, p2), YW € TM,

p1 and p; being the vector fields associated to the 1-form « and /5.

Theorem 3.2. Let M>"*' (¢, €, 1, g) be a generalized recurrent generalized Sasakian space form.

Then
B(X)=X(fi = ) = (fi = f)a(X), (3.2)
for any vector field X.
In particular, we get
B&) =&(fi = f3) = (i = f3)e(€). (3.3)

Proof. Let us consider a generalized Sasakian space forms M>"*!(¢ £, n,g) (n > 1), which is
generalized recurrent. Then the curvature tensor of M?>"*1(¢, &, 7, g) satisfies the condition (3.1)
for all vector fields X,Y, Z, W. Replacing X =Y = £ in (3.1), we have

(VxR)(& Z2)€ = a(X)R(E Z2)E + B(X)[n(2)€ — Z]. (34)
Also, we know that

—R(,VxZ){ — R(§, Z)VxE.

Now from (2.9) and (3.5), we get

(VxR)(§,2)§ = VxR({ Z){+ R(¢X, Z)¢ (3.6)
—R(§, VxZ)§ — R(¢, Z)$X.

Using (2.5) and (2.14) in (3.6), we obtain

(VxR)(& 2)E = X(fi — f2)- (3.7
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In view of (3.4) and (3.7), we have

a(X)R(E, Z2)E+ B(X)(Z2)§ — Z] = X (f1 = f5). (3.8)
By virtue of (2.14) and (3.8), we get

[(fi = [)e(X) = X(fr = f3) + BX)][n(2)¢ - 2] = 0,
which implies that
BX) = X(h = f) = (h = fr)a(X),
for any vector field X.
Replacing X = £, we obtain

B(&) =& — f3) — (fr = f3)a(f).

This proves the theorem. O

Theorem 3.3. In a generalized recurrent generalized Sasakian space forms M*"*1(¢, &, n, g),
the scalar curvature v of M*" (¢, &, n, g) satisfies

[An(fi — f3) —rn(p1) = 2n(2n — 1)n(p2). (3.9

Proof. Suppose that M>"*1(¢, ¢ 1, g) is a generalized recurrent generalized Sasakian space
form. Then using second Bianchi’s identity in (3.1), we have

a(X)R(Y, Z)W + 5(X)[g(Z, W)Y — g(Y,W)Z] (3.10)
+a(Y)R(Z, X)W + B(Y)[9g(X,W)Z — g(Z,W)X]
a(Z)R(X, Y)W + 5(Z)[g(Y, W)X — (X, W)Y]
= 0.
So by a suitable contraction from (3.10), we obtain
a(X)S(Z,W)+ 2n—1)B(X)g(Z,W) 3.1D)
(20— 1)B(Z)g(X, W) — a(Z)S(X, W)
+R(Z,X,W,p;)=0.
Contracting (3.11) with respect to Z, W we get
ra(X)+2n2n —1)8(X) - 25(X,p1) =0. (3.12)
Replacing X = £ in (3.12) and using (2.18), we obtain (3.9). Our theorem is proved. O

4 On generalized concircular Recurrent generalized Sasakian space forms

In this section, we consider a generalized concircular recurrent generalized Sasakian space forms
2n+1
M=o, €., 9)-

Definition 4.1. A generalized Sasakian space forms M2"*!(¢, £, n, g) is called generalized con-
circular recurrent if its concircular curvature tensor C' (Yano, K; Kon, M, 1984)

r

satisfies the condition [18]:
(VwC)(X,Y)Z = a(W)C(X,Y)Z + B(W)[9(Y, 2)X — g(X, Z2)Y], (42)

where « and § are two 1-forms, (3 is non zero and these are defined by
a(W)=g(W,p1) and B(W) = g(W, p2), YW € TM,

p1 and p, being the vector fields associated to the 1-forms « and 3.
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Theorem 4.2. In a generalized concircular recurrent generalized Sasakian space forms M>" ' (¢, €, g),
the 1-forms o and ( are related as

5(X):X[(f1—f3)—m T 2n(2n+1)

Jor any vector field X, where X [r] denotes the covariant derivative of the scalar curvature r with
respect to the vector field X.

| =1(fi = f3) Ja(X), (4.3)

Proof. Let us consider a generalized Sasakian space forms M?"*1(¢,&,n,g) (n > 1), which is
generalized concircular recurrent. Then the concircular curvature tensor C' of M 1(¢, ¢, 1, g)
satisfies the condition (4.2) for all vector fields X,Y, Z, W. Putting Y = W = £ in (4.2), we
have

(VxC)(& 2)§ = a(X)C(& 2)E + B(X)[n(2)§ — Z]. 4.4)
Now using (2.13) in (4.1), we obtain
(TSR 00 gy o) OIS AL 4

On the other hand, from the definition of covariant derivative, it is well-known that
(VxC)(§,2)§ = VxC(§,2)§ — C(Vx& 2)E = O, VxZ2)§ — C(§, Z)VxE. (4.6)
Then in view of (2.9) the equation (4.7) can be written as:
(VxC)(§,2)6 = VxC(§, 2)§ + C(¢X, 2)§ = C(§, Vx Z2)§ + C(¢§, Z)oX.  (47)

Hence by the use of (2.5) and (4.3) in (4.7) it can be easily seen that:
T

(VxC) (&, 2)6 = X[(h — fz) — m][n(Z)ﬁ—ZL (4.8)
Therefore from the equality of left-hand sides of the equations (4.5) and (4.8), we get
=19 = gy ) + BEOH(2)€ ~ 7] 4.9)
= Xl =) = 5o - 21
On simplification, we have
{X[(fi = fz) - m] (4.10)
r

—{((fi=1f) - m)a(X) +B(X)}}n(2)€ - Z]

= 0,
which implies that
B(X) = X[(f _f3)_m] @.11)
~[(fi = f3) = m]a()().
This proves the theorem. O

5 Generalized Ricci recurrent generalized Sasakian space form

Definition 5.1. A generalized Sasakian space form M?>"*1(¢, £ 7, g) is called generalized Ricci
recurrent if its Ricci tensor S satisfies the condition

(VxS)(Y, Z) = a(X)S(Y, Z) + B(X)g(Y, Z), (5.1
where « and (5 are two 1-forms and these are defined by
a(W)=g(W,p1) and  B(W) = g(W, p2), YW € TM,

p1 and p, being the vector fields associated to the 1-form « and 5.
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Theorem 5.2. Let M>"(¢, &, 1, g) be a generalized Ricci recurrent generalized Sasakian space
form. Then, the 1-forms o and B are related by

B(X) =2n{X(f1 = f3) = (/i = fH)a(X)}. (5.2)
In particular, we get
B(&) =2n{&(f1 — f3) — (fi = [3)a(§)}- (5.3)
Proof. We know that
(VxS)(Y,2)=XS(Y,Z) - S(VxY,Z) - S(Y,VxZ). 54
Using (5.1) in (5.4), we have
a(X)S(Y,Z2)+ B(X)g(Y,Z) = XS(Y,Z) - S(VxY,Z) - S(Y,VxZ).
Now putting Y = Z = £ in the above equation, we obtain
a(X)S(&,€) + B(X)g(€,€) = XS(&,€) = S(Vx¢,§) = 5(E, VxE). (5.5)
Using (2.3),(2.9) and (2.20) in (5.5), we have
B(X) =2n{X(f1 — f3) — (fi — f)a(X)}.

Substituting X = &, we get equation (5.3).
This proves the theorem. O

Let o* and B* be the associated vector fields of « and §3, that is, g(X,a*) = «(X) and
9(X, B*) = B(X).
Corollary 5.3. Let M*" (¢, ¢, 1, g) be a generalized Ricci recurrent generalized Sasakian space
form , we have

B=-2n(fi - fr)a

Thus, the associated vector fields o* and 5* are in opposite directions.

Proof. From the equation (5.2), the proof follows immediately. O

6 Generalized Ricci recurrent generalized Sasakian space forms with cyclic
Ricci tensor
A Riemannian manifold is said to admit cyclic Ricci tensor if
(VxS)(Y, Z) + (VyS8)(Z,X) + (V2S)(X,Y) = 0. (6.1)
Now, we prove the following:

Theorem 6.1. Let M>"*1 (¢, €, n, g) generalized Ricci recurrent generalized Sasakian space forms
with cyclic Ricci tensor, the Ricci tensor satisfies:

a(Q)S(X,Y) = 2n{é(fi — f3) — (fi — f3)al§)}e(X.Y) (6.2)
“2n{n(Y)X(fi = f3) = n(X)Y (fi = f3)}.

Proof. Suppose that M>"1(¢, &, 7, g) is a generalized Ricci symmetric manifold admitting cyclic
Ricci tensor. Then by virtue of (5.1) and (6.1), we get

0 = a(X)S(Y,2)+a(Y)S(Z,X)+a(Z)S(X,Y)
+8(X)g(Y, Z2) + B(Y)g(Z,X) + B(Z)g(X,Y).

Moreover, if M?"+1(¢, €, 1, g) is a generalized Sasakian space form, putting Z = &, in the above
equation, we find

a(§)S(XY) = -B(§9(X,Y) - a(X)S(Y,£) — a(Y)S(X,§)
=B(X)n(Y) = BY)n(X).
Using (2.18) in (5.3), we obtain (6.2). This proves the theorem. O
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