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Abstract The presentpapercontainsthe studiedof curvaturepropertiesof anti-Kaehler-
Codazzimanifoldsequippedwith a semi-symmetrinetricconnection.

1 Introduction

Let (M", g) n > 2 be 2n-dimensionaRiemannianmanifold with Riemannianmetric g. A con-
nectionis saidto be symmetricif the torsiontensorwith respecto that connectiorbe equalto zero
otherwiseit is called a non-symmetricconnection. If the covariantderivative of a metric tensor
with respectto a given connectionbe zero then the connectionis called a metric connec-tion
otherwiseit is called a non-metricconnection. The Riemannianmanifold equippedwith a semi-
symmetricmetric connectionhasbeenstudiedby O. C. Andonie[15], M. C. ChakiandA. Konar
[14], K. YanoandM. Kon[12], K.Yano[13],B. B. ChaturvediandP.N. Pande}{9, 10,11] andB.B.
ChaturvediandB. K. Gupta[6, 7, 8]. The existenceof semi-symmetrianetric connec-tion®n a (k,
w)- contactmetric manifoldsis studiedby A. A. Shaikhand S. K. Jana[2] in 2006. In 2010,
generalized pseudo-symmetricRicci symmetric manifolds admitting semi-symmetric metric
et ASoT Riemannimantold s Stibtedby A K- "8h&kHandT. Q. Binh [4] in 2008. 1n
2013, A. Salimov and S.Turanli [5] studied some curvature propertiesof anti-Kaehler-Codazzi
manifoldswith respectto the Riemannianconnection.In consequencesf thesestudies,we have
inspired to study these curvature propertiesof anti-Kaehler-Codazzmanifolds with respectto
semi-symmetrienetricconnection.

A. FriedmanandJ. A. Schouter1] consideredsemi-symmetrianetric connectionv and
Riemannian connection D with coefficierity; and{; }respectively. According to them if the
torsion tensor T of the connectiGhon M™, (n > 2) be

T}, = 6tw; — 8w, (1.1)

then
wherew" = w,gt" , W" being the contravariant components of the generating vegt@nd

Vj w; = Dj Wi — Wi Wy + gij W, wherew = wh Wh . (13)

A. Friedman and J. A. Schoutet][also obtained the relation between curvature tensor with
respect to semi-symmetric metric connection and Riemannian connection i.e.

Rijen=Rijkn—9in Tk +9in Tik — Gjk Tin + Gik Tjn, (1.4)
where

1
ﬂjk:ijk—ijk—l-égjkw. (1.5)
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Equation (1.4) satisfies

_ B (1.6)
ARijkn=Rirjn if (GikTin = gijTkn and wj, = T ;),

A)Rijkn=Rnrji if (ixmjn=gijTrn and mj =Tk, ).

Taking covariant derivative df;* with respect to Riemannian connection D and semi-symmetric
metric connectiorV, we have

Dy, Fz'h = O Fih+Fir {rhk}_Frh{iTk}a (1-7)
and
Ve Fl' =0, F+ F'Th, —Fhr7,. (1.8)

Subtracting (1.7) from (1.8), we have
Vi Fih — Dy, Fz‘h =F (r:}k - {rhk}) - Ff( Tk — k) (1.9)

using (1.2) in (1.9), we get

Vi F' = Dy F]". (1.10)
Therefore, we can say that the covariant derivative/ofvith respect to Riemannian connection
D and semi-symmetric metric connecti®hare equal.

Again taking covariant derivative of (1.8) with respect to semi-symimenetric connection
V, we have

Y,V Bl =8,0, Fl — 0, FI'T" ) — 0, F'T7,

+ O F[TE + (0, F) + F"T), = FL T, (1.11)
+Firvjr'lr}k (a Fh+Fmr:nj warlLrT])r: F vJ ik*

Interchanging j and k in equation (1.11), we get
ViV, F' =0,0; F' — 0, F'T7, — 9; F'Ty,
+ 0, F’T! + (Op Ff + F"TT, . — FI, m)rh (1.12)
+ FIVTh — (0, F + FTT, )7, — FVily.

mk m r k

Subtracting (1.11) from (1.12), we get

AT AL VAV O o (N I I P v S VAT

mj' r

X (1.13)
- Fr (r:nk r?} - r:nj ik T vjrik - vkrij)'

Equation (1.13) implies

ViV, Fl =NV Fl =Ry, F" — Ry, F. (1.14)

2 Anti-Kaehler-Codazzi manifold

An even n-dimensional almost complex manifalt is said to be an almost complex manifold
with almost complex structure F if
F241=0. (2.1)

A semi Riemannian metric g having signature (n,n) is said to be an antiitiamrii the metric
g satisfies
g(FX,Y) =g(X, FY), (2.2)
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for any vector fields X and Y. An almost complex manifald™ with an anti-Hermitian metric
define by (2.2) is called an almost anti-Hermitian manifold. An anti-Hermitiamifold is said
to be an anti-Kaehler manifold iDx F' = 0, where D is a Riemannian connection. We know
that the 2-dimensional anti-Kaehler manifold is flat, therefore, througtios paper we have
considered the dimension> 4.

Now, we define a fundamental 2-formsatisfies

w(X,Y)=g(FX,Y), (2.3)

wherew(Y, X) + w(X,Y) = 0, this skew-symmetric tensaris said to be Killing-Yano tensor
if

(Dxw)(Y,Z) 4+ (Dyw)(X,Z) =0. (2.4)
An almost complex manifold is said to be nearly Kaehler manifold if the allmasiplex struc-
ture F satisfies

(Dx F)Y + (Dy F)X =0, (2.5)

for any vector fields X and Y.
The twin anti-Hermitian metric G is defined by

G(Y, Z) = g(FY, Z), (2.6)

whereG (Y, Z) = G(Z,Y), since G is symmetric but 2-form is not symmetric so the Killing-
Yano equation (2.4) has no immediate meaning. Therefore we camgehha Killing-Yano
equation by Codazzi equation

(Dx G)(Y,Z) — (Dy G)(X, Z) =0, (2.7)
Equation (2.7) is equivalent to
(Dx F)Y — (Dy F)X = 0. (2.8)

If almost complex structure of almost anti-Hermitian manifold satisfie®)(2hen the triplet
(M", F,g) is called an anti-Kaehler-Codazzi manifold.

By straight forward calculation we can also show that the Nijenhuis tengbrespect to Rie-
mannian connection is equal to Nijenhuis tensor with respect to semi-syimmetric connec-
tion i.e.

N(X,Y)=N(X,Y). (2.9)
In 2013, A. Salimov and S.Turanlb] proved that
Theorem 2.1. Anti-Kaehler-Codazzi manifolds have integrable almost anti-Hermitiarcgira.
Now we propose:

Theorem 2.2. Anti-Kaehler-Codazzi manifolds equipped with semi-symmetric metriection
have an integrable almost anti-Hermitian structure with respect to the sgmirgtric metric
connection.

Proof. From (2.9) we see that the Nijenhuis tensor with respect to Riemanniarecion is
equal to Nijenhuis tensor with respect to the semi-symmetric metric connectio
From theorem (2.1), we get

N(X,Y) =0, (2.10)

using this in (2.9), we have

N(X,Y)=0. (2.11)
This means if Nijenhuis tensor in anti-Kaehler-Codazzi manifolds hastegrable almost anti-
Hermitian structure with respect to Riemannian connection then it is alsonhiasegrable al-
most anti-Hermitian structure with respect to the semi-symmetric metricecion. O
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3 Some curvature propertieswith respect to a semi-symmetric metric
connection

Applying the Ricci identity to the tensor field F, we get
DyD; F}' = D;Dy F}' = R}, F{* — R ;, F}'. (3.1)

kjm itr

Now, subtracting (1.14) from (3.1), we get

(Dij Fih_vkvj th)_(DJDk Fih_vjvk Fih) = RZ] m Fzm_ f FT]'I_RZj'm Flm+R;;]zFrh

’ (3.2)
Contracting (3.2) by h and k and using (1.10), we have
(DnD; Fl =N,V M) = S; F™ = Ry, F — S F™ + Ry, F (3.3)
Equation (3.3) implies
(DhDj Fih — V},Vj Fih) :Sjm Fim — thil g” F:L - gjm FLm + Ehji,l g” FZL (3 4)
:Sijim_thilGhl _§j7rLFim+§h,jilGhl~ .
In 2013, A. Solimov and S. Turanl§] considered
Hj; =Ry G"". (3.5)
Similarly, we can take - B
H, = Bny0 G (3.6)
using (3.5) and (3.6) in (3.4), we have
(DhDj Fih — thj Fih) = Sjm Fim — Hji — gjm Fim + Fj’h (37)

whereS;,,, S;,, andG"! are Ricci tensor with respect to Riemannian connection, semi-

symmetric metric connection and twin anti-Hermitian metric G respectively.
From (1.6) and (3.6)i7;; can be written as

Hj;, = %(Ehjil +Ryjin) G = %(thu + Rinij) G (3.8)
Interchanging i and j in (3.8), we get

H;j= %(Ehijl +Ryijn) G = %(Ehijl +Rjnii) G (3.9)
Subtracting (3.8) from (3.9), we get

Hij—Hj; = %(Ehm +Riijn— Rnjir— Rijin) G, (3.10)

now using (1.6)in (3.10), we get

Hence from (3.11), we conclude

Theorem 3.1. In an anti-Kaehler-Codazzi manifold equipped with a semi-symmetric nogtnic
nection. The tensak; ; defined by (3.6) is symmetric.

Now equation (3.7) can be written as
Dyp(Dj Fl' = Di F]') = Vi (V; F)' = Vi F}') =(Sjm F/" — Hji) — (Sim FJ" — Hij)

+ (Sim Fj* = Hij) = (Sjm F" — Hj),
(3.12)
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In 2013, A. Solimov and S. Turanlb] shown that
H;; = Hj,. (3.13)
using (1.10), (2.8) and (3.13) in equation (3.12), we have
Sim " = Sim F" = 8 F™ + S F™ = 0. (3.14)
In 2013, A. Solimov and S. Turanl§] proved that

Theorem 3.2. In an anti-Kaehler-Codazzi manifold, the Ricci tensor is pure with respec
Riemannian connection D i.e.
Sjm " = Sim F". (3.15)

Using (3.15) in (3.14), we get

Sj'rnFim :gimF'm-

J

(3.16)
Thus we conclude:

Theorem 3.3. If M™ be an anti-Kaehler-Codazzi manifold equipped with semi-symmetric metric
connectionV then the Ricci tensor with respect to a semi-symmetric metric connécti@pure
if the Ricci tensor with respect to Riemannian connection D is pure.

In 2013, A. Salimov and S. Turanlb] considered Ricci tensor with respect to Riemannian
connection D which is given by

Sy =—Hj F| = —Rpjri G, (3.17)
Now, we are takingRicci tensor with respect to semi-symmetric metric connection
S*ii=—H;. Fl =Ry G'"F], (3.18)
In 2013 A. Salimov and S. Turanlg] proved that
Theorem 3.4. Let (M, g, F) be an anti-Kaehler-codazzi manifold then

Sjm =55

Jgm?

(3.19)

if only if
Dy D;F" =0, (3.20)

WhereSJ’-*m and S;,, are *Ricci tensor with respect to Riemannian connection and Ricci
tensor with respect to Riemannian connection.

Now, we propose:

Theorem 3.5. If ?j . and S, be*Riccitensor with respect to a semi-symmetric metric con-
nection and Ricci tensor with respect to semi-symmetric metric connecteim amti-Kaehler-
Codazzi manifold equipped with a semi-symmetric metric connectioan " = 0 then

S = S;m ifand only ifV,V; Fl = 0.
Proof. Equation (3.17) and (3.18) can be written as

S:, Fl =Hj; and S*;,F] =Hj,, (3.21)
from (3.7) and (3.21), we have

(DnD; FI' =V, Vi ) = (S, F) = S; FY) = (S ™ = Sjm F™), (3.22)
using (3.19) and (3.20) in (3.22), we get
ViV Fl =5}, F" = S;m F™, (3.23)

equation (3.23) implies that

ViV F;/L =0, ifonlyif §;m Fm = gj m I .
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