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Abstract By constructing a Lyapunov functional, we obtain some sufficient conditions which
guarantee the stability, boundedness and square integrability of solutions for some nonlinear neutral
delay differential equations of third order. Our results improve and extend some well known results
in the literature and one example is given for illustration of the subject.

1 Introduction

In this paper we consider a specific class of third order neutral delay differential equations of the
following form

(@"(t) + Bt (t — 7)) + W2/ ()" (t) + g(2'(t) + f(a(t—0)) =0, (1.1)
and
(2" (t) + B(t)a" (t — ) + P(2'(1)2" (t) + g(2'(1))
+ flz(t—0)) =pt,x, ot —7r),2'(t), 2" (t —r),2"),

forallt > T > to + p, where p = sup{r, o},and the functions ¥(z'(t)), g(«'(t —1))), f(x), B(t)
and p(t,z(t),z(t —r),2'(t),2'(t — r),2" (t)) are continuous in their respective arguments. Besides,
it is supposed that the derivatives f'(z), ¢'(y), 8’ (t) are continuous for all z,y with f(0) = ¢(0) =
0,0 < B(t) and a < B'(t) < 0.

(1.2)

Neutral differential equations have many applications. For example, these equations arise in
the study of two or more simple oscillatory systems with some interconnections between them and
in modeling physical problems such as vibration of masses attached to an elastic bar. See [18]
for reviews of this theory. In the qualitative analysis of such systems, the stability and asymp-
totic behavior of solutions play an important role. There is the permanent interest in obtaining
new sufficient conditions for the stability and boundedness of the solutions of third order neu-
tral differential equations. In many references the authors dealt with the problems by considering
Lyapunov functions or functionals and obtained the criteria for the stability and boundedness see
[1,2,8,10, 11, 12, 13, 14, 15, 16, 17, 20, 21].

By a solution of (1.1) (respectively (1.2)) we mean a continuous function z : [t,,c0)— R such
that Z(t) = 2" (t) + B(t)2" (t — ) € C'([t,,0),R) and which satisfies equation (1.1) (resp. eq.
(1.2)) on [t,, 00). Without further mention, we will assume throughout that every solution z(¢) of
(1.1) (eq. (1.2)) under consideration here is continuable to the right and nontrivial, i.e x(¢) is defined
on some ray [t,,00). Moreover, we tacitly assume that (1.1) (eq. (1.2)) possesses such solutions.

2 Stability

Suppose that there are positive constants dy, di, d, M, §, Yo, ¥; and 7 such that the following
conditions which will be used on the functions that appeared in equation (1.1) are satisfied:

i) Py < ‘P(y) < ¥;.
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f(z)

i) == >M >0 (z#0),and |f'(z)] < ¢ forall x.
x

i) d> < dp < g(yy) < dj.

iv) g<d<‘P0.

t
v) /T 18/ (s)|ds <.

Remark 2.1. It’s evident to see that 3(t) < 8(T) = ¢, forall t > T.

For the sake of simplicity, we introduce the following notation
Y(t) = 2'(t)+ B(t)a'(t —r).

Let us, for convenience, replace (1.1) by the equivalent differential system

=% 2.1)

Y(t) = y@)+B8@0)y(t—r1),
Z(t) 2(t) + B(t)z(t — 1),
Y'(t) = Z(@t)+ B (t)y(t—r)

For the case p(t,x(t), z(t — r),2'(t),2'(t — r), 2" (t)) = 0, the stability result of this paper is the
following theorem.

Theorem 2.2. If in addition to the hypotheses (i)-(v), suppose there exists a positive constant € such
that the following is also satisfied

<%min ELA
7% c1tet2d 2

where
d2
—-A = —ddo+6+c<21+6)+(1+c)2+32a<0;
—A = —Bo+ (140 +5 (1+2B) +¢ <0, (2.2)
Bo = ‘Po—d,andBlz‘Pl—d.

Then the null solution of (2.1) is asymptotically stable.

Proof. The proof of this theorem depends on properties of the continuously differentiable function
W = W(t, Tty Yt Zt) defined as

1 t
N / d
W(t) = Ve W/T 5(s) y 2.3)

where

0 t
V o= Vi+ W +A/ / y*(€)déds,
—o Jt+s

Vi = dF(z)+ f(z)Y +Y?, (2.4)
V, = %ZerdyZJr/y (g(u) + d¥(u)u) du, (2.5)
0

t
[ o) + ) ds 2.6)
t

-r
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and
F(z) :/0 f(u)du,

A, i1 and pp are positives constants which will be specified later in the proof.

Noting that
2 / £ (w) () = f2(z),
0

and using (iv), we have

o= [ s (v ;f@))z - @)

> d Ow Fu)du — ;/Ow f'(u) f(w)du
> A (d— g) f(u)du
>

<d _ g) Fla).

An application of condition (ii), give

F(z) = /Ow fu)du > %sz.

From conditions (i) and (iii), we have

[ 0w+ a¥tuan = 5 @0+ a0y

Furthermore,
1 do 1 2, do d ?
e Z4+ =2y = —(dy+2)"+— —Z
3 + dy —|—2y 4(y+ )+4<y+d0 )
1 n o1 d? 2
—(dy — —(1=-=) 2%
+4(do d*)y +4< do)

t
Since / (1192 (s) + p22*(s)) ds > 0, we obtain
t—r

Vo> ko (v + 2%),

where )
. d¥y 1 w1 d
komln{2+4(d0—d)74 <1_d0>}
Thus,
V > Ko(2* +y* + Z27), (2.7)
where

. [1 )
Ky = mm{zM (d— 2) ,ko} .
From (2.3), (2.7) and condition (v) we have

W > K (2> + 4% + 2%), (2.8)

with
n

K| = Kpe w.
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The time derivative of V gives
V' =U; + U, + Us,

where
Ur = [d="¥(y) +m] 2> +[f'(2) + 1 + Aaly® — dg(y)y
+ [+ 28 (OB P (t = 1) — mZP(t = 7),
U = (B (x) +26'() yy(t — )+5()f() (t—r)
+8(t) (d—P(y)) z(t —7)z + 2yz
+26(t)yz(t — ) +28()y(t — r)z + 28> () y(t — r)z(t — 1)
—B(t)2(t =) 9(y),
and

Uy = [Z+dy / £ (a(s)y(s)ds — A / o (s)ds

By conditions (i)-(iii) and the fact that 3(¢) < cand |f(z)| < § |z, we get

Ui < [-Bo+ ) z*+[~ddy+ 8 + ju + Aoy
+ [ 28" (OB P —7) — 2 (t —1).

Also by using Schwartz inequality we get

BOE 5, (e

U, < 2(

2+ di+0) +18'®)])

(1+
+(c<1+c+§> +320‘> Y2 (t—r)
+ (% (Bi+2c+3)) 22t —1),

and

déoc , b0 , cdo ,
< — — - —
U; < 2y+2z—0—22(t T)

t
+ B (14 c+d)— A} | s
t—o
So, after rearrangement and using the fact that o < 3’ (t) <0, we have

do
Vo< [—ddo+6+1+§(2+d%+6)+,u1+(2+)\)o} e

+|-Bo+ 1+ (

5
2+Bl)+uz+ﬂ 2

[ 0 3
+ —m—l—c(l—i—c—i—z)—i-za]yz(t—r)

[ c
+ | =+ =

)
2(3—1—31—5—20)—1—60} zz(t—r)

2

_52 2 2 /
+|Z +y}|ﬁ(t)

n g (14+c+d)— A} /t; y*(s)ds.
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By taking
é
S(4etd) = A
Ttet O)+ 22
¢ c+ = — =
5 )+ 3 o,
%(3+Bl+20)+6 .
we get

/ di 2, 3a 91,2
Vi < | =ddo+0+c 54—5 +(1+¢) +7+5(1+C+2d)§ y

+[-Bo+ (1407 + 5 (14+2B1) +e+067]
+ —€+C§20} 2t —r)

T L P
Sy | 18]
With the use of (2.2), we obtain
VoS [cA+ (1 + e+ 2d)] 2] 0 + |42 +02] A1)

+ {6 + 6620] 2t —r)

2

01| 520+ 90|

It 2 A
. I3 1
7= 5mm{c’ 1 +c+2d’A2}’
then
62 2 2
V< -k R0+ £0) + 150 | T2+ 40
where

Ky = min{—A1 +[5(1+ ¢+ 2d)] %,—Az +5%}.

From condition (v), one can see that

e(_g) < e<_:)/Tt |5/(5)|d8) =E() < 1.

Hence, by (2.3), we have

w

W) = (V’W(mv) E(t)

< (-rlro+20] 180S0+ 00| - 226 4 2) b
< (K0 +20] +Kalg 01+t + 2 - OG22 ) B
< KR + 20 @9)

where |
Ki=Kye o, Ky = Emax{Z,éz}, W= —.
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n
From (2.9), W3(|| X||) = Kze w [y*(t) + 2*(t)] is a positive definite function. The above discus-
sion guarantees that the null solution of (2.1) is asymptotically stable and completes the proof of
Theorem 2.2. O

3 Boundedness

For the case p(t, z,y, z(t —r),y(t — ), 2(t)) = p () # 0, equation (1.1) is equivalent to the system

=z, . 3.1
7' = —W(y)z— gly) — flz)+p() + f(x(s))y(s)ds.

t—o

Theorem 3.1. Assume that all the conditions of Theorem 2.2 are satisfied and there exist positive
constants q, and q, such that

1) [p(t @,y x(t =), y(t —r), 2(0)| < qt) < ar,

L) ‘/ s)ds

Then there exists a positive constant D such that any solution of (3.1) satisfies

< Q.

[z(t)| < D, [y(t)] < D, |Z(t)| < D. (3.2)

Proof. On differentiating (2.3) along the system (3.1), we obtain

, , [
Wiy = Why+(Zp()+dyp(:
< Zp()+dyp ().

N

Using condition (I;), we get
Wiy < a(t)1Z] + dg(t)]yl-

Now, the inequality |u| < u? + 1 lead

Wi

IN

Ksq(t) [y* + 2% + 2]
< Ksqt) [2* +y*+ 27 + 2], (3.3)
where K5 = max{l, d}.

In view of (2.8), the above estimates imply that

K
Wiy < qu(t)W + Keq(t), (3.4)

with K¢ = 2K5. Integrating both sides from ¢; to ¢, we easily obtain
W@—Wﬂ<&/ (w%—/w

Let
i =W(T) + Ksqa- (3.5)

Thus

By using Gronwall inequality, it follows that

t
W (t) < qzexp (?/ q(s)ds) < qa, (3.6)
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K . o .
where g4 = q3 exp (Kiq2> . This result implies that there exists a constant D such that

[z(t)] < D, [y(t)] < D,|Z(t)| < D.

This completes the proof of Theorem 3.1. O

4 Square Integrability
Our next result concerns the square integrability of solutions to equation (1.2).
Theorem 4.1. If conditions (i)—(v), (I1) and (1) hold, then any solution x of (1.2) satisfies
/ (x”z(s) + 2 (s) + 1:2(5)>d5 < 0.
to
Proof. Define H (t) as

t

Ht) = W(t) + 20 /T (22(s) + v (s))ds, @.1)

where €y > 0, is a constant to be specified later. By differentiating H(¢) and using (3.4), we obtain
’ 2 2 Ks
H'() < leo = Ka] (2°(8) +y7(1) + - a(OW + Kea(?).
If we Choose ¢9 — K4 < 0, then from (3.6) we get

H'(t) < Kqq(t), (4.2)

K
where K7 = qu4 + Ks. Integrating (4.2) from 7 to ¢, and using condition (1) of Theorem 3.1, we
1
obtain t
H(t) - H(T) = / H'(s)ds < Kq7¢a.
T

Using (3.5) and equality H(T') = W(T), we get

Ks
H(t) < — .
(t) < K, Bt o
We can conclude by (4.1) that
! K. K
/ (22(s) + 42 (s))ds < 02+ Kias
T Kieo

which imply the existence of positive constants ¢ and o, such that

t t
/ y*(s)ds < oy and / 22(s)ds < 0.
T T

Hence . .
/ 2"*(s)ds < oy and / 2" (s)ds < 0. 4.3)
T

T
Next multiplying (1.2) by z(¢ — &), we obtain

[ (1) + B (¢ = )] @(t — o) + ¥’ (1)2" (t)a(t — o) + g(a’(t))z(t — o)
+f(x(t —0))x(t — o) = p(t,z,z(t — 0),2'(t),2'(t — o), 2" )x(t — o). (4.4)

Integrating (4.4) from T to ¢, we have

/Tt f(z(s —0))x(s —o)ds = Li(t) + La(t) + L3(t) + La(t), 4.5)



8 A. MOULAI-KHATIR, M. REMILI and D. BELDJERD

where

L) = f/T(m"(s)—I—ﬂ(s)x"(sfr))x(sfa)ds,

~
[SS)
—~

~
~—

—/T Y(2'(s))z" (s)x(s — r)ds,
L) = - /T (@ (s))a(s — )ds,

L4(t) = /T p(t,x, (s — 1), 2 (t),2' (s —r), 2" )x(s — r)ds.

Integrating by parts and using (3.2) and (4.3), we obtain

Li(t) = —a(t—o0)[z"(t)+B1)z"(t—1r)]+ /T ( ["(t) + B(s)z" (t —r)] 2’ (s — a))ds +C

IN

G+ D140+ 5 / ( (2" (s) + B(s)a" (5 — )] + 22(s — U))ds

T

t
< C1+D*1+¢)+ % / (:c”z(s) + 2 (s — 1)+ 2ca”(s)a" (s — r) + 2" (s — 0)>d5
T
< lla
where
Ci = (T = o) [+"(T) + B(T)2"(T — )],
and

1
ll:CI+D2(1+c)+§[(1+2¢+02)02+al].

In the same way, after using (i)-(iii), (I;), (I»), (3.2) and (4.3), one arrives at

L) < /T (! (5))" (s)(s — o)] ds

(fmonzors) ([ o-om)

<
< lz</Tta:2<s—a>ds>é7

) < [ @ 6)s - o)las
< ([ [g’(m'(s))fds)% ([ #6- cr)ds)é
o) ([ -ow)
< 13</tltx2<s—a>ds>é7

L) < [ blsaals = o)./~ 0).a"(9)els - )l ds
< [ las <t

where

l2 = \/lP%O'z, l3 = Vd%al, and l4 = qu.
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In the other hand from condition (ii), we have

/t (s —o)f(z(s —0))ds > M/Tt 2% (s — o)ds.

T

Hence, by (4.5) and condition I3 of Theorem 4.1, we obtain

¢ t 3 t 3
M/ X (s—o)ds <l +1p </ (s — J)ds> +1; (/ 2 (s — U)ds> + s (4.6)
T T T

t
/:cz(s—a)ds—ﬂ)o as t— oo,
T

If

1

t z
then dividing both sides of (4.6) by ( / (s — a)ds) , we immediately obtain a contradiction.

T

t +oo

Hence, we deduce that / 2%(s — o)ds < oo, then / 2%(s)ds < oo. This fact completes the
T T
proof of Theorem 4.1. O

5 Example

As a particular case of (1.2), consider the following third order neutral differential equation

(z"(t) + %e*%tlﬂ(t - r)) + <121 + ;sinx'(t)> () + (4775)0 (1) + ﬁz () cos(2/(£))

z(t—r) B 1
V10 + |z(t — 1) L+ 824 2] + |yl + [2]

gx(t— r)+

110

The appearing functions in the equation are as follows

SzlPos‘I’(y):71+%siny§‘P1 =6,
1
441 =d*> <dy=4.77< ( ) =4775+ —cosy < d; =4.87.
y 200
1 10, 1
= —e 3 < —_— =
0 < B(t) ¢ 3t 5=
1 . 1 1
B(t) = —ge_TOt <0and |8'(t)] = ‘—36 5l < 3=
0
1:§<d:2.1<‘I’0:5.
and the function
fz) = Bx_,_ v
10 VI10+ | \
It is clear, from this relation, that f(0) = 0. Also, since 0 < ; < 1 for all z, we have that
V10+ | = |
flz)
> _— =M
x 10 ’
for all = # 0. Moreover
19 1
|f'(z)] = =4.

—F — | <2=
10 (V10+ |2 |)?| —
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We also have

—ddp+d+c 3+6 +(1+¢) +7 = —491=-4,<0,
1
fBo—Q—(l—l—c)z—l—%(:%—ﬁ—ZBl)—ﬁ—e = —-1.05=-4,<0, fore:ﬁ.
The function | |
p(t,z,y,2) =q(t),

and

= <
L+ + |z + |yl + ]z — 1+

—+o00
/ lg(t)]dt < oo,
0

forall t, x,y, 2.
All assumptions of Theorem (4.1) hold true, thus, the conclusions also follow.
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