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Abstract In this paper, we present Holder’ s and Minkowski’s inequalities with Euclidean
norm in the set of bicomplex numbers and define bicomplex sequence spaces. We also inves-
tigate the completeness property of our bicomplex sequence spaces using these Holder’ s and
Minkowski’ s inequalities.

1 Introduction

Bicomplex numbers have been studied for quite a long time and a lot of work has been done
in this area. In 1892, Corrado Segre published a paper [12] in which he defined an infinite
set of algebras and gave the concept of bicomplex numbers. The most comprehensive study
of analysis in the bicomplex setting is available in the book of Price [11]. Alpay et al. [1]
developed a general theory of functional analysis with bicomplex scalars. In recent years, many
important results were obtained in this area. Few of them, which pertain and lead to our work,
are [6], [7], [8], [9], [10], [13], [14], [15]. Goyal and Goyal [7] developed bicomplex Hurwitz
zeta function and discussed the zeros and analytic continuation of this function. Goyal et al.
in [8] defined bicomplex Gamma and Beta functions and studied various properties connected
with these functions. Goyal [6] developed bicomplex Polygamma function and investigated
integral representation, recurrence relation, multiplication formula and reflection formula for
this function. Srivastava [13] initiated the systematic study of topological aspects of BC. He
defined three topologies 71, 7 and 73 on BC. Kumar and Saini in [9] developed topological
modules over the ring of bicomplex numbers and discussed bicomplex convexivity, hyperbolic
valued semi-norms and hyperbolic valued Minkowski functionals in bicomplex modules. They
also gave the conditions under which topological bicomplex modules and locally bicomplex
convex modules become hyperbolic normable and hyperbolic metrizable, respectively.
Sequence spaces play an important role in functional analysis. These Banach spaces and their

structure has been studied by many authors [2], [3], [5]. A function f of a bicomplex variable is

said to be an entire function if it is holomorphic in the entire bicomplex space BC. If f ({) = >
k=1

ag (€ — n)k represents an entire function, the series Y  «y is called entire bicomplex series
k=1

and the sequence («y) is called entire bicomplex sequence [11]. Srivastava and Srivastava [14]
defined and studied a class of entire bicomplex sequences, and also showed that this class is a
bicomplex module. Nigam [10] and Wagh [15] studied the subclasses of this class.

In this paper, we examine the validity of the bicomplex version of the well - known Holder’
s and Minkowski’ s inequalities for sums, introduce bicomplex sequence spaces with Euclidean
norm in the set of bicomplex numbers and study completeness property of the spaces.

Now, we give definition and algebraic operations of bicomplex niumbers and summarize the
notion of sequence and series in the set of bicomplex numbers. For further details we refer the
reader to [1], [11].

Definition 1.1. [11] Let i and j be independent imaginary units such that 5> = j> = —1, ij = ji
and C (¢) be the set of complex numbers with the imaginary unit ¢. The set of bicomplex numbers
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BC is defined by
BC={C=¢C+jG:0,6eC(i)}.

Lemma 1.2. [ /1] The set BC forms a ring with respect to the addition and multiplication defined
as

C+n = (G+jQ)+m+im)=(C+m)+i(G+m),
¢n = (n=(G+35&) - (m+jm)=(Cm — Cm) + 7 (Cma + Gm)-
Lemma 1.3. [11] For every {,n € BC we have

lIClipe = Inllec! < 1€ = nllsc (1.1)
and
I¢nllse < V21iClne I7lse (1.2)
where ||||pc is Euclidean norm in BC defined by

1
2

llisc : BC +[0,00), ¢ = Cllse = 161+ iallsc = (16 +I¢2F) (13)

Definition 1.4. [11] A sequence in BC (a bicomplex sequence) is a function defined by ¢ : N —
BC,n — (,, ¢, € BC. This sequence converges to a point (* € BC if and only if to each e > 0
there corresponds an ng (¢) € N such that ||(,, — (*[|ge < € for all n > ng (¢) . The sequence
¢ = () is a Cauchy sequence in BC (a bicomplex Cauchy sequence) if and only if to each
€ > 0 there corresponds an ng (¢) € N such that ||¢,, — (ml|pe < € for all n,m > ng (¢) . Also,
¢ = () converges to a point in BC if and only if it is a bicomplex Cauchy sequence.

Lemma 1.5. [11]If{ : N — BC,n — (, = (in + jCon is a bicomplex sequence and lim ¢, =
n—oo
(i + 3¢ = (" then the following limits exist and have the values shown.:
lim (i, = (7, lim G = (5. (1.4)
n—oo n—oo
Furthermore, if the limits exist as indicated in (1.4), then lim (, exists and lim (, = C*.
n—oo n—oo

Definition 1.6. [11] Let (¢x), . be a bicomplex sequence. Then, the infinite sum

keN

S G=> (Ce+ilr)=C+Q+ .+t (1.5)
k=1 k=1

is called an infinite series in BC. Define the sequence s : N — BC,n — s, by setting s,, = > (&
k=1
for all n € N. The infinite series (1.5) converges if and only if

lim s, (1.6)

n—oo

exists; if the limit (1.6) does not exist, the series diverges. If lim s,, = (* then, ¢* is called the
n— o0

o0
sum of series, and we write > ¢, = (*.
k=1

Lemma 1.7. [11] The infinite series (1.5) converges and has the sum ¢* = (; + j¢5 if and only
if the following infinite series converge and have the sums shown:

D= Y =
k=1 k=1

Lemma 1.8. [11] By definition of absolutely convergence, we know that _ (. converges ab-
k=1

o0
solutely if and only if Y ||Ck|lgc converges. Then a series in BC converges if it converges
k=1

absolutely in BC.
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Lemma 1.9 (Young’ s Inequality). [4] Let 1 < p < q < oo be such that zl) + é = 1. Then
a.b < %p + %for a and b positive real numbers. The equality holds if a? = b4.

Lemma 1.10. [/6] Let p € (0,1). Then for a > 0 and b > 0 we have (a + b)* < aP + bP. The
equality holds if and only if at least one of a and b is equal to 0.

Lemma 1.11 (Holder’ s Inequality). [16] Let («v,, : n € N) and (53,, : n € N) be two sequences
of complex numbers. Let p,q € (1,00) be conjugates, that is, % + é = 1. Then, we have Holder’
s inequality for series, that is,

1 1

DIEAES Do ) Y
n=1 n=1 n=1

2 Some Inequalities with Euclidean Norm in the Set of Bicomplex Numbers

In this section, we introduce three inequalities with Euclidean norm in the set of bicomplex
numbers which will be required in the subsequent sections.

Theorem 2.1. Let {,np € BC. Then, the following inequality holds :

I +nllee o _lI¢llne Inllsc
L+ l¢+nllse — 1+ lIClae 1+ lInllsc
Proof. Define the function f : R — {—1} — R, f (t) = ;%. Since f'(t) = ﬁ forall t €

R — {1}, the function is monotone increasing. Thus, since ||¢ + 71{/pc # —1 and |[¢ + n|pc <
I<llse + lInllge for all ¢,n € BC, we have f ([[¢ +7llsc) < f (I[Cllsc + I7llsc) and hence

IC+alee o _l¢llse + lInllsc
L+[C+nllgc = 14 ¢lpe + Inllsc
_ HCHBC + ||77||1B<c
1+ [[Cllge + Inllse 1+ I<lpe + [17llsc
< HCHBC ”nHB(C
= 1+ Cllge 1A+ lInllge
holds. This is what we wished to show. O

Theorem 2.2 (Bicomplex Holder’ s Inequality). Let p and q be real numbers with 1 < p < oo
such that % + é = land §;,nr, € BC fork € {1,2,...,n}. Then

S lGemelse < V2 (Z ||<k-||§c> (Z ||nk|féc>
k=1 k=1

k=1

1
q

Proof. Let us take
ISk llsc 8 7% |lpc

(State)” (S mlsc)
k=1 k=1
By Young’ s inequality, we get
<k llpc lI7%llpc IGkllge | L _lmellzc

o.f = <1
p

1 I . .
G P n 7 » p )
(}CZI ||Ck§<c> (;1 77k|f§@> kZ:] 16k |Izc k; 71

Termwise summation gives

T
q

B =

n
1;1 1€k llze N7 Isc

1 S

1
- - _
n » P n q q P
> lICkllze > lmwllpe
k=1 k=1
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and from this

N

n n
D lGemlse < > V2lGklsc lmklsc
k=1 k=1

VIS Gklse e

k=1
1 1
n P n q
< V2 (Z |¢k||§c> (Z ||nk?3c)
k=1 k=1
by the inequality (1.2) in Lemma 1.3. This completes the proof. O

Theorem 2.3 (Bicomplex Minkowski’ s Inequality). Let p be a real number with 1 < p < oo
and (., m, € BC for k € {1,2,...,n}. Then

(ZICML%H%@) < (ZHCkHﬁc) +<Z||77k||§c>
k=1 k=1

k=1

Proof. We have

—1
Dol +mlze = YISk +mellbe 16 + mllze
k=1 k=1

IN

-1
Z 16k + mellse ISk llse + 7k llpe)
k=1

-1 —1
= > lGkllse 16k + mellic + D lnellae 16 + mlEe -
J—1 P

Set ¢ = £;. Then % + é =1, so by Lemma 1.11 we write

Q=

A

> lckle, IGr +melbe < (Zmnﬁc) <Z|<k+nk||§§c”q>

k=1 k=1 k=1

1
q

S

AN

n
k=1

—1
> lmellpe 16 + mellBe < <Z|T7k|ﬁ<c>

k=1 k=1

<Z ¢k + nk}g@-nq)

Adding these two inequalities, we obtain that

q

n n P n ) n )
> G+ melbe < (chknﬁ@) +<Z||nk|§c> <Z||<k+nk|§§c ”)
k=1 k=1 k=1

k=1
Observing that (p — 1) ¢ = p by definition, we have

q

&=

1
D NGk +mellbe < <Z ||Ck||§<c> + <Z ||77k-||§;<c> (Z (= 77kﬁ<c>
k=1 k=1 k=1 k=1

and so ]
1—

<Z Ik + 7)k||ﬁ(c> = (Z ||Ck||ﬁ<c> + <Z ||77k||§s<c>
k=1 k=1 k=1

Finally, observe that 1% =1- é, and the result follows as required. O
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3 Some Sequence Spaces over the Set of Bicomplex Numbers

In this section, we define the sets w (BC) , I, (BC) , ¢ (BC), ¢y (BC) and I, (BC) of all, bounded,
convergent, null and absolutely p— summable bicomplex sequences, we show that these sets are
metric spaces and we also give completeness property of these metric spaces. Then we say,

w(BC) : ={(=(¢):¢ €BCAforall k € N},
L B0) = {o= (@) wBO) s sup e < oo
keN
c(BC) : = {C = (¢x) € w (BC) : there exists {* € BC such thatklim G = l*} )
Co (B(C) = { = (Ck) cw (BC) : leH;OCk = O} R
l,(BC) : = {Cz(Ck)6w(B(C):Z||Ck|ﬁC<oo} for 0 < p < .
k=1

Definition 3.1. The algebraic operations addition &, scalar multiplication ® and multiplication
® defined on w (BC) as follows, respectively :

® w (BC) x w (BC) — w (BC), (s,t) = s@®t = (sx +tx),

® : Rxw(BC)—w@BC),(a,s) > ads=(ask),

® w (BC) x w (BC) — w (BC), (s,t) = s @t = (sxti),

where s = (si) ,t = (t;) € w (BC) and « € R.

Theorem 3.2. The set w (BC) forms a linear space over R with respect to addition @& and scalar
multiplication ©.

Proof. The proof of this theorem is direct applications of definitions. O

Theorem 3.3. Define the function d,,mc) on the space w (BC) of all bicomplex sequences by

sk — tkllgc

dy, cw (BC) x w (BC) — [0,00), (s,t) — dy, s, t) =Y pp.—————— =,
(BC) ( ) ( ) [ ) ( ) (IBC)( ) ; k 1+H5k_tk”153(c

[ee]

where s = (si),t = (tx) € w(BC) and (1) C [0,00) such that 3 py is convergent with
k=1

ke > 0 for all k € N. Then, (w (BC) , d,,pc)) is a metric space.

Proof. We show that d,,c) satisfies the metric axioms on the space w (BC) of all bicomplex

sequences. We have [|s; — t|jzc > 0 and hence uk% > 0 for all si,t;, € BC and

i € [0,00) . This means that d,,gc) (s,1) = ZM% > 0forall s,t € w(BC). Itis
k=1

easy to see that

o0
sk — trllpc sk — tkllpc
dyse) (s,1) = ook “ e gy, MR T BE e N
D D v P M T e — tallpe

sk — trllpc
1+ [|sg — trllpe
HS}C - tk”]B(C =0,Vk e N
s = tg,Vk € N

=0,Vk e N

[

s =1,
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and also

> sk — tellpc = itk — skllpc
dymoe) (8, ) = E Wiy — = E pg s = dymc) (¢ S
@c) (1) ST s —tillse & TH e —sillse 0 ) (59)

forall s = (s),t = (tx) € w (BC).
Now, we show that dw(]B(C) (S, u) < dw(IBC) (8, t) +dw(IB(C) (t, u) forall s = (s;),t = (tk) SU =
(ur) € w (BC) .We know that by Theorem 2.1

n n

s — wklpe (s — tr) + (tk — ur) llpc
,; 1+ [lsk — unllpc ,; LNl (sk = t) + (B — ur)llpc

n
Zuk- < sk — trllpc n itk — ukllpe )
— I+ llsk = trllge 1+ Itk — urllpc

E— lkllpc k — UkliBC
= E Py ———————— + E P —————————
= UHllse—tellse = T+ 1tk — urllpe

IN

holds for all n € N and inequalities

llsk — urllpe

By
1+ |[sk — ug e
s — tillgc
k-5 1 5 11 > k
T+ s —tilge — "
tr — ug
| lsc s

ke
1+ [ty — ukllpe

hold for all £ € N. Then, the comparison test implies the convergence of the series

iuk sk — ukllpc i’uk sk — tllpc iﬂk Itk — ukllpc
= U sk —ukllpe 4 L llsk — telle 4= 1+ Itk — ukllse

Therefore, by letting n — oo in (3.1), dy,me) (5,u) < dye) (5:1) + dwEe) (t,u) , as required.
m]

Theorem 3.4. The set of L, (BC) is a sequence space.

Proof. 1t is obvious that the inclusion I, (BC) C w (BC) holds.
(i)Lets = (sx),t = (tx) € loo (BC) . In this situation, combining the hypothesis sup ||sx||pc <
keN

00, Sup ||tx||ge < oo with the fact ||si + ti|lge < [|Skllpe + [|tkllpc » We can see that
keN

sup [|sx, + trllge < sup [|skllpe + sup [[tkllpe < oo
keN keN keN

which means that s & ¢ € I, (BC).
(i) Leta € Rand s = (s1) € loo (BC) . Since ||asi||pe = | - ||sk | pc and sup |[sg[|pe < oo,
keN

we can easily derive that
sup [|evsilpe = |af.sup [[skllpe < oo
keN keN
Hence, o © s € I (BC) . That is to say that I, (BC) is a subspace of the space w (BC) . ]

Theorem 3.5. The norm function ||||pc defined by (1.3) is continuous.

Proof. The proof depends on the inequality (1.1) in Lemma 1.3. |
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Theorem 3.6. Define the function d;_ gc) by

dloe(B(C) oo (B(C) X oo (BC) — [O, OO) , (8, t) — dloc(IB(C) (S,t) = zug HSk — tk”]E(C ,
€

where s = (s) ,t = (t;) € w(BC). Then (lo« (BC) ,d;__(nc)) is a complete metric space.

Proof. It is not hard to show that d;__ () satisfies the metric axioms on the space /. (BC) . So
we omit the details.
Now, we show that I, (BC) is complete. Let (s,,) be an arbitrary Cauchy sequence in
~ (BC), where s, = (s}'),cy - Then, there exists an ng (¢) € N such that d;__ sc) (Sm, 5r) =
sup st — sillge < € forall m,r > ng (¢) . Then, for any fixed £,
keN

m

lsi — spllpe < € (3.2)

for all m,r > ng (g). In this case, for any fixed k, (s}, s3,...,s",...) is a bicomplex Cauchy
sequence and so, it converges to a point say s; € IB%(C by Definition 1.4. Define the sequence
s* = (s}) = (s},s5,...) with infinitely many limits s}, s5,... and show s* € I, (BC) and
Sy — S*, as m — 00.

Indeed, in (3.2), by letting » — oo for any fixed k and using the continuity of Euclidean norm
function ||| by Theorem 3.5, for all m > ng (¢) we obtain that

llsi* = stllac <€ (3.3)
and so, d;__(sc) (8m,5*) = sup [|s7* — si|lgec < €. This shows that the sequence (s,,) C loo (BC)
keN

converges to s* = (s;) € w (BC).
On the other hand, since s,, = (s57"),cy € loo (BC) for each n € N, there exists ¢,,, € (0, 00)
such that ||s}"||p < t,, for all £ € N. Therefore, by (3.3), the inequality

Iskllze < llsk = s&'llsc + llst'llse < &+ tm

holds for all £ € N and for all m > ng (g), which is independent of k. Hence s* = (s}) €
~ (BC) which means that [, (BC) is complete. The proof is completed. i

Corollary 3.7. I, (BC) is a Banach space with the norm |||, _ g, defined by
sl ey = sup l[skllpc s s = (k) € loo (BC). (3.4)

Proof. Since it is known by Theorem 3.6 that [, (BC) is a complete metric space with the metric
dy..(sc) induced by the norm [[||,__ ¢ defined by (3.4). Then, the proof is clear. o

Theorem 3.8. The sets ¢ (BC) , ¢y (BC) and 1, (BC) for 0 < p < oo are sequence spaces.

Proof. 1t is trivial that the inclusions ¢ (BC) C w (BC), ¢y (BC) C w(BC) and I, (BC) C
w (BC) for 0 < p < oo hold. Firstly, we consider the set ¢ (BC) .
() Let s = (s),t = (tx) € c(BC). Then, there exist /], 5 € BC such that hm n sy = I} and

hm tk = 3, and so for every ¢ > 0 there exist k; (¢),k, (¢) € N such that ||sk —llge <

for all k > ki (¢) and ||ty — I5||gc < 5 for all & > ky(e). Therefore, taking ko (¢) =
max {k1 (g) , k2 (¢)}, we obtain that

[(sk+tk) = (T +B)llse = sk —17) + (& = 15)llgc
< sk = Gllse + k= Bllsc
< f4f_.

-2 2

for all £ > kg (¢) which means that

lim (sg +t) =17 +15 = lim s + lim ¢
k—oc0 k—oc0 k—o0
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and from this s & ¢ € ¢ (BC).
(ii) Let s = (sx) € ¢(BC) and o € R — {0} . Since s € ¢ (BC) , there exists an {* € BC such
that klim sk = * and so for every € > 0 there exists an kg (¢) € N such that ||s; — I*||pc < a1
— 00

for all k& > ko (¢). Thus, we obtain for all k£ > ko (¢) that

* * * g
I(ask) = (@0)lle = lla (sk = 1)llpe = lal lsk = Ullse < laf o °
which implies that
lim (ask) = al* = a lim s,
k—o0 k—o0
andsoa® s € ¢(BC).

The proof is clear for @« = 0. Therefore, we have proved that ¢ (BC) is a subspace of the
space w (BC) . Also, taking I{ = 5 = I* = 0 above, by a routine verification, we can easily
show that ¢y (BC) is the sequence space.

Now, we show that {,, (BC) is sequence space where 0 < p < oo.

(i) Let s = (sg) .t = (tx) € I, (BC). Then Z l|skllzec < oo and Z lte |z < oo. We know
by bicomplex Minkowski’ s inequality for 1 < p < oo that

insmknﬁw (Znskm) (me)

p

holds for all n € N and the comparison test implies the convergence of the series Y ||sx + ti ke -
k=1
Therefore, s &t € 1, (BC) for 1 < p < o0, as required.
For 0 < p <1, by Lemma 1.10,

NE

(Iskllzc + lItellse)”

n
D ollsk +tnlee <
k=1

bl
= I

IN

Z(”Sknﬁc + lItxllze)

1

= > llswllie + Z x| Ec

k=1

=
Il

3

holds for all n € N and the comparison test implies the convergence of the series Y, ||si + & ||jc -
k—
Therefore, s &t € I, (BC) for 0 < p < 1, as required.
(i) Let s = (s) € I, (BC) and o € R — {0} . Since s € [, (BC) , we can write > [[si|[pc <

k=1
oo. Thus, we have

oo oo o0
> lasillie =D laf” lsklfe = laf” Y lIsklbe < oo
k=1 k=1 k=1

which implies that o ® s € [, (BC) . The proof is clear for o = 0. That is to say [, (BC) is a

subspace of w (BC) . i
Theorem 3.9. (¢ (BC),d;_sc)) and (co (BC) ,d;__mc)) are complete metric spaces.

Proof. We show that the metric space ( BC)) is complete. Let (s,,) be an arbitrary
Cauchy sequence in the space ¢ (BC), where sm = (5’,3“) rwen - Then, for every € > 0 there exists

an ng (¢) € N such that d;__ gc) (5m,5,) = sup ls7t = spllge < § forall m,r > ng (¢) . Hence,
ke
for any fixed k,
m T €
l[s" = skllc < 3 (3.5)
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for all m,r > ng (¢) . In this case, for any fixed &, (sk, si, s 81, ) is a bicomplex Cauchy se-

quence and so, it converges to a point say sj € BC Define the sequence s* = (s}) = (s}, 3, ...)

with these limits and show that s* € ¢(BC) and s,, — s*, as m — oo. Indeed, by (3.5), by

letting  — oo, we obtain d;__(gc) (Sm,s") = sug l|lspr — skHBC 5 for all m > ng (¢) . There-
ke

fore, the sequence (s,,,) C ¢(BC) converges to s* = (s}) € w (BC). On the other hand, since
(sp?) € c(BC)isa bicomplex Cauchy sequence, for every € > 0 there exists an ko (¢) € N such
that ||s;° — 5, ||z < § forall k,1 > ko (¢) . In this situation, for every ¢ > 0

sk —sillge = lsk —sp° + 5.0 =8/ + 51 — 5] ¢
< sk = silllge 185" = 5 llge + 1151 — 57 e
£
< — — — =
styty=c

for all k,1 > ko (), and so the sequence s* = (s}) is a bicomplex Cauchy sequence. Since BC
is complete, s* = (s}) is convergent in BC. Finally, obtain that s* = (s;) € ¢(BC) and the
result follows as required.

Also, we can similarly show completeness of ¢y (BC) with completeness of ¢ (BC) . O
Corollary 3.10. ¢ (BC) and co (BC) are Banach spaces with the norm |||, _ ¢, defined by (3.4) .
Proof. The proof depends on Theorem 3.9. O

Theorem 3.11. ( (BC), dy, B(C)) is a complete metric space for 0 < p < oo, where d; (Bc) is
defined as follows :

d, (BC) (s,t) : 1, (BC)x1,(BC)—[0,00),
> llsk —tellge, O<p<1
k=1

(S,t) — dlp(]B(C) (Sat) = )

1

00 P
(znsk—tknﬁc) 1<p<oo
k=1

where s = (si,) ,t = (tx) € I, (BC).

Proof. Firstly, we consider the space [, (BC) with 1 < p < co. We know that d;,sc) (s,t) > 0
for all s,t € 1, (BC) since ||sy — t||gc > O for all s, € BC. Also,

1

dipse) (5,t) = <Z l[sk — fk||ﬁc> =0<= > |lsk —trllhc =0
k=1 k=1
sk —tel%e = 0,Vk €N
e |lsk — trllge = 0,Vk €N
— sp=t§,VkeN
<— s=t

and

Sl

dip(c) (5:1) (Z sk — tk”m) (Z l[tx — Skllﬁc) = dip(ee) (¢ 5)
1

for all s,t € I, (BC n the other hand, by bicomplex Minkowski’ s inequality we have for
s=(s )t—(tk) ( k) € 1, (BC) that

p

dipse) (5,1)

(Z sk —tkm) -
(Zmuan) (f: ktk”ﬁ(c);

Z (s — ug) + (uk — tk)llﬁg]

IN

= dipme) (5,u) + dip@e) (u,t) .
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Therefore, the function d;,,gc) is a metric over the space [, (BC) with 1 < p < co.

Now, we show that the metric space (I, (BC) ,d;, B(C)) with 1 < p < oo is complete. Let
(sm ) be an arbitrary Cauchy sequence in the space l,, (BC), where s, = (s3"),cp - Then, for
every ¢ > 0 there exists an ng (¢) € N such that

1

P

di,BC) (Sm, 5r :<Z”5k 52”%@) <e (3.6)

for all m,r > ng (¢) . Then, for any fixed ,
s — skllsc <e G.7)

for all m,r > ng (¢) . In this case, for any fixed k, (s}, sz, ..., sj", ...) is a bicomplex Cauchy se-
quence and so, it converges to a point say sj. Let us define the sequence s* = (s;) = (s, s3,...)
with infinitely many limits s}, s3, ... and show s* = (s}) € [, (BC) and s,,, — s*, as m — oc.

By (3.7), we can write ||s}" — s;|lzc < € for all m > ng (¢) which means that 57" — s as
1

m — oco. Also, from (3.6) , we know that (Z l|si — 52”%@) " < cforall m,r > ng(e), and
k=1
1

by letting » — oo, we have (Z st — s,*;||§;(c> " < cforalln € N. Then, by letting n — oo, we

1

3

|| sp s,j||ﬁc> ’ < g for all m > nyg () . Thus, the sequence
(s7) € ( C).
(sir) € 1, (BC), by bicomplex Minkowski’ s inequality and

obtain that dlp(]}g@ Smy S (Z

(sm) C 1, (BC) converges to s*
On the other hand, since s,,, =
&)
convergence of the series Y [|s; — s[5,
k=1

1 1

(Z ||82|ﬁ<c> - (Z s+ (s — SL”)IEuc)
k=1 =

p

k=1
1 1
o0 P oo P
< (Zns%c) +(Z||sz—s$||§c)
k=1 k=1
< o0

which means that s* = (s}) € [, (BC) . Therefore, I, (BC) with 1 < p < oo is complete. This
completes the proof.

Now, we consider the space [, (BC) with 0 < p < 1. It can be shown that the function dlp(B@
is a metric over the space [, (BC) with 0 < p < 1 in the similar way to 1 < p < co by using
Lemma 1.10.

Now, we show that [, (BC) with 0 < p < 1 is complete. Let (s,,) be an arbitrary Cauchy
sequence in the space I, (BC), where s, = (s}'), oy - Then, for every e > 0 there exists an
no (¢) € N such that

dy, Bc) (Sm, 5r) Zns — spllhe <€ (3.8)

for all m, 7 > ng () . Therefore, ||s;* — 5|/ < € for any fixed & € N and for all m,r > ng (¢) .
Thus, for any fixed k € N, (s7*) = (s}, s7, ..., s}, ...) is a bicomplex Cauchy sequence and from
this, it converges, say s;' — s; as m — oco. Define the sequence s* = (s}.) = (s},s3,...) and
show that s,, — s*, asm — oo and s* = (s}) € I, (BC) . From (3.8) , we obtain the inequalities

for all m,r > ng (¢) that 3 s} — s} ||z < €” and so, by letting r — oo, for all m > ng (¢)

n
that kz |7 — sillhe < € for all n € N which means that as n — oo and for all m > ng (¢) ,

di, ) (5m>s*) = X |lsit — spllhe < €P. Thus, the sequence (s,,) C I, (BC) converges to
k=
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s* = (s;) € w(BC). Since s, = (s}") € I, (BC), by Lemma 1.10 and convergence of the

o0
series > |55 — 53" |ie -

k=1
o0 o0
Yo lsillie = D lsi+ (st = st lge
k=1 k=1

WK

(Isi* e + sk — skt llge)”

el
I

[M]¢

oo
IsillBe + > lisk — sitllEe
1 k=1

g T

<

which implies that s* = (s}) € [, (BC) . That is to say that [, (BC) with 0 < p < 1 is a complete
metric space. O

Corollary 3.12. The space l,, (BC) is a Banach space with the norm ||| 1, (BC) defined by

o0
kZl lstllge, O0<p<1

Islly, @c) = ;s =(sk) €1, (BC).

1

o0 p P
(kzl ||sk||m) d<p<oo

Proof. The proof is clear from Theorem 3.11. O

4 Concluding Remarks

In this paper, we have studied bicomplex sequence spaces with Euclidean norm in the set of
bicomplex numbers. For the future, we will construct bicomplex sequence spaces with hyper-
bolic valued moduli of bicomplex numbers and we will investigate «—, 5— and ~y— duals and
multiplier spaces of them.
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