
Palestine Journal of Mathematics 

Vol. 9(2) (2020) , 908–914 © Palestine Polytechnic University-PPU 2020

CESÀRO MEANS OF GENERALIZED MITTAG-LEFFLER’S 
EXPANSIONS

Adnan G. AlAmoush

Communicated by S. P. Goyal

MSC Subj. Class: 30C45

Keywords and phrases: univalent function; Hypergeometric functions; Mittag Leffler’s function; Cesàro means; convo-

lution product.

Abstract The polynomial approximants which retain the zero free property of a given ana-
lytic functions in the unit disk U = {z ∈ C : |z| < 1} of the form

γ,δ
α,β(z) =

∑∞
k=0

(γ)kδ
k!Γ(β+αk)z

k,

α, β ∈ C,R(α) > 0, R(β) > 0, R(δ) > 0, z ∈ C
is found. Cesàro means of order µ by the convolution method of geometric function retain the
zero free property of the derivatives of bounded convex functions in the unit disk. Also other
properties are established.

1 Introduction

The function

ψα(z) =
∞∑
k=0

zk

Γ(1 + αk)
, α ∈ C,R(α) > 0, R(β) > 0, z ∈ C (1.1)

was introduced by [1] and was investigated systimatically by several other authors (for detail,
see [2]). The Mittag-Leffler’s function is the direct generalisation of the exponential function to
which it reduces for α = 1.

Wiman [2] studied the generalisation of ψα,β(z), that is given by

ψα,β(z) =
∞∑
k=0

zk

Γ(β + αk)
, α, β ∈ C,R(α) > 0, R(β) > 0, z ∈ C (1.2)

has properties very similar to those of Mittag-Leffler’s function ψα(z).

In 1971, Prabhakar [3] introduced the function in the form ψγα,β(z) in the following form

γ
α,β(z) =

∞∑
k=0

(γ)kzk

k!Γ(β + αk)
, α, β ∈ C,R(α) > 0, R(β) > 0, z ∈ C. (1.3)

Saigo and Kilbas [4] and Raina [5] investigated several properties and applications of (1.1)-
(1.3). The function defined by (1.2) gives a generalization of (1.1). This generalization was
studied by Wiman [2], Agarwal [6], and others.

Let D denote the open unit disk in C. It is well known that outer functions are zero-free
on the unit disk. Outer functions, which play an important role in Hp theory to find a suitable
finite (polynomial) approximation for the outer infinite series f so that the approximate reduces
the zero-free property of f , arise in the characteristic equation which determines the stability of
certain nonlinear systems of differential equations. Recall that an outer function is a function
f ∈ Hp of the form
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f(z) = eiγe
1

2π

∫ π
−π

1+eitz
1−eitz

logψ(t)dt

where ψ(t) ≥ 0, logψ(t) is in L1 and ψ(t) is in Lp. See [6] for the definitions and classical
properties of outer functions. Since any function f in H1 which has 1/f in H1 is an outer
function, then typical examples of outer functions can be generated by functions of the form∏n
k=1(1− eiθkz)αk for −1 < αk < 1.
By using convolution methods that the classical Cesàro means, retains the zero-free property

of the derivatives of bounded convex functions in the unit disk and play an important role in
geometric function theory (see [6], [7], [8], [9], [10]).

Recently, Shukla and Prajapati [11], investigated and studied the following function

γ,δ
α,β(z) =

∞∑
k=0

(γ)kδ
k!Γ(β + αk)

zk, α, β ∈ C,R(α) > 0, R(β) > 0, R(δ) > 0, z ∈ C (1.4)

with

0 < (γ)kδ ≤ Γ(β + αk).

Where (γ)δk is the Pochhammer symbol defined by (γ)δk =
Γ(γ+δk)

Γ(γ) . whenever Γ(γ) is defined,
(γ)0 = 1, γ 6=0. It is an entire function of order ρ = R[(α)]−1 and type σ = 1

ρR[(α)
R(α)]−ρ. It

is a special case of Wright’s generalized hypergeometric functions, Wright ([12], [13]) as well
as the H-function (see in detail [14] ) . Some special cases of this function are enumerated

below
γ,1
α,β(z) =

γ
α,β(z), ψα,1(z) = ψ1

α(z),

1,1
α,β(z) = ψ1

α,β(z) = ψα,β(z),

1,1
1,1(z) = ψ1,1(z), ψ1(z) = ez, ψ2(z2) = cosh(z).

Lemma 1.1. [8] Let 0 < α ≤ β. if β ≥ 2 or α + β ≥ 3, then the function of the form
f(z) =

∑∞
k=0

(α)k
(β)k

zk+1 is convex.

Lemma 1.2. [15] Assume that a1 = 1 and ak ≥0 for k ≥ 0 such that ak is a convex decreasing
sequence i.e.:

ak − 2ak+1 + ak+2 ≥ 0 and ak+1 − ak+2 ≥ 0.

Then

R{
∑∞
k=1 akz

k−1} > 1
2 , z ∈ U.

We denote by S∗, C, QS∗ and QC the subclasses of A consisting of functions which are, respec-
tively, starlike in U , convex in U , close-to-convex and quasi-convex in U Thus by definition, we
have

S∗ := {ψ ∈ A : R( zψ
′(z)

ψ(z) ) > 0, z ∈ U},

C := {ψ ∈ A : R(1 + zψ′′(z)
ψ′(z) ) > 0, z ∈ U},

QS∗ := {ψ ∈ A : ∃g ∈ S∗s.t.R( zψ
′(z)

g(z) ) > 0, z ∈ U},

and

QC := {ψ ∈ A : ∃g ∈ Cs.t.R( (zψ
′(z))′

g′(z) ) > 0, z ∈ U}.

It is easily observed from the above definitions that

ψ(z) ∈ C ⇔ zψ
′
∈ S∗ (1.5)
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ψ(z) ∈ QC ⇔ zψ
′
∈ QS∗. (1.6)

Note that ψ ∈ QS∗ if and only if there exists a function g ∈ S∗ such that:

zϕ′(z) = g(z)p(z) (1.7)

where p(z) ∈ P , the class of all analytic functions of the form

p(z) = 1 + p1 + z + p2z
2 + .... , with p(0) = 1.

Let be given two functions ψ, g ∈ A, s.that:

ψ(z) =
∑∞
k=0

(γ)kδ
k!Γ(β+αk)z

k

and

g(z) =
∑∞
k=0

(%)kδ
k!Γ(β+αk)z

k.

Then their convolution or Hadamard product ψ(z) ∗ g(z) is defined by:

ψ(z) ∗ g(z) =
∑∞
k=0

(γ)kδ(%)kδ
k!k![Γ(β+αk)]2 z

k.

We can verify the following result for f ∈ A and takes the form (1).

Lemma 1.3. [9] (i)Ifψ ∈ Cand g ∈ S∗, then ψ ∗ g ∈ S∗
(ii)Ifψ ∈ C and g ∈ S∗, p ∈ P with p(0) = 1, then ψ ∗ gp = (ψ ∗ g)p1

where p1(U) ⊂ close convex hull of p(U).

2 CESÀRO APPROXIMANTS FOR OUTER FUNCTIONS

The Cesàro sums of order µ where µ ∈ N ∪ {0} of series of the form (1.1) can be defined as

σµn(z, ψ) = σµn ∗ ψ(z) =
∑n
k=0

 n− k + µ

n− k


 n+ µ

n


(γ)kδ

k!Γ(β+αk)z
k+1

where

(
α

β

)
= α!

β!(α−β)! . We have the following result:

Theorem 2.1. Let ψ ∈ A be convex in U . Then the Cesàro means σµn(z, ψ), z ∈ U of order
µ > 1, of ψ′(z) are zero-free on U for all k.

Proof. In view of Lemma 1.1, the analytic function f of the form (1) is convex in U if Γ(β +
αk) ≥ 2 or Γ(β + αk) + (γ)kδ ≥ 3 . where 0 < (γ)kδ ≤ Γ(β + αk).

Let ϕ(z) =
∑∞

k=0(1 + k)zk+1 be defined such that:

zψ′(z) = φ(z) ∗ ψ(z) =
∑∞

k=0
(k+1)(γ)kδ
k!Γ(β+αk)z

k+1.

Then

σµn(z, ψ
′) = σµn(z) ∗ ψ′(z)

= zσµn∗zψ
′(z)

z

= zσµn∗ψ(z)∗φ(z)
z
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= (zσµn)
′∗ψ(z)
z .

In view of Lemma 1.3, the relation (1.4) and the fact that is zσµn convex yield that there exists
a function g ∈ S∗, and p ∈ P with p(0) = 1 such that

= (zσµn)
′∗ψ(z)
z = gp(z)∗ψ(z)

z = [g(z)∗ψ(z)]p1(z)
z 6= 0.

We know thatR(p1(z)) > 0 and that ψ(z)∗g(z) = 0 if and only if z = 0. Hence, σµn(z, ψ′) 6=
0 and the proof is complete.

Corollary 2.2. If f(U) is bounded convex domain, then the Cesàro means σµn(z), z ∈ U for the
outer function ψ′(z) are zero-free on U for all k.

Proof. It comes from the fact that the derivatives of bounded convex functions are outer function
[16]. The next result shows the upper and lower bound for σµn(z, ψ′).

Theorem 2.3. Let ∈ A, Assume that 0 < (γ)kδ ≤ Γ(β + αk) with Γ(β + αk) ≥ 2 or
Γ(β + αk) + (γ)kδ ≥ 3 . Then

1
2 |z| < |σ

µ
n(z, ψ

′)| ≤ n(n+ 1), n ≥ 1, z ∈ U, z 6= 0.

Proof. Under the conditions of the theorem, we have that f is convex Lemma 1.1, then in virtue
of Theorem 2.1, we obtain that

σµn(z, ψ
′) 6= 0, thus |σµn(z, ψ′)| > 0. Now by applying Lemma 1.2, on σµn(z, ψ′) 6= 0, and

using the fact that R(z) ≤ |z| and since:

(
k − n+ µ

k − n

)
=

k!(k − n+ µ)!
(k − n)!(k + µ)!

≤ 1 (2.1)

for µ ≥ 1 and k = 1, 2, 3, ..., n yield

1
2 < R(σ

µ
n(z,ψ

′)
z ) ≤ |σ

µ
n(z,ψ

′)|
|z| , |z| > 0 and z ∈ U.

For the other side, we pose that

|σµn(z, ψ′)| = |ψ′(z) ∗ σµn(z)| = |
∑n
k=0(k + 1)

 n− k + µ

n− k


 n+ µ

n


(γ)kδ

k!Γ(β+αk)z
k|

≤
∑n
k=0(k + 1)

 n− k + µ

n− k


 n+ µ

n


(γ)kδ

k!Γ(β+αk) |z
k|

≤
∑n
k=0(k + 1)

 n− k + µ

n− k


 n+ µ

n


(γ)kδ

k!Γ(β+αk)

≤
∑n
k=0(k + 1) ≤ k(k + 1)

when k → n: Hence the proof.

Theorem 2.4. Let ψ ∈ A and 0 < (γ)kδ ≤ Γ(β + αk) . Then:
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limn→∞ σαn(z, ψ) =
z

(1−z)λ , λ > 1, z ∈ U.

Proof. By the assumption and the fact (1.7), we obtain∣∣∣ σαn(z, ψ)− z
(1−z)λ

∣∣∣

=

∣∣∣∣∣∣∣∣∣∣
∑n
k=0

 n− k + µ

n− k


 n+ µ

n


(γ)kδ

k!Γ(β+αk)z
k+1 −

∑∞
k=0

(λ)k
k! z

k+1

∣∣∣∣∣∣∣∣∣∣

= 1
k!

∣∣∣∣∣∣∣∣∣∣
[
∑n
k=0

 n− k + µ

n− k


 n+ µ

n


(γ)kδ

Γ(β+αk) − (λ)k] zk+1 −
∑∞
k=n+1(λ)kz

k+1

∣∣∣∣∣∣∣∣∣∣
≤
∣∣∣∑∞k=n+1

(λ)k
k! −

∑n
k=1

(λ)k
k!

∣∣∣
=0, as n→∞.

3 BOUNDED TURNING OF σµn(z, ψ)

For 0 < υ < 1, let B(υ) denote the class of functions f of the form (1.1) so that R(ψ′) > υ in
U . The functions in B(υ) are called functions of bounded turning (see [17]). By the Nashiro-
Warschowski Theorem, the functions in B(υ) are univalent and also close-to-convex in U . In
the sequel we need to the following results.

Lemma 3.1. [18] For f ∈ U we have

R
{∑j

k=1
zk

k+2

}
> −1

3 , (z ∈ U).

Lemma 3.2. [19] Let P (z) be analytic in U ; such that P (0) = 1; and R(P (z)) > 1
2 in U . For

functions Q analytic in U the convolution function P ∗ Q takes values in the convex hull of the
image on U under Q.

Theorem 3.3. Let g(z) ∈ H the class of normalized function takes the formR
{∑∞

k=2 akz
k
}
, (z ∈

U). Denoted by ωk =
(γ)kδ

Γ(β+αk) ≥ 1 such that γ1 = 1, if 1
2 < υ < 1 and g(z) ∈ B(υ), then

σµn(z, ψ)g(z) ∈ B
(

3(n+µ)!−(µ+1)!n!(1−υ)
3(n+µ)!

)
.

Proof. Let g(z) ∈ B(ν) that is

R(g′(z)) > ν, (0 < υ < 1, z ∈ U).

Implies

R
{

1 +
∑∞
k=2 kakz

k−1
}
> υ > 1

2 .

Now for 1
2 < υ < 1 we have

R
{

1 +
∑∞
k=2

k
1−υakz

k−1
}
> R

{
1 +

∑∞
k=2 kakz

k−1
}
> υ > 1

2 .

It is clear
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R

{
1 +

∞∑
k=2

(γ)kδ
Γ(β + αk)

k

1− υ
akz

k−1

}
>

1
2
. (3.1)

Applying the convolution properties of power series to [σµn(z, ψ)g(z)]
′, we may

[σµn(z, ψ)g(z)]
′ =

= 1 +
∑∞
k=2

 n− (k − 1) + µ

n− (k − 1)


 n+ µ

n


k!(γ)kδ

Γ(β+αk)

= [1 +
∑∞
k=2

(γ)kδ
Γ(β+αk)

k
1−υakz

k−1] ∗ [
∑∞
k=2

 n− (k − 1) + µ

n− (k − 1)


 n+ µ

n


(1− υ)zk−1]

:= P (z) ∗Q(z). (3.2)

In virtue of Lemma 1.2 and for j = n− 1; we receive

R

{
n∑
k=2

zk−1

k + 1

}
>
−1
3
, (3.3)

since

R

{
n∑
k=2

zk−1

}
≥ R

{
n∑
k=2

zk−1

k + 1

}
, (3.4)

and in view of (3.2),

R

{
n∑
k=2

zk−1

}
≥ −1

3
. (3.5)

Thus when n→ k, a computation gives

R(Q(z)) = R

1 +
∑∞
k=2

 n− (k − 1) + µ

n− (k − 1)


 n+ µ

n


(1− υ)zk−1


>
(

3(n+µ)−!(µ+1)!n!(1−υ)
3(n+µ)!

)
.

On the other hand, the power series

P (z) =
{

1 +
∑∞
k=2

(γ)kδ
Γ(β+αk)

k
1−υakz

k−1
}
, (z ∈ U).

Therefore, by Lemma 3.2, we have

R {P (z)} = R
{

1 +
∑∞
k=2

(γ)kδ
Γ(β+αk)

k
1−υakz

k−1
}
> 1

2 , (z ∈ U).

R {[σµn(z, ψ)g(z)]′} >
(

3(n+µ)!(µ+1)!n!(1−υ)
3(n+µ)!

)
, (z ∈ U).

This completes the proof of Theorem 3.3.
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Corollary 3.4. Let the assumptions of Theorem 3.3 hold. Then for

 n− (k − 1) + µ

n− (k − 1)


 n+ µ

n


→ 1

 , σµn(z, ψ)g(z) ∈ B( 2+υ
3 ).
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