Palestine Journal of Mathematics

Vol. 11(3)(2022) , 133-146 © Palestine Polytechnic University-PPU 2022

FABER POLYNOMIAL COEFFICIENT ESTIMATES FOR
CERTAIN SUBCLASS OF BI-UNIVALENT FUNCTIONS
ASSOCIATED WITH (p, ¢)-RUSCHEWEYH DERIVATIVE

P.Nandini and M.Ruby Salestina and S.Latha

Communicated by Fuad Kittaneh

MSC 2010 Classifications: Primary 30C45; Secondary 30C50.
Keywords and phrases: Bi-univalent functions, Faber polynomial, (p, ¢)-Ruscheweyh derivative.

Acknowledgment: The authors would like to express their sincere thanks to the referee for valuable comments and
suggestions on the earlier version of this paper.

Abstract In the present work, we first introduce a new subclass of analytic and bi-univalent
functions associated with (p, q)-Rusheweyh derivative operator and we obtain upper bounds for
the coefficients of functions belonging to these subclass by using faber polynomial expansion.

1 Introduction

Let A denote the class of all functions of the form
f(z):z—i—Zanz" (1.1)
n=2

which are regular in the open unit disc D = {z € C;|z| < 1}. By S we mean the class of all
functions .4 which are univalent in D.

For any two regular functions f and g in D, we say that f is subordinate to g, if there
exists a schwarz function w in D with |w(z)| < 1 such that f(z) = g(w(z)), =z € D.
From the Koebe’s one quarter theorem [2], it is well known that every univalent function f € A
has an inverse f~!, which is defined as f~!(f(z)) = 2z, 2 € D and f(f~'(w)) = w, (Jw| <
ro(f)),mo(f) > %, where

g(w) = f 1 (w) = w — ayw? + (23 — a3)w® — (563 — azas + az)w* + ... (1.2)

A function f € A is said to be bi-univalent in D if both f and f~! are univalent in D. Let £
denote the class of regular and bi-univalent functions in D given by the Taylor’s-Macluarin series
expansion (1.1). Few examples for the functions in the class X are given by

z 1 142
=% —log(1 — 2), ilog (1 — z) .

Faber polynomials introduced by Faber play a vital role in different areas of Mathematical
Sciences, especially in Geometric Function Theory. Grunsky succeeded in defining a set of nec-
essary and sufficient conditions for the univalence for a given function and in these conditions,
the coefficients of the Faber polynomials play a significant role for more details see [7, 1].

By using Faber polynomial expansion of functions f € A of the form (1.1), the coefficients of
its inverse map g = f~! may be expressed as

g(w) = f~(w) :w+Z%K;fl(a2,a3,...)w", (1.3)

n=2
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where
o= +(1§?<' % s +(17]> |(n TG
T —|§_37)1!)(!n i “a

ST JE_Z;L])!!(H_S)!CL; S(as + (—n + 2)a?) (1.4)
Cml 0646+ (—2n + 5)asa]

(=2n+5)!(n —6)!

—O—Za; Vi,

3>7

such that V; with7 < j <n isa homogeneous polynomial in the variables |a3|, |as|, ...|an| [5].
In partlcular the first three terms of K™, are given below

1 .
K=
IK—S 2 1
§ = 2@2 — as, ( 5)

1
ZK§4 = —(5a3 — 5aza3 + ay).

In general, for any p € NV and n > 2, an expansion of K”_, is given by[4],

pV
(p—3)130°"

where E? | = E” | (ay,as,...) and given by [6]

-1
P(P2 )Ei_l+

Kzfl = pan + E3 -1 + ...+

> my(ax)" . (an)
Eni(az, s an) = E 1 n,n 1, for m <n.
= !

While a; = 1 and the sum is taken over all non-negative integers py, ... 4, satisfying
w1+ o+t =m

w142+ .+ (n—Dppy =n— 1.

Evidently, £ (a27a3,. n) = a§*17 (see [6]), while a; = 1, and the sum is taken over all
non-negative 1ntegers L1, .- My satisfying

M1+ p2 e iy =,
w1+ 2u + ... + npy, = n.
It is clear that E7(ay, as, ..a,) = af'. The first and the last polynomials are :
E! =a,, E'= al.
Let ¢(z) be regular functions with positive real part in D, with ¢(0) = 1 and ¢’(0) > 0. Also
let ¢(F) be starlike with respect to 1 and symmetric with respect to the real axis. Thus ¢ has the
Taylor’s series expansion

#(2) = 1+ By(2) + By2* + B32> +...(B; > 0). (1.6)
Suppose that u(z) and v(w) are regular in the unit disc D with «(0) = v(0) = 0, |u(z)| <
1, |[v(w)| < 1, and suppose that

Y=ci(z +ch , —d1w+Zd w™, (2] < 1). (1.7)

n=2
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It is cleared that
el <1, el <T=lal?, |dil <1, [df <1—|dif* (1.8)
So the equations (1.6) and (1.7) lead to

P(u(2)) = 1 + Bru(z) + By(u(2))? + Bs(u(z))® + ...

=1+ Biciz+ (Bicy + Byc}) 2% + .. (1.9
=1+ ZZBkEﬁ(cl,cz, aCp)2",
n=1 k=1

and
o(v(w)) = 1+ Biv(w) + By(v(w))* + ...

=14 Bidiw + (Bydy + Byd})w® + .... (1.10)

=1+ i zn: By EX(dy,dy, ..dy)w"

n=1 k=1

For 0 < q < p < 1, we define (p, ¢)-integer number by[8]

Pt —q"
p—q

[np.q =
and (p, ¢)-factorial of integer number n is given by [8]

[n]pq! = {[n]p’Q[n —1pg[pg n=12,.

The (p, q)-analogue of Jackson derivative of a function f [8] defined as

D) =TI 0y 2 g0 < <.

s (pw) — f(qw)
glpw) — jlqw
D w =
pq(g( )) (p_q)w
=1-[2], qa0w + [3],4(2a3 — a3)w* — [4],4(5a3 — Sazaz + ag)w’® + ...
For § > 0, the Ruscheweyh type (p, q)- differential operator RZ‘; q - A— Ais given by

—z+2"+5—”’qanz". (1.11)

6]pq'[n — 1p,q!

‘We note that

Ropof(2) = f(2)
R}g,qf(z) = ZDp,qf(Z)

2D8 (%71 f(2
Ry 1(e) = Poa [

p,q
We observe that, for p = 1 and ¢ — 1, the (p, ¢)-integer number [n],, , reduces to the ordinary
number n and (p, g)-Ruscheweyh differential operator reduces to the Ruscheweyh differential
operator defined by Ruscheweyh in [11].
Now using the differential operator Rg}q f(z) and the concept of subordination, we define a
new subclass of X as follows.
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Definition 1.1. For b € {CT}, O0<g<p<landd§ > 0. Then f € X is said to be in the class
Rx(p, g, 0,b, ¢) if and only if

[1 + % (Dyq(RS ,f(2)) — 1)} =< ¢(2) (1.12)

and

1
1+ 3 (Dl 9(w) = 1)] < 6(0) (1.13)
where g(w) = f~!(w) and thq are given by (1.2) and (1.11) respectively.

By suitably specializing the parameters 6, b and p we have the following subclasses of bi-
univalent functions Ry} (4), R ,(4), Ry (¢) and Ry(¢) defined by Sahsene Altinkaya and
Sibel Yalcin [10] . In the main results, the Faber polynomial expansion is used to obtain bounds
for the general coefficients |a,, | of bi-univalent functions in Rx(p, ¢, 4, b, ¢) as well as we provide
estimates for the initial coefficients of these functions.

2 Main results

Theorem 2.1. For § > O and b € {fT}. Let f € Rs(p,q,6,b,9). If a,, = 0;

2<m<n-—1,then

By|b]
[n+d—1]p. 4!

[5]11,(1!["_1]?,(1!

lan| <

n > 3.

)

Np,q

Proof. Let f be given by (1.1), we have

oo

1 40— 1], .
1 + [0]p.a' [ — 1]p.q! n 21
nZ:Z [5]p,q![n — l]p’q! [”]p,qa z ] ( )

[1 + 3 (Dpa(Ry,f(2) = 1)} =1+ %

and for g = f~!, we have

Iln—1

(141 (DR ) - 1)] =1

1+ Z M[n}pﬂqbnwn_ll . Q2

From (1.12) and (1.13)

1§ (DR, 1)] = otu(2) ey
[1 n % (Dpq(RS j9(w)) — 1)} = ¢(v(w)). 2.4)

On comparing the corresponding coefficients of (2.3) and (2.4), we get

1 [n46-1],

!
Bl gl Lyl [ = Breac, 2.5)
Pq: g
and . -
n-+o0— |
gw[n}pﬂbn = Bid,_1. (2.6)
D,q* gt
Note that for a,, = 0; 2 <m < n — 1 we have b,, = —a,, and so

1 [n+5_1]pq'
_ - - Pt . =B .
b Bl = g1 = Pien

1 [n—i—&—l]p,q! -
B Bl 1] g1 et = Brnc.
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Now taking the absolute values of either of the above two equations we get

Bib| B |b|
jan| = [nto—1],,! len—1] = [nto—1],,! |-
np,q Blpali—1lp.q! np.g ’m
From (1.8), we have
By |b|
lan| <
[n+5—1]p 4!
"p.a ‘4[6113@![%1],%!
This completes the proof of Theorem 2.1. O

If we take § = 0 in the above Theorem, we get the following corollary (see Theorem 1, [10]).

Corollary 2.2. For b € {CT}. Let f € Rg:g(gﬁ). Ifa, =0,2<m<n—1,then

Put p = 1 in Corollary 2.2, we have the following result (see Theorem 2, [10]).

Corollary 2.3. For b € {CT}. Let f € RY (¢). If am = 0; 2 <m <n—1, then

B -a)
(lfqn) ) -

If we take b = 1 in Corollary 2.2, we obtain the following result (see Theorem 3, [10]).

lan| <

Corollary 2.4. Let f € REY($). If ay, =0;2 <m < n — 1, then

lan| < , n>3.

[n]p’q

Taking p = 1 in Corollary 2.4, we have the following result (see Theorem 4, [10]).
Corollary 2.5. Let f € R{(¢). If a, = 0,2 <m < n — 1, then

B —q) n > 3.

ap| < ——+-, >
jan] (1—qm)

3 coefficient estimates

In this section, we investigate the coefficient estimates for the functions belonging to the class
R):(pﬂ q, 67 bu QS)

Theorem 3.1. For b € {CT} and let f € Rx(p,q,0,b,®). Then

‘a2| S min F(p7 q)7 |b‘Bl Bl
Bl e 3], 52 — (54 11 23, B + 6 + 1,28, B
and
las| < min{G(p,q), H(p,q))}
where

[2]pq!‘b|Bl
: B < B
) \/ BT Tl + Dyl 2P

F(p,q)
\/ [z]p,q"bB2‘ ‘BZ| > Bl

[5 + 1]10761[5 + 2]1’77(1[3]qu ’
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and
el ml< B
[0 + 2] p al3lp.q
P, (1‘ 2 ) |B2| > B]
[6 + Hp:q[é + 2]17511[3]17#1
[2]p7q|b|Bl B, < [2]139,q[5 + l]p,q
[0+ 1[0 + 2p.a[Blp.g” § 2]_ [0+ 2]p,4[3]p.ql0] el
+ pP,q + pP,q
[2]p.4![0] B ’ (2]p,q! [3]3"’qu12 — [0+ 1]pq aB2 ’ + M‘ | L[3]p,q
6 p,q
O+ a0+ 2palBloa | |G 3], 0BT — 15 + 11,2 p,qu\ (54 1a[203,0B1
B Bl U
[0+ 2]p,q[3]p.ql0]
Proof. Replacing n by 2 and 3 in (2.5) and (2.6) respectively, we find that
1
5[5 + 1]p7q[2]p7qa2 = Bjcy, (3.1)
1[0+ 1],4[0 + 2],
5[ ][pzf[ ' Jp.a [3]p.qa3 = Bica + B3, 3.2)
p,q-
1
_g[é}p,q[z]p,q@ = Bid,, 3.3)
10+ Upal0+ 2pa gy 002~ 41) = Bydy + Bad (3.4)
b 2p.q! ’
From (3.1) and (3.3), we get
¢ = —d,. 3.5)
By adding (3.4) to (3.2), further computations using (3.5) lead to
200+ 1], .0 +2
204 Upald ¥ 2oy 2 By 4 do) + 2Bock. (3.6)
b 2]p.q!
Making use of (3.1) in the above equality (3.6), we get
[0 +2]p,q 2 2 2 2m3
2[5 + l]p,q [2} | [3}1),qu1 [5 + l]pyq[z]p,qB2 a; = b Bl (C2 + dZ) (3'7)
Pq-
Combining (3.7) and (1.8), we get
0+2
205+ W [ 3] 08~ 6+ a2 Bl = BBl + 2]
p,q-
<2 Bi(1 - |er?) (3.8)
= 2/b*B; — 2|b)*Bj|c1)?.
It follows from (3.1) that
b|BivB
jas|? < 1B . (3.9)
541 p q [6+2],. o
\/‘ 0ty 3] B2 — [6+ 112,212, Ba| + [0 + 12,212, Bi

Moreover, by (1.8) and (3.6)

2 [0+ 1]p.ql0 +2]pq

3 2], Blp.alazl* < Bi(lea| + |da]) +2|Ba e |
p,q-
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<2Bi(1 - |a1]?) + 2| By|er|?
=2Bi +2|ai[*(|B2| - B1)

i[5+1]P,Q[6+Z]p,Q[3] |a2‘2 < By, |By| < By
0] 2]p.q! e ~ B2l |B2f > By

Clearly, we can see that

[2]11 q!|b|Bl
: . |Ba|l < B
|a2| < \/[5 + 1]p’q[5 + 2]p,q[3]p,q
B [2]1) q!|bBZ|
z , |BQ| > Bj.
\/[5 + l]wz[‘S + z]p,q[’j]p,q

Next, in order to find the bound on |as|, subtract (3.4) from (3.2), we get

% [6 + l]p,q[5 + 2]?7‘1 [3]p,qa3 — % [6 + 1]10761[6 + 2]1’7’1 [3][)7(1&% + B] (CZ _ dz) (310)
b 2lp.q! b [2]p.q!

Clearly from (3.6) we obtain

as = 2[6 + l}pAth[Jspi!Z]p B, [b(Bi(c2 4+ d2) + 2Byct) + bBi (2 — da)]

[2];0 q'b 2
= : (Bicz + Baey)
[0+ 1pgld +20paBlpg -

and consequently

[2]p.q!10]
[5 + 1]p,q[6 + 2]?74[3]17#1

las| < (IBillea| + |BalIC1[?)

[2]p,q![0]
< G DLl B =l f) +[Balleal)

< 2p.q!1bIB1 + [2]p,q!1bI(| B2| = B)les]®
B [5 + 1]1’7‘1[5 + z]pvq[:s]pvq

“ BT 1][2[]5+ S (Bt P = B).

Hence we write

2] .40 B1
; 3 |BZ‘ S Bl
|a3‘ < [5 + 1ﬂij[6'ré||2él)7r[3]p,q
P2 |Bs| > By.

[5 + 1];0#1[6 + 2]1’7(1[3]%‘1 7
On the other hand, by using (1.8) and (3.10), we have
2[5+ Upgld+2]p4 2 [0+ 1pgl0+2]pq
0] 2]p.q! 0] 2]p.q!
= 2[5+ 1yl + 2]y
~|bl 2lp.q!

3]p.qlaz|* + Bi(|ea| + |dal)

[3]p7q|a3| <

[3]p,q|a2|2 + 2Bl(1 - |Cl‘2)-

From (3.1) we have

e Oy ) < (e S BalBriyy, (51 o) P+ P

p.q- p.q-:

Now from(3.9), we get

[2]p,q! p,q

By (B2 3], 013, — [0+ 11,28,
552 31, 0B — 16+ 1122, Ba + 16 + 1150212, By

[z]pq”bwl
a3| < : 1+
951 S G0+ 2y 0Bl

This completes the proof. O
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For 6 = 0 in Theorem 3.1, we get the following result (see Theorem 5, [10]).

Corollary 3.2. Let | € REY(9), (b c %) Then

b|B\/B
laa] < min { K (p, ), LER
\/\(be — B2)(p* + ) + (Bb = 2Ba2)pg| + Bi(p* + 2pg + ¢*)
and
laz| < min{L(p,q), M(p,q)}
where
b B
\/%v |B>| < By
K(p,q) = p-+pgtgq
|bB,|
S |Bl>B
p”+pq+yq
b|B
2 | | : 2 ‘B2| SBl
L(p,q)={7P +pg+gq
9 |bB2| ‘Bz| > Bl
P> +pq+ ¢
and
10| By < p* +2pq + ¢*
p2+pq+q2’2 ) _2(p2+p2q+q2)|b\ S ,
M(p,q) = bIB1l[(B{b = B2)(p” + ¢°) + (Bib — 2B2)pa| + Bi[bl(p” + pg + ¢°)]

[[(B — B)(p? + ¢2) + (B?b — 2B>)pq| + Bi(p* + 2pq + ¢2) (P> + pa + ¢*)]’
B> p* +2pg + ¢*
(p*+ pg + ¢®)[b|’

For p = 1 in the above Corollary, we have the following result (see Theorem 6 in [10]).

Corollary 3.3. Let f € R{ ,(#) (b € {CT}) Then

(q) |b‘BlvBl
VIB = B2)(1+ @) + (B} — 2B2)g| + Bi(1 +2q + ¢?)

laz| < min ¢ K

and
|las| < min{L(q), M(q)}
where
b|B
/le? |Bs| < By
K(q) = l+q+gq
SR I - T
1+q+q27 2 1
b|B
%7 |B2| < By
L(g)=¢ ' Tat4a
1 [225]
= |B>| > B
l+q+¢
and
2
M7 B < 1+2¢+¢
1+q+ ¢ (1+q+q¢)b|
M(q) = 0| Bi[|(Btb — B2)(1 + ¢*) + (Bib = 2Ba)q| + Bi bl (1 + g + ¢*)]

[[(B2b — By)(1 + ¢2) + (B?b —2By)gq| + Bi(1 +2¢ + ¢*) (1 + ¢ + ¢2)]’
B o L+20+¢
(R EYRI0)
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For b = 1 in Corollary 3.2, we obtain the following result (see Theorem 7, [10]).
Corollary 3.4. Let f € RY(¢). Then

BB
|az| < min ¢ K(p,q), B
\/\(Blz — B2)(p* + ) + (B} = 2Ba)pg| + Bi(p* + 2pg + ¢?)
and
las] < min{L(p,q), M(p,q)}
where
B
2712, |Ba| < By
K(p,q) =4 ' /2 +%q+q
/%7 |B,| > B,
p°+pqg+q
B
2712, |B>| < By
L(p,q) = P +|%Q|+q
S, |B|>B
T+ pg+q
and
B p* +2pg + ¢*
b 2 Bl S B) )
P Apate ) 2(p +§q+q) . ,
M(p,q) = Bi[|(B — By)(p? + ¢%) + (B2 — 2Ba)pq| + BX(p? + pq + ¢%)]

[[(Bf — Ba2)(p* + ¢*) + (B} = 2B2)pq| + B1(p? + 2pq + ¢*)(P* + pq + ¢*)]
P’ +2pq+ ¢
(P* + pg +¢?)
For p = 1 and b = 1 in Corollary 3.2, we obtain the following result (see Theorem 8 in [10]).
Corollary 3.5. Let f € Ri(¢). Then

By

BVB
laz| < min ¢ K(q), vVl
VIB = Ba)(1+ @) + (B} = 2Ba)g| + Bi(1 +2g + )
and
las| < min{L(q), M(q)},
where
B
Vs |Bl<B
K(g) =V At
B,
Ve B, > B
1+q+¢ |B| 1
Lza |Ba| < By
Lg) = '
Bl gy s B,
l+q+gq
and
2
B B < LT2+q
l+q+¢ (1+q+d¢*)
M(g) = Bi[|(Bf = B2)(1 +¢*) + (Bf = 2B2)a| + B (1 + ¢ + ¢°)]

[1(B%— B))(1+ @) + (B2 = 2B2)gq| + Bi(1 + 2+ ) (1 + ¢+ )]
1 +2q+ ¢

(R
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14z
1—=2

Corollary 3.6. If we put ¢(z) = (

2.1 we have

> =1+ 2az+2a%2? +..(0 < a < 1) in Theorem

2ab|
‘an‘ < , n>3.

[n+6—1]p,q!

Remark 3.7. Setting ¢(z) = }+Z> in Corollary 2.2 and Corollary 2.3 respectively we have
—z

(see Corollary 1 in [10]).

2alb

ol < 2 0z,
p.g
and
2 1-
|an| < M7 n > 3.
(I—q")
Remark 3.8. Letting ¢(z2) = b+e in Corollary 2.4 and Corollary 2.5, respectively we
—z

obtain (see remark 1, 2 in [10])

2a

|an| S [ ) n Z 37

n]p.q

and
<2209 s,

w:l—i—%l—ﬁ)z—i—zu—ﬁ)zz—km

Corollary 3.9. If we take ¢(z) =
(0 < B < 1), in Theorem 2.1 we have
2(1 — B)1b|

[n4+6—1]p 4!
Mp.q [6]p,q![n—1]p,q!

n > 3.

lan| <

)

1-2
7Zﬂ)z in Corollary 2.2 and Corollary 2.3 respectively,

1
Remark 3.10. Setting ¢(z) = — (1 -
we have (see Corollary 2 in [10])

2(1 - B)lol

|an| S 9 TLZ37
[n]p,q
and
(1-q)

Remark 3.11. Letting ¢(z) = w

we obtain (see remark 3, 4 in [10])

in Corollary 2.4 and Corollary 2.5 respectively,

|an| S M7 n 2 3’
[n]p,q
and
lan| < 2(1 - p)(1 —q)7 n>3.
(1—qn

1+ 2z
1—=2

> in Theorem 3.1, we have the following result.

Taking ¢(z) = (
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Corollary 3.12. Let f € Rs | p, q, 6, b, 1tz , (b € L). Then
1—=z {0}

2] < min \/ 2a[2],,,!]0) b2
B [0+ 1]p,q[0 + 2]p,qBlpq” 25 542
Pal Tl fo (|2l 3y, b 5+ 1,283, ) + 5+ 13,28,
" 20,112
. (0%
las| < min{ LA . L(p, C])}
[6 + l]p,q[a + 2}p=Q[3]P1q
where
2]p,q!2a|b‘ 0<a [2]13)7(1[5 + 1];041
[5 + 1]1?711[6 + 2]177(1[3]17’4 ’ 2[6+2] N 2[5 + Z}P,q [3]P7q|b| 2[5+2] |b‘
Lo 2], ![b[207 |22 3]y, 00 — 8+ 1202, + 225224 3],
p,q) = ST}
[+ l]p’q[5 + 2]p’q[3]p’q @ (‘ [[2]1,];!'(1 [3}p,qb - [5 + 1]p7q[2]121,q’) + [5 + l]p,q[z]z%,q

23,410 + 1]p.g

<a<l.
2[6 + 2]p,q[3]p,ql0]

Taking ¢(z) = (W) in Corollaries 3.2, 3.3, 3.4 and 3.5 respectively we have the fol-
—z

lowing results.

1+z
1—=2

laz| < min 20 2
= PP e+ @ /al(2b = 1)+ ¢) + 20— Dpal + (0 +2pg + &)

Remark 3.13. Let f € REY (( ) ) (b€ &) (Corollary 3, [10]). Then

and 2all
Q
az] < min{ —————, H(p,
| 3‘_ {p2+pq+q2 (p Q)}
where
2alb 242 2
i alb| , 0<a< p2+ pq+;1
P 4pgta . 2(p +pq+q)|25| ,
_ 2a°0|[[(2b = 1) (p* + ¢°) + 2(b — D)pg| + 2b|(p* + pg + ¢*)]
H(p’q)* 2 2 2 2 2 2\’
[al(2b = 1)(p* + ¢ )2+2(b—1)pzq|+(p +2pq + ¢)](p* + pq + ¢?)
p°+2pg+q ca<l
2(p* + pq + ¢*)[b] -
Corollary 3.14. Let Rq(1+za be £ (Corollary 4, [10]). Th
orollary 3.14. Let f € Ry, 1> )’(GW) orollary 4, ). Then
. 2alb| 2alb|
|a2|§mln 27
L+q+¢ /a|(2b— 1)1 +¢%) +2(b— 1)g| + 1 +2¢ + ¢*
and b2
«
<min! —"" _ H
|a3|_mm{1+q_’_q27 (Q)}
where
2 2
alb| 7 0<a< 1+2¢+q
1+q+¢ 2(1+q+ ¢)[b|

202[b[[](2b = 1)(1 + ¢*) +2(b— 1)g| +2[b|(1 + ¢ + ¢*)]
[a](20 = 1)(1 4 ¢%) +2(b — D)g| + (1 +2¢ + ¢)](1 + ¢+ ¢*)’
1+2¢+ ¢
2(14q+ ¢)[p|

H(q) =

<a<l.
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i+ Z) ) (Corollary 5, [10]). Then
—Z

Corollary 3.15. Let f € Ry ((

2a
“ Va+ D)+ @) +2pq

laz| <

and )
o
<min{ ———— H
|CL3| >~ {p2+pq+q27 (p7Q)}
where
2a p* + 2pq + ¢
ST 3 O<a< 32 T or o)
H(p,qy =P tPata ., (p* +pa+ )
20°[3(p* + ¢*) + 2pq] il
[(a+ 1)+ ¢) + 2pg](p* +pg + ¢*)’ 2(p* +pq + %) -
q 1+2\°
Corollary 3.16. Let f € Ry > (Corollary 6, [10]). Then
20
|az| < = :
Vie+ D)1 +¢?) +2¢
and )
. a
\a3| Smln{W7H(Q)}
where
2a o 1+20+¢
0 O<a< T4
_ ) 1+qg+gq 2(1+q+q)
H(Q) = 2 2
20°[3(1 4+ ¢%) + 2] 1+2¢+¢
) - < o S 1.
[(e+ 1)(1+¢*) +2¢)(1+q+¢?) 2(14+q+¢)
1 1-2
Taking ¢(z) = M in Theorem 3.1, we have the following results.
—Z

-z

Corollary 3.17. Let | € Ry <p, 4,6.b, M) (ve &) Then

_ ! _
ay] < i %(5 2(1] é)ﬂz b 2(1 - Bl
? ’ 6 b,q 5 2 p,q
pald Ao [{(H0lelosTa 3], (54 15, 0, [) + 15 + 1,2
and o
as <mm{ pq ,MP»Q}
l o 3y
where
2(1 = B)[2]p,q!b| 2[6 + 2]p,q[3]p,qlb] — [2]241 <g<l.
[0 + 1p,q[6 + 2lp,al3lp.q 2(173)[6+22][5 +2]p,q[3]p,q|0l N 2(1-8)[8+2]p,qb|
M(p,q) =  —201=P)2pa!lt a2t Bloab — 16+ pal2 o + X524 Bl
’ 0+ Tpald +2palloa | (|20t 3], b — (54 1]pg23 o) + 5+ 1pal22 4
2[6 + 2]p,q[3]p,qlb| — 2 }p q
0<
=7 T 2Bl
By choosing ¢(z) = w in Corollaries 3.2, 3.3, 3.4 and 3.5 respectively, we have
-z

the following results.
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14 (1-28)z

Corollary 3.18. Let f € RY! ( L

) , (b e {CT}) (Corollary 7, [10]).Then

laz| < min 1= A L
P +pa+q \/|2(1 = B)oBlpq — 21341 + 12134

and 21 - B)lb
az| < min _771% ,
las] < {p2+pq+q2 v q)}
where
2(1 - B)Jbl 20 +pa+ QL - 0 A2t q) g
P +pq+ ¢’ , 2(p? +2pq+q22)|b| . , )
Rip,q) = { 2L=OPIRA = 56" +pa + ) — (0° + 2pg + ¢) [ +2(1 = A)IVI(@” +pa + ¢°)]

[12(1 = B)b(p* + pg + ¢2) S (p* + 2pg + ¢%)) 4 (p* + 2pg + )P +pa+ %)
0<p< 2P +rata)bl = (" +2pg+¢7)
- 2(p? +pg + ¢?)[b]

14 (1-28)z
—Z

ngmm{ 20— A)l 20— 8)l }

Remark 3.19. Let f € RY, ( ) (b e &) (Corollary 8, [10]). Then

l+a+a " VR2(1-Pb(1+q+) — (1+2¢+ )|+ 1+2q+ ¢

and a1 )
os) < min { 20— 20
where
2(1 - B)lb| 2(1+ g+ )bl — (1 +2¢+ %)
EXEv Nrarap <0<
Rig) = { 2= PRI = B)b(1 +g +¢°) — (1420 + ) +2(1 ~ AL+ g+ )

[12(1 = B)b(1 + g +¢?) — (1 +2¢+¢*)| + (1 +2¢ + ¢})](1 + g + ¢?)
0<p< 2tata)bl—(1+20+q)
- 2(14+q+¢*)b|

14+ (1-2
Corollary 3.20. Let f € RY (W) (Corollary 9, [10]). Then
—Z
‘a2| §m1n 22<lfﬂ) = 2<17ﬂ)
P*+pa+ @ /(1 -28) (> + ¢*) — 2Bpg| + P> + 2pq + ¢
and 21— B)
< mi 7_7}3 ,
las] < mln{p2+pq+q2 v Q)}
where
-~ 2 2
2(1 /6’)7 (p* + %) <h<1
R(p.q) — p“rqurqz2 ) 2(p2+pq+q2)2 ,
’ (3—48)(p> +¢*) +2(1 —28)pq 0<8< (p* +¢%)
(P* +pa+q*)? 7 T 2P +pat )

1+ (1-28)z
1_

Remark 3.21. Let f € R} ( ) (Corollary 10, [10]). Then

T+q+¢ /[(1-28)(1+¢%) —2Bq[ + 1+ 2q + ¢
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d
" |las] <min{2(1ﬂ) R( )}
= T+q+q M
where
20-8) (1+¢%
R(g)={ Ltata I
PG40+ ) +2(1-28)g 0<pe_ Lt€
(1+q+q*)? ’ 0 2(l+g+q?)
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