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Abstract Igarashi introduce the concept of (o, 3)-metric in Cartan space £ analogously to
one in Finsler space and obtained the basic important geometric properties and also investigate
the special class of the space with («, 8)-metric in £™ in terms of "invariants’. In the present
paper , we determine the "invariants’ in two different cases of deformed infinite series metric,
which characterize the special classes of Cartan spaces ¢.Further, we investigate some classes
of deformed infinite series spaces and obtain deformed infinite series class which will provide
the example of Cartan spaces.

1 Introduction

In 2004, Lee and Park [8] introduced the concept of rt" series («, 3)-metric where r varies
from 0, 1,2, ..., 0o and gave an interesting example of special («, 3)-metric for the different val-
ues of r such as one-form metric, Randers metric, combination of Kropina and Randers metric,
infinite series metric etc.

In 2001, Sorin Sabau and H. Shimada [17] investigated some classes of («, §)-metric spaces
and obtained Randers class, Kropina class and Matsumoto class. These classes provided a con-
crete examples of Finsler spaces with («, 3)-metrics.

In 1994, Igarashi [3, 6] introduce the concept of («, 8)-metric in Cartan space £" analogously
to one in Finsler space and obtained the basic important geometric properties and also investi-
gate the special class of the space with («, 8)-metric in £™ in terms of “invariants’. The classes
which he obtained includes the spaces corresponding to Randers and Kropina space. Further, he
characterizes these spacial classes by means of ‘invariants’ in case of Finsler theory.

In the present paper, we determine the 'invariants’ in two different cases of deformed infi-
nite series metric, wherein first metric is defined as the product of infinite series and Riemannian
metric. Whereas, the other one is the product of infinite series and one-form metric. Further,
we characterize the special classes of Cartan spaces £" in case of these two metrics and also
investigate the relation under which "invariants" are characterized as the special classes of {".As
a special case, we investigate some classes of deformed infinite series spaces and obtained de-
formed infinite series class which will provide the example of Cartan spaces.

2 Preliminaries

E. Cartan [3] introduced the concept of a Cartan Space, where the measure of its hypersurface
element (z,y) is given a priori by homogeneous function F(z,y) of degree one in y,i.e..the
"area" of a domain on hypersurface S, _; : 2* = z*(v!, 0%, 03, ... 0", i =1,2,3,...,nis

given by
5= / / F(z,y)dv' dvd®.....dv" ! 2.1
N——
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where y = (y;) is the determinant of (n — 1,n — 1) minor matrix omitting i‘" row of (n,n — 1)

matrix (ng;), a =1,2,3.....n — 1.The fundamental tensor given by

P(LF?)

=G w1, G =det|GY|, GU="-2_2
9 1G]] 905,

(yi) # 0. 2.2

As the special case for the fundamental tensor a;; of Riemannian space, given as the (n — 1)
dimensional area of a domain on hypersurface such that

5= /.../\/detnaij(x)gg;g%ndvldﬁdm ..... dv=!

——

Therefore, it clear that Riemannian space is a special case of Cartan space. On the other hand,
Cartan space is considered as the dual notion of Finsler Space. Earlier, L. Berwald [1] has studied
the relation between both spaces . Thereafter, H. Rund [15] and F.Brickel [2] carry forwarded
the same study.R. Miron [13, 14] established new Carton geometry which shows totally different
feature in the form of particularization the Hamilton space which defined as:

Definition 2.1. A Cartan space is a Hamilton space H" = {M, H(x,y)} in which the fundamen-
——
tal function H(x,y) is positively 2-homogeneous in y; on T* M. We denote it by £".

The fundamental tensor field of ¢" and its reciprocal g;;(z, y) is given by

9 (z,y) = %&@’H, 2.3)

9 (%, 9)"" (@, y) = &} 2.4
The homogeneity of H(x,y) is expressed by

yjajH = 2H, which also implies H = gijyiyj 2.5)

where g% (x, y) and its reciprocal g;;(x, y) are both symmetric and homogeneous of degree 0 in
In 1996, D. Hrimiuc and H. Shimada [4] expressed the definitions of Lagrange,Hamilton and
Cartan Spacces with examples:

Definition 2.2. A regular Lagrangian (Hamiltonian)on a domain D C TM (D* C T*M) is a
real smooth function L : D — R(H : D* — R)such that the matrix with entries

gij(x,y) = id; L(w,y) (9% (x,y) = 00T H(z,y)) (2.6)
is everywhere nondegenerate on D(D*).

A Lagrange (Hamilton) manifold is a pair (M, L) ((M, H)) where M is smooth manifold and
L(H) is a regular Lagrangian (Hamiltonian)on D(D*).
Examples:
1: Every Finsler Space F™ = (M, F'(z,y)) is Lagrange Manifold with L = %2
2: Every Cartan Space (" = (M, F(z,p)) is a Hamilton Manifold with H = § F.( Here F' is
positively 1 —homogeneous in p; and the tensor §¥/ = 10°9jF? is nondegenerate.)
3:(M, L) and (M, H) with

L(z,y) = aij(2)y'y’ + bi(2)y" + c(2)
H(z,p) = a" (z)pip; + b'(x)p; + &(x)
are Lagrange and Hamilton Manifold respectively.
On the other hand, the Finsler spaces with («, 3)-metric were considered by G. Randers [15], V.
K. Kropina [7] and M. Matsumoto [10, 11, 12], especially the last paper shows the great success
for investigation of these spaces.
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In [13], R. Miron expected the existence of Randers type metric:

H(z,y) = {a(z,y) + Bz, y)}? 2.7)
and of Kropina’s one :
H(z,y) = {W}27 B(z,y) # 0. (2.8)

in Cartan spaces. Here we have put as
Oéz(LU,y) = a’z](m)ylyja 6($>y) = bz(x)yla (29)

a’(x) being a Riemannian metric on the base manifold M and b*(z) a vector field on M such

that 5 > 0 on a region of T* M ©hpepr - {0}.

3 Cartan spaces with (o, 3)-metric.
Cartan spaces with («, 8)-metric [3, 6, 13] can be defiend ;

Definition 3.1. A Cartan space ¢ = {M, H(x,y)} is known as Cartan space with («, 8)-metric
if its fundamental metric H (z,y) is a function of a(z, y) and 8(x,y) only i.e.

H(xz,y) = H{a(z,y), B(z,y)} 3.1)

It is clear that H satisfy the conditions imposed to the function H(z,%) as a fundamental
function for ¢". Then

ta(z,y) = alz, ty), tB(x,y) = Bz, ty), H(z,ty) = tzH(x,y) t>0. 3.2)
It follows:

Proposition 3.2. The function H{a(z,y), 5(x,y)} is positively homogeneous of degree 2 in both
o and 5.

By this reason, there maybe no confusion if we adopt the notation H («, §) itself instead of
H(a, B).It can also be written;

oOH oH 0*H

H()rziaH = a5 HOL = 3 _an’
T Ba P T 88 PP T Basp ©

tc (3.3)
Proposition 3.3. The following identities hold :

OéHaa—i-ﬁH/j@ =H, aHa5+BH/jg :Hﬂ, 3.4

&?Hyo +20Hap + B Hpp = aH, + fHp = 2H.
Differentiating « and 3 with respect to y; we have
iy = a laly; = a7V, B =b'(x), (3.5)
where ‘ - ‘
Vi(z,y) = a(x)y;, {Y =(Y")}#0 (3.6)
and the vector field Y satisfies the relation

Yiy = a?, (3.7

Further let _ - o
BZ(.Z‘) = Qjj (l‘)bj (JU), Bz(l‘) = CLZJBiBj = a,-jblbj, (38)
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. . 1 0H
y'(@y) = g"(z.9)y; = 5 99,

Also, we have the relation similar to (3.7):
y'yi = H(z,y).
Differentiating (3.6) and (3.9) by y; succeedingly, we have
dIY? = a¥(z), GRHIY =0,

8’jyi = ¢, 3’k(f9’jyi — a'kgij = 20"k,

And using the same manner for (3.5), we get

Didia = a 'a"(z) — a3YYI, 9idig =0, 838’(§a2) =a¥.

On account of (3.5) and 3% = %(Haa'ia + Hd'3), we have
Lemma 3.4. The Liouville vector field y' is expressed in the form
y' = pib' +pY",

where : :
= —H = 7Ha
P1 D) B P 2

Taking into account that the relation o p= g—géia + g—géi 3 holds, we have
Lemma 3.5. The quantities p, and p satify the relations
dipr = pob' + p_1Y',  dip=p_ib' +p_oY"
respectively, where

1 1 1 1
PO = EH,B[% pP—-1 = ﬂHaﬁv p-2 = E(Haa —« Ha)

Contracting dip;, dp in (3.16) by y;,we have
yid'p1 = oPp_1 + Bpo = p1, yi0'p=a’p_a+Bp_1=0.
Analogously to deduction of Lemma (3.2), we have also
Lemma 3.6. The quantities py and p_, satisfy the relations
Dipy =1_1b' + 1Y, dip_; =r_ob' +r_3Y7,
respectively, where

1 1 1
r_1 = EHﬁﬁﬂa r_p= %Haw, r_3 =

Corresponding to (3.18), it follows

2a2

yi0ipy = a’r_o+ Br_; =0, y0ip_1 =a’r_3+Proo = —p_i.

Furthermore for p_,, we have
Lemma 3.7. The quantities p_; satisfies the relations
a.ip_z = 7’_3bi + T_4Yi

1
~(Hana — 30 "Hao + 3072 H,).

=75,

3 (Haaﬁ — OzilHOéﬁ).

(3.9

(3.10)

@3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Also following homogeneity holds good:
Yi0ip_o = a*r_y + Br_3 = —2p_,. (3.24)

It is easy to conclude for the scalars (or invariants) py, p, po, P—1, ------ ST, =2, in the above
lemmas that subscript of p,s and r,s represent degree of their own homogeneity in («, 3) or
yi,where the p without subscript means of degree 0.

We have these properties from expressions in (3.18),(3.19) and (3.21) and the following rela-
tions . .
yiairfl = —T_1, yiai'r72 = —27",2, (325)

yi0ir_3 = —3r_3, y;0ir_4 = —4r_y,

because of the homogeneity of

aHaaoza + BHocaaB = —HO&OKO[, aHaaaB + BHaaBB = —HOéOéﬁ, (326)

aHaapp + BHapps = —HaBB, aHapps + BHppss = —HBAPS.

We shall use the previous results to study the fundamental geometric objects of the space ¢™
with («, 3)-metric.All these scalar functions py, p, po, p—1, ------ as well as r_q,7_», ..... will be
called the invariants of the Cartan space ¢" with the fundamental function H (v, f3).

4 The fundamental tensor of the space £™ with («, 3)-metric.

We need to derive the fundamental tensor from the fundamental function H(z,y) of the Cartan
space ™.

Theorem 4.1. The fundamental tensor g of Cartan space ™ with («, 3)-metric is given by
g7 = pa®l 4 pob't? + p_ 1 (BYT +HY) + p_ oYYV, @.1)
where p, po, p—1p—2 are the invariants given by (3.15) and (3.17).
Proof. Making use of (3.12) and (3.14),we have
gl = iyt = 09 (pib' 4 pY') = (I p1)b* + (97 p) Y + pa'l.
Taking into account Lemma (3.2), we have (3.1). Q.E.D.

In order to check the fitness of this tensor g% for the fundamental tensor of (c, 3)-metric,we
verify the homogeneity of g*/.Contracting g/ by y; and y;,we have

gIyy; = %{Ol_lanijin/j +'(O‘_2vHaa - 04_3Ha)Yinyiyj
+a  Hap(Yiyibly; + by Y7y;) + Hagb'y:by; }
= HaH, + (a2 Hpo — a3 Hy)a* + a7 Hop. 2028 + Hgp}

=12H=H.
which shows that our conclusion is right.
Let us rewrite this expression in the form
g7 =AY 4+ C'CY, (4.2)
where - N 4 4 _
A = pat, C' = qob' +q7'Y", (4.3)
2 _ _ 2
Po=do, P-1=4qoq-1, pP-2=q_, (4.4)
and

pop—2 = p= | (4.5)
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The reciprocal tensor g;; of g/ are given by

1

9ij = Aij - mcicja (4.6)
where
det| Ay = (1 + C*)det| V]| (if 1 +C* #0), 4.7)
and A;;,C; are given by
AgAlk =6, C'C; =6iC?, C'=AYCy, Cp= A;CY. (4.8)
Consequently, we have g (z,y)g;x(z,y) = 6;,and
(3.2 rankl|g” (z,y)|| = n
because of

(3.27)  det|lg” (z,y)ll = (1 + C?)det|| A7 = (1 4 C?)det]|a” (x)|| # O
The following relations are useful afterwards :

1 g g g
Aij = i det| AV || = p"det[|a”||, (A= det||a”]| #0), 4.9)

= %<poB2 +papB), detllg?| = p" ', (4.10)
where we use the notations
B* =abb;, T=p+poB*+p_1p 4.11)
Therefore we can prove without difficulty:
Proposition 4.2. The covariant form of the fundamental tensor is given by
9ij = 0aij — 00BiBj + 0_1(Biy; + Bjyi) + 0-2y:y;, (4.12)
where we use the notations

o==, op=22 g ,="P2 (4.13)

p pr’ pT
We can get another result from the Lemma (3.4) such that

Theorem 4.3. The Cartan tensor C7* of a Cartan space (" with («, 38)-metric is given by
» 1 o y y .
Cik = T[T_lbzb]bk + i p—1a"6" 4+ p_2aY* +r_2b' b/ Y® (4.14)
+r_3b'YIYR) 4y YIYIYH]

where the notation I1;;;, means the cyclic symmetrization of the quantity in the brackets with
respect to indices i, j, k.

We can deduce the other important geometric object fields for ¢ with («, 3)-metric. For

instance, Nij,H;k,Cg ¥ etc. without difficulty.

5 Cartan spaces with infinite series of («, 3)-metric

In 2004, Lee and Park [8] introduced a r-th series («, 3)-metric

L(o,5) =83 (5)" 5.1)
k=0
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where they assume o < 8. If r = 1 then L = « + 8 is a Randers metric. If »r = 2 then
L=a+8+ %2 is a combination of Randers metric and Kropina metric. If » = oo then above
metric is expressed as
52
B —«
and the metric (5.2) named as infinite series («, 3)-metric. This metric is very remarkable
because it is the difference of Randers and Matsumoto metric.

L(a, B) = (5.2)

In this section, we consider two cases of Cartan Finsler spaces with special («, 8)-metrics of
deformed infinite series metric which are defined as

2
I H(a,p) = <L ie. the product of infinite series and Riemannian metric.

B—a
II H(a,p) = B@—; i.e. the product of infinite series and one-form metric.
5.1 Cartan space £" for H(a, 3) = g‘f;

In the first case, partial derivatives of the fundamental function H(«, ) lead us the followings:

3 2 2
Ha: 5 Hﬁ:a672aﬁ

3 (570‘)2, 3 2 (ﬁia)z 3
_ 28 _ B=3a8 24
Hoo = oy Hos = ooy Hss = Goay
_ 68 _ —6ap _ —6a} _ 6a%8
Hoao = (B—a) Haap = (B—a)t Hppp = (B—a) Haps = B—a)
Using equation (3.15) and (3.17) we have following invariants
af’ — 2078 Ei o

= —_— = —— = — 5.3
P1 2(B_a)2 y P 2(6_a)27 £0 (B—O{):i’ ( )
5 —3ap? 3 (Ba - B)
P-1= 57> 3 P2~ 53/ _ . \3
20(B — ) 203(B — )
Proposition 5.1. The invariants p never vanishes in a Cartan space £" equipped with deformed
infinite series metric function H(«, ) = 9B _etric on T*M. Converesely, we have H,, # 0

B—a ~
onT*M.

Again using equation (3.20) and (3.23) we have following invariants

_ 3 _ 308
S GO N CEOi) ey
_ 4ap? — B — 90732 150283 + 385 — 1208
S e e

Proposition 5.2. The invariants of Cartan tensor C*7* in Cartan space (™ which equipped with
2
deformed infinite series metric function H(«, ) = gfﬁa is given by (5.3)and (5.4).

The invariants of equations (5.3) and (5.4) satisfies the following relations

o’p1+Bpo=p1, ’pa+Ppo1 =0, (5.5)
o’roo+fro; =0, oroz+Broo=—p_y,

o’r_g+ Broz = —2p_,,

Theorem 5.3. The Cartan space (" equipped with deformed infinite series metric function H(c, 3)

g_i; has the invariants in equations (5.3) and (5.4) are satifies the relations in (5.5).
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From equation (5.3) and (5.4), the fundamental tensor g% (z,y) is of the form

17 63 iJ : 17 5373 52 AVl AV
9@ = g ap Gt Y YY) 69
/33(304—5) iy
Ty

Corollary 5.4. The fundamental tensor g* (x,y) of the space ¢ endoewd with the metric func-
tion H(a, 8) = g‘f’@; is given by the equation (5.6).

Converesely, we obtain

Theorem 5.5. The Cartan space with (o, 8)-metric which have the invariants such that (5.3)and

(5.4) is the spaces (™ with the fundamental function H(«, 3) = g“_i;, i.e. deformed infinite series
metric.

5.2 Cartan space £" for H («, B3) = ﬁﬁf

In the second case, partial derivatives of the fundamental function H (v, 8) lead us the follow-
ings:

a

- _B _ 28°-3ap’
3Ha - (B_a)z ’? Hﬂz B (ﬁ_a)z 3 3 2
2, ) 23" —6 +6
Hoo = Girap Hos = oo Hpp = 2350F
_ _65° _ —6ap’ — _—6a? _ _6a®
Hoao = gy Haop = o Hess = 5oy Haps = 5oy

Using equation (3.15) and (3.17) we have following invariants

_ 233 —3ap° _ s _ B —3ap? +3a%3 57
Pl—ma P—Wa pPo = B —a) ) (5.7
_ B =3ap _ BBa-p)

p-1= 20(B — )3 p-2= 203(B — )3

Proposition 5.6. The invariants p never vanishes in a Cartan space (" equipped with deformed
B3

o -metric on :F*\M . Converesely, we have H, # 0

infinite series metric function H(«, ) =

onT*M.

Again using equations (3.20) and (3.23) we have following invariants

=348 _ 3aB
r-1= W, r-2= W7 (5.8)
_ 4ap? — B — 90732 150283 4+ 385 — 1208
T T —a T T 205(B-a)

Proposition 5.7. The invariants of Cartan tensor C*7* in Cartan space (" which equipped with

deformed infinite series metric function H(«, 3) = % is given by (5.7) and (5.8).

The invariants of equations (5.7) and (5.8) satisfy the following relations

o’p_1+ Bpo=p1, &’ p_a+PBp_1 =0, (5.9)
o’rop 4 fro; =0, oroz+Broo=—p_y,

oPr_y+ Br_y = —2p_s,
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Theorem 5.8. The Cartan space (" equipped with deformed infinite series metric function H(«, 3)
% has the invariants in equations (5.7) and (5.8) satify the relations in (5.9).

From equation (5.7) and (5.8), the fundamental tensor g% (z,y) is of the form

B L B -3ap2 43028,

gﬂ(ﬂv,y)—72(ﬁ_a)2aur B—ap b (5.10)
B =30 i iy, BBa=8) i

+m(bw+m/>+2 wiapyw

Corollary 5.9. The fundamental tensor g* (x,y) of the space ¢ endoewd with the metric func-
tion H(a, 8) = % is given by the equation (5.10).

Converesely, we obtain

Theorem 5.10. The Cartan space with («, 8)-metric which have the invariants such that (5.7)and

(5.8) is the spaces ™ with the fundamental function H(«, 3) = lfi—za,i.e. deformed infinite series
metric.

6 Cartan Classes of Deformed Infinite Series Metric

In 2001 and 2003, S S Vasile and H. Shimada [17, 18]developed the concept of Classes of
(v, B)-metrics and further they studied classes of Randers,Kropina and Matsumoto metric.In
this section, we consider invariants defined in (5.3),(5.4),(5.7)and (5.8) and find the classes of
deformed infinite series metric by direct integration.

Since 5
—6a
Hggs =2r_1 = ——— .1
S G @b
Integrating equation (6.1) w.r.t. 8,we have
20°
Hgp = ——— 6.2
5= F=ap + fi(a) (6.2)
Again integrating equation (6.2) w.r.t. 3,we have
—a?
H = - .
B (ﬁ_a)z +f1(0¢)6+f2(0() (6.3)
Again integrating equation (6.3) w.r.t. 3,we have
043 62
H = m"‘fl(a)j-l-fz(a)ﬁ"'ﬁ(a) (6.4)
Thus equation (6.4) written as
3
H(a,B) = ——— + C1a® + 2C2a8 + C3 8 (6.5)
(8 —a)
Theorem 6.1. A Cartan Space with an («, 3)-metric satisfying
__—3d°
1T oy
has the fundamental function of the form (6.5), where C\, Cy and C5 are real contants.
Corollary 6.2. If C, = 1,C, = % and C3 = 0, then equation (6.5) gives
af?
H(a,B) = ——— (6.6)
@)= 5-q

i.e. product of Riemannian and infinite series metric.
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Corollary 6.3. IfC; = 1,C, = % and C3 = 1 ,then equation (6.5) gives

63
H(o,p)= —— (6.7)
@8 =F-a
i.e. product of one form and infinite series metric.
Corollary 6.4. [f C; = 0,C, = 0 and C5 = 0,then equation (6.5) gives
o? —a?

H(a,p) = = 6.8
=G0 = @=p ©®

i.e. product of Riemannian and Matsumoto metric with negative sign.

Definition 6.5. Thus, we can call the metric (6.5) as the Cartan deformed infinite series class of
(v, B) metric.

7 Conclusions

In this work, we consider the infinite series («, §)-metric, Riemannian metric and 1-form met-
ric and we determine relations with the 1invariantsg which characterize the special classes in
Cartan Finsler frames. Further, we determine Cartan class of («, 8)-metric for deformed infinite
series metric and discuss some special cases as well. The authors [19] have developed a non-
holonomic frames for Finsler space with infinite series of («, §)-metric as an importnat work for
present metric. In future, we can determine L dual relation between Finsler space and Lagrange
Space for present metric. Moreover, hypersurfaces of nonholonomic frame for Finsler Space
with deformed infinite series metric and some homogeneous frame can also be considered for
future work. But, in Finsler geometry, there are many(«, 3)-metrics, and such frames can be
determined in future as well.
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