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Abstract In this work, a new subclass 7'S% (7, ) of uniformly starlike functions with neg-
ative coefficients involving polylogarithm function is introduced. Also coefficient estimates,
extreme points, closure and inclusion theorems, radii of starlikeness and convexity and partial
sums for this new subclass are obtained.

1 Introduction

Let A denote the class of all analytic and univalent functions in the open disc £ = {z : z €
C and |z| < 1} having the form

u(z) =z 4 bpz" (1.1)
n=2
and let
T={u(z):uecAand u(z) =z — anz", (br, > 0)}. (1.2)
n=2

After Goodman [12, 13], two new subclasses was investigated by Ronning [17, 18] as follow
()u € Aisin S(v,¢) if the following inequality holds

{2 )2

S(7,€) is class of uniformly £—starlike functions.
(i)u € Ais in UCV (v, &) if the following inequality holds

w{1+ ZZ//(S) 7} >¢ ZS/I(S)

UCV (v,£) is the class of uniformly {—convex functions.
By using (1.3) and (1.4), one can see that

L 2€E, —l<~y<land¢>0, (1.3)

,2€F, —1<~y<land¢>0, (1.4)

u e UCV(y,§) & zu’' € S(v,§). (1.5)
The generalized polylogarithm function G(k, z) is considered as

G(k,z):zz—z, (keC,z€E). (1.6)

3

n=1

The function G(—1,z2) = ==y is Koebe function. We now present a function (G(k,z))~" and
get the linear operator D% u(z) as following:

G(k, 2) * (G(k,2))~' = ﬁ A>—land z€ E (1.7)
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and
Dfu(z) = (G(k,2)) ™" *u(2). (1.8)
For A > —1,
A+ 1),
(]_Z)M=Z(n.)z L (zeB) (1.9)
n=0 :

By using (1.7) and (1.9) in (1.8),it is obtained that

o 2" (n+A-1)! n
> (Glk.2) /\ RS

n=1 n=1

Thus (G(k, z))~! has of the form

Gl =3 O DLy,

n=1

For k,A € Ny, let us remember polylogarithm functions ©5u(z) introduced and studied by
Al-Shagsi and Darus [10]:

—Z+Z k n+)\—1) bn2", (z € E)

-1
= z+anc()\7n)bnz", where c(\,n) = < n+i ) ) (1.10)

One can see [15] and [16] to learn more information regarding polylogarithms in the theory of
univalent functions .

Note that D = D" and D} = D° which were Salagean and Ruscheweyh derivative
operators in turn [21, 19]. Obviusly, the operator D% included two known derivative operators.
In geometric funcion theory, analytic functions with negative coefficient is an important topic.
In this study, we refer to the studies by [1, 2, 3,4,5,6,7, 8,9, 11, 14, 20, 22, 23, 24].

Also state that DJu(z) = u(z) and D}u(z) = Du(z) = 2u/(2).

In the next section, we will define a new subclass S¥ (v, £) and give some important properties
of the functions belonging this class.

2 The Class S%(~, &)

Definition 2.1. A function u given by (1.1) is said to be in the class S¥(v, &) if the following
criterion is hold

é}e{z(géz((j))) }>g‘@,§u)))/—1,zeE, 2.1)

for -1 < v < 1,6 > 0,k,\ € Ny and D%u(z) is given by (1.10).

We also let TS5 (v, &) = S§(v, &) NT. In the special cases of the parameters A and k the class
S¥(v,€) can be reduced to the class investigated by Ronning [17].

Theorem 2.2. u € S% (v, ) if the following inequality holds

oo

S [+ = (v+9n e\ n)ba| <1-7, (2.2)

n=2

where —1 < v < 1,£ > 0,k, A\ € Ny and u is given by (1.1).
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Proof. It is enough to show that

2(D5u(2))

¢ Dhu(z) -1

Du(z)

—%{W—l}gl—y. 2.3)

We get

2(Dfu(z))
Du(z)

A0%u())
Dul)

§

<(1+4¢) 2.4)

(14+€) Y (n — Dnfe(An)|by|
< n=2_
1- gz nke(X\, n)|by|

The last inequality is bounded above by (1 — ~) if

o0

D (1 +€) = (y+ OIn*e(An)|ba| < 1— 1. (2.5)

n=2
Thus the proof is completed. O

Theorem 2.3. u € T'S5(v,&) if and only if

oo

> (148 = (v+ 9In"e(A n)b, <17, (2.6)

n=2
where —1 <y <1, £ > 0and k,\ € Ny and u(z) is given by (1.2).

Proof. According to the Theorem 2.2, proving the necessity is enough. If u € T'S¥(v,€) and z
is real then

1— Y nFrle(A, n)b, 2! S (n— 1)n¥e(A, n)b,z" !
n=2 n=2
[e'e] - Z f %)
1= > nkc(A\,n)byzn1 1= 3 nke(A n)byzn—1
n=2 n=2

Getting z — 1 along the real axis, it is obtained that

D (1 +6) = (v +Qlnfe(An)b, < 1-7.
n=2
O
Corollary 2.4. If u € T'S5(v,&) then
(I-9)
by, < (8 = (7 + Onke(nn) forn > 2. 2.7)
For the function
un(2) = 2 — (1-1) 2" n > 2, (2.8)

[n(1+¢) = (v + &InFe(A n)

the result is sharp.
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Theorem 2.5. Let u,v € T'SY(v,€), where u is given by (1.2) and v(z) = z — 3" b,z" . Then

n=2
function h given by
h(z) = (1 — o)u(z) + ov(z —szLz (2.9)
n=2
is in the class TSY(v,&). Here L, = (1 — 0)bp, + 0b,, 0 < o < 1.
Theorem 2.6. Let u;(z) = z and
(1-1)
Up(2) = 2 — . 2" forn=2,3,4,---. (2.10)
S T S R O3 T PN
Then u € TS%(v,€) if and only if u(z) can be given as
ZA Un (2) where A, >Ocmdz}\ =1. (2.11)

n=1

To prove the theorem, we use the analogue methods given by Silverman [22] on extreme
points.
The Theorem following theorem will be proved by defining u;(z)(j = 1,2,--- , k), given as

uj(2) = 2= by;z" forb,; >0, z € E. (2.12)
n=2

Theorem 2.7. Let u; € TS%(v;,€) (j = 1,2, , k), where u;(2) is given by (1.2). Then the

function h is given as
oo k
- Z > bug)" 2.13)
n=2  i=1

belongs to TS5 (v, &), where v = 1I<n'igk v and —1 < ~; < 1.
S

/\
<

P?' \

Proof. Since u;(z) € TS(v;,€) (j = 1,2,3,-++ ,k) if we apply Theorem 2.3 to (2.12), it is
observed that

oo

Z[n(l—i—S) (v+¢) ncAn( zi: )

Taking into account Theorem 2.3 it is obtained that h € T'S§ (v, €).
o

Theorem 2.8. Let u € T'SY(v, &), where the function w given by (1.2). Then u is close to convex
oforder 6 (0 <8 < 1) in |z| <1 where

T = inf
n>2

ke(nn)) @7
{(15)[n(1+521_(7y)+£)]n c(A, )} , (2.14)

The result is sharp, with the extremal function u,(z) given by (2.8)
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Proof. Firstly, the correctness of the inequality |u'(z) — 1| < 1 — ¢ for |z| < 1, where 7 is
defined by (2.14), must be shown. Actually, we have |v/(z) — 1| < Y nb,|z|"~!. Thus
n=2

W' (2) =1 < 1-6if Z S)onlz" <L (2.15)

Using the situation f € 7'S%(v,¢) if and only if

o0

Y (1 +8) = (v +&n*e(An)lba| < 1~

n=2
Then (2.15) holds true if

()" < [n(1+ &) = (v 4+ OIn*e(A n)

1 -~
That is, if
r— it L0+ = (3 + Olnte(An)
n=? n(l—7)
Thus the proof is completed. i

Theorem 2.9. Let u € TS% (v, ), where the function u is defined by (1.2). Then u is starlike of
order § (0 <6 < 1) in|z| < ro, where

(n=28)(1-7)

If the external function u is given by (2.8), then the result is sharp .

- {(1 =9 +8) = + lnelr,r) }

Proof. Given u € A and u is starlike of order 4, we have

‘ 2u/(2)
u(z)
For the left hand side of (2.16) we have

—1‘ <1-4 (2.16)

The last inequality is less than 1 — § if

Using the fact that f € T'S¥ (v, ¢ ) if and only if

D (1 +8) = (v + OnFe(An)fbal <1 -7~
n=2

(2.16) is true if
n-— 5|Z‘n71 < [n(l +€) B (’7 +£)]nkc()‘vn)
1-96 - 1—~

or, equivalently,
1

|2 < {(1 — )1+~ (’y_i_f)]nkc()\’n)}nl
- (

—6)(1-1)

which ensures the starlikeness of the family. O
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Using the fact that « is convex if and only if zu' is starlike, we get the Corollary 2.10:

Corollary 2.10. Let u € T'SY(v,€), where the function u is defined by (1.2). Then u is convex
of order 6 (0 < § < 1) in |z| < r3 where

g {00 =8 — (e ) |
n>2 (n—é)(l_,y) .

If the external function u is given by (2.8), then the result is sharp.

In the next theorems, partial sums of functions in the class T:S§ (v, &) will be given. Also, it
will be obtained that sharp lower bounds for the ratios of real part of u(z) to ug(z) and u'(2) to
u}.(z) by using the technics earlier works of Silverman [23] and Silvia [24].

Theorem 2.11. Let u € T'S% (v, €) be given by (1.1) and define the partial sums uy(z) and uy(z),

by
k
ul(z):zanduk(z):z+2bnz’L7(k€N/l) (2.17)
n=2
and assume that -
> aulbal < 1 (2.18)
n=2
where .
Ll +8) — (+ OlnFelnn)
! (1-7)
Then u € TS%(v,€). Furthermore
afe{ “(Z)}>1—i,zeE,keN (2.19)
up(2) Qk+1
and ()
U2 dk+1
R > . 2.20
56> Tra (220)
Proof. It is easy to confirm that
n+1>q,>1, (2.21)
for g,, given in (2.18) Thus we get
k [e'S) [e%S)
Do bnl+ g D bal <D aulbal < 1. (222)
n=2 n=k+1 n=2

By using assumption (2.18) and taking

1
UI(Z) = %H{Sk((?) — (1 — %H)}
Qi1 i bz
=14 =kl (2.23)

14+ > byt
n=2

also applying (2.22), it is obtained that

o0

Gt Do |bnl

n=k+1

A

<1,2€E (2.24)

o0

2-23 [bal —ars1 X0 |bnl
n=2 n=k+1
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which easily yields the assertion (2.19) of Theorem 2.11. Due to the fact that prove the function
z
u(z) =z + —— (2.25)

1 _
=l4+——=1—-—aqasz—1".
ug(z) k41 dk+1

Likewise, taking

(14 qes1) Y bpzt!

ug(z n=
v(z) = (1 +Qk+1){ ole) __gen } =1- PuEAR (2.26)
U(Z) 1 + qk+1 1 + Z bnzn—l
n=2
and by using (2.22), it can be deduced that
(I+qen) X o]
v(z)+ 11~ k s '
2237 [ba| = (L =qr1) > [bal
n=2 n=k+1

This leads instantly to the assertion (2.20) of Theorem 2.11. The bound in (2.20) is sharp for
each k € N with external function u given by (2.25). Thus proof is completed. O

Theorem 2.12. If u € S5 (v, &) satisfies the condition (2.2) then

u'(2) k+1
éR{ %(z)} > 1= (2.28)

Proof. Choosing

o) = g {0 (B,

up,(2) qr+1
0 0
1+ qk+1 Z nb anl + Z nb anl
k+1 n n
n=k+1 n=2

k
14+ > nbyzn—!
n=2

o0

’v(z)

1
(2)—1—1‘S

(2.29)

k ) :
223 nlba| — ¥ X2 nlbal
n=2 n=k+1

Now () |
v(z) —
‘v(z)-&-l‘gl'

o0

k
It > nlba| + ]f’“:] 3 nfbl < 1. (2.30)
n=2 n=k+1
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k
Due to the fact that the left hand side of (2.30) is bounded above by Y ¢:|ay| if
t=2

k
> (an = n)[bal + Z qu nfbn| > 2.31)

t=2 n=k+1

and the proof is completed.

For the extremal function u(z) =
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