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Abstract For a simple connected graph G = (V(G), E(G)) where V(G) is the set of vertices
and E(G) is the edge set, the distance between two vertices u and v denoted by d¢(u,v) or
simply d(u,v) is the minimum number of edges between u and v. A vertex x resolves two
distinct vertices v and v if d(z,u) # d(z,v). An ordered set R is said to be a resolving set for
the graph G if for any two vertices u and v of G there exists atleast one element R such that it
resolves u and v. If the cardinality (the number of elements in R) of R is minimum then R is said
to be a metric basis for G and the cardinality of the metric basis is called the metric dimension
of G. Here we study the vulnerability in metric dimension of any tree under an arbitrary edge
contraction.

1 Introduction

We consider a simple, finite and connected graph G = (V(G), E(G)), where V(G) and E(G)
represents the vertex set and the edge set, respectively. The distance between two distinct vertices
say u and v is denoted by dg(u,v) or without ambiguity d(u,v). A set W = {wy,wa, ..., wx}
on which the ordering (wy,ws,...,wy) has been established is referred to as the ordered set of
vertices. A vertex y resolves two distinct vertices u and v if d(u,y) # d(v,y). The code of a
vertex u with respect to an ordered set W = {wy,wy, ..., wy} is denoted by code(u|W) and is
defined by
code(u|W) = (d(u,w ), d(u,ws), ..., d(u,wg)).

If for every pair of arbitrary vertices u and v in V(G) there is a vertex x € W such that d(x, u) #
d(z,v), then the set W is said to be a resolving set in G. The minimum cardinality (the number
of elements in the set) of the resolving set of G is referred to as the metric dimension of G and it
is denoted by 3(G). We observe that there may be many resolving set in V (G) of different sizes
hence it becomes utmost important and interesting to study the minimal one. The resolving set
with minimum cardinality is termed as the metric basis of G[2]. Finding a minimum resolving
set for a graph G is an NP- complete problem [17].

Metric dimension of a general metric space was first introduced in the year 1953 in [6]. Slater
[39, 40] gave the concept of resolving set for a connected graph G, where he referred it to be a
locating set and the minimum resolving set as the reference set for G. The location number of G
was defined as the cardinality of the minimum resolving set. These concepts were well utilized in
sonar stations, robot navigation [30] and also in the different fields of chemistry [27, 28]. These
graph parameters were studied in many research articles like [1, 3, 11, 34, 41, 42, 45]. Harary
and Melter independently worked on these ideas and gave the term metric dimension instead of
locating number. The concept of metric dimension was first analysed taking into consideration
the navigation system in different graphical networks which has a very wide range of applications
in daily life. The robot covers different vertices and the landmark are those vertices which helps
the robot to establish its location in the network [19]. In a network, the problem of determining
the smallest set of landmarks becomes a problem of establishing a smallest resolving set in
a graph [30]. Over the years a complete characterisation of graphs of order n whose metric
dimension are 1, n — 3, n — 2 and n — 1 has been studied and determined in [11, 20, 24]. In
addition to these we have many more particular classes of graphs as for example circulant graphs
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[22], cycles [11], wheels [8, 9, 38], fans [9], unicycle graphs [35], hypercubes [4, 5, 14, 32], grids
[34], honeycomb [33, 44], Jahangir graphs [43], classical binomial random graph [5], Sierpiski
graphs[31] and trees [11, 19, 30].

The metric dimension of graphs which are structured out by some graph operations were
studied as : line graph [16, 29], Cartesian product graphs [10, 30, 34, 36], corona product graphs
[23, 45], joint product graphs [8, 9, 38], lexicographic product graphs [37] and hierarchical
product graphs [15].

Given a tree, a vertex of degree at least 3 is called a core vertex or a core. A vertex of degree
2 is called a path vertex, and a vertex of degree 1 is called a leaf. For a core v, we often consider
the subtrees created by removing v from the tree, and call them the subtrees of its neighbors
or components (one subtree for each neighbour). We sometimes consider the BFS tree that is
created by rooting the tree at v. If w is a vertex in 7" other than the root, then the parent of w is
the vertex adjacent to w on the path to the root. A subtree of a neighbor of a core v, that is a path
(without any cores), is called a leg (or a standard leg) of v. If a leg consists of a single vertex
(that is, v is connected to a leaf), we call it a short leg, otherwise it is called a long leg. A core
having at least one leg is called a stem vertex. A stem is called major if it has at least two legs
otherwise is called minor stem.

In the view of T as tree rooted at w, we define a level function £ on V (T') by fw(v) = d(w,v).
We simply denote the level function ¢, by £ when w is clear in the context. For any two vertices
u,v € V(T), let ¢(u,v) = min{¢(z): where z is on the (u,v)-path in T'}.

Observation 1.1. Let u and v be two vertices of a tree 7. Then the following hold:
(a) d(u,v) = 0(u) + £(v) — 2¢(u,v).
(b) v and v are in different branches if and only if ¢(u,v) = 0.

An edge contraction is an operation that removes an edge from a graph while simultaneously
merging the two vertices that it previously joined. In this article, we study the vulnerability in
metric dimension of any tree under an arbitrary edge contraction.

2 Main Results

Lemma 2.1. The number of legs and leaves in a tree T are same provided the tree has at least
three leaves.

Proposition 2.2. For any tree T having at least three leaves, the following are true :
(a) For every leaf u, there exists a unique leg adjacent to some stem vertex.
(b) The legs, which are adjacent to two distinct stems, are disjoint.

Lemma 2.3. Let R(T) be a resolving set of T. Then for every vertex w € V(T'), R(T) contains
at least one vertex from each component of T \ {w} with at most one exception.

Proof. Let Ny-(w) be the set of all neighbours of w of T"and Nz(w) contains m vertices, where
m > 2. Then T \ {w} has m components, let they be C,C»,...,C,,. If possible, assume
there to be at least two components C; and C; such that R(T) N C; = 0 and R(T) N C; = 0.
Then R(T) C V(T) \ (C; UCj). Letu € Np(w) N C; and v € Np(w) N C;j. We prove that
dr(z,u) = dr(z,v) for every vertex x € V(T)\ (C; U C}). Since z ¢ C; UC; and u,v € N(w),
both the shortest paths between z to u and x to v must be via the point w because in a tree be-
tween every pair of vertices there exists a unique path. Thus dr(z,u) = dr(z, w)+1 = dr(z,v)
when 2 € V(T') \ (C; U C;). Therefore there exists no vertices in R(7') that resolve u and v,
which is a contradiction. Hence we get the result. O

Corollary 2.4. Let s be a stem vertex of T having m legs Ly, Ly, ..., L,,. Then for every
resolving set R of T the following are true :

(a) RN L; # O foralli € {1,2,...,m} with at most one exception.

(b) R contains at least m — 1 vertices from the legs adjacent to s.

Theorem 2.5. For any tree T, 3(T) > ni(T) — ns(T), where n)(T) and ns(T) denote the sets of
all leaves and all stem vertices in T, respectively.
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Proof. Let R be an arbitrary resolving set of 7. Assume 7' has m stem vertices and they are
81,82+« 8ms1.€., 8 = {81,82,...,8m}. Let n; denotes the number of legs adjacent to s;.Then

>~ n; = ny(T). By using Corollary 2.4, for each i € {1,2,...,m}, R contains at least n; — 1
i=1
vertices from the legs hanged on s;.Again Proposition 2.2 2.2, gives that the legs adjacent to

m
different stem vertices are disjoint and so R contains at least > (n; — 1) vertices. Therefore,

i=1
|R| > an —m=mn(T) —ns(T)
i=1
and this is true for every resolving set R of 7'. Thus we obtain the result. O

Lemma 2.6. Every tree with at least one core vertex must contains a major stem vertex.

Proof. Let T be a tree and v be a core vertex (i.e., deg(v) > 3) in 7. Root the tree at v. If every
component of 7'\ {v}, does not contains any core vertex, then v itself a major stem vertex. Thus
we assume at least one component, say, C, of T'\ {v} must contains a core vertex. Let w be a
core vertex in C' which is at largest distance from v. Since deg(w) > 3, so it has at least two
children, say w; and w,. Then the components C* (w;) and C*(w,) of T\ {w} containing w,
and w», respectively, do not contain a core vertex, otherwise it would give w is not a core vertex
of maximum depth. Therefore, C* (w;) and C* (w,) are legs of w and consequently w is a major
stem vertex of 7. O

Corollary 2.7. Let T be a tree and v be a core which is not a major stem. Each component of
T\ {v} contains at least one major stem vertex of T with at most one exception.

Proof. Let deg(v) = m. Then T \ {v} has m components, say, Ty, T>, ..., Tp,. Since v is not a
major stem, so each component of 7'\ {v} contains at least one core vertex except one (say T),).
Since each Ty, 1 < £ < m — 1 contains core vertices, applying Lemma 2.6 each of these subtrees
must contains major stem vertices and hence we obtain our result. O

Lemma 2.8. Let T' be a tree with at least one core vertex and R(T) be a collection of vertices of
T by taking exactly one from each of leg(s) — 1, where leg(s) is the number of legs at s. Then
R(T) is a resolving set of T with cardinality n;(T') and ns(T).

Proof. To prove R(T) is a resolving set, we have to show for every pair of vertices v and v in T,
there exists at least one element, say x, in R(T) such that dr(z,u) # dr(z,v). Letz € R(T)
be a fixed element and u,v be two arbitrary vertices of T' that are not resolved by xz. Then
dr(xz,u) = dr(x,v). We consider the following two cases

Case-I: z, u and v all lie on a same path. Since x € R(T'), so x lies on a leg L of some major
stem, say s. Let T' be rooted at s. Since dr(z,u) = dr(z,v) and x, u and v are lie on a same
path, it follows that at least one of v and v must be on the leg L and exactly one vertex will be at
deeper level than x along the path L. With no loss of generality, we assume that « lies on a path
L which is deeper level than the level of v. Then dr(s,u) > dr(s,v). Let w € L be a vertex
adjacent to s. Since T is not a path, R(T') consists a vertex y from 7" — {sw}. In the following
we calculate the distances of u and v from y by using Observation 1.1.

dT(y7 U’) = dT(y7 S) + dT(S’ u)
dT(yv v) = dT(yv S) + dT(S, 'U) - 2¢(y7 U)'

Since dr(s,u) > dr(s,v), from the above equations we have dr(y, u) # dr(y,v), i.e., y resolve
uw and v.

Case-1I: x, u and v are in different path. Since dp(z,u) = dr(z,v) and z, v and v are in
different paths, it follows that the zu-path and zv-path intersect to a vertex (unique vertex), say
w. Then w is core vertex and dr(w,w) = dr(w,v). Let T,, and T,, be two components of T\ {w}
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containing v and v, respectively. From the construction of R and Lemma 2.6, for every core w,
R contains at least one element from each component of 7' — {v} with one exception. With no
loss of generality, we assume R(7') contains an element z from the component 7},. Our claim, z
resolve u and v. In view of Observation 1.1, the distances of « and v from z are given by

dr(z,u) = dr(z,w)+dp(w,u) —2¢(z,u)
dr(z,v) = dr(z,w)+ dr(w,v).

Since the vertex z lies on a leg of ¢ and both the vertices z and w lie in the component of T,
d(z,u) > 1. Also dr(w,u) = dr(w,v). Thus the above two equations show that dr(z,u) #
dr(z,v), i.e., z resolve v and v. On account of Case-I and Case-II, we get R(T) is a resolving
setof 7. O

Theorem 2.9. For a tree T with at least one core, 3(T) = n(T) — ns(T), where n)(T) and
ns(T) denote the number of legs and stem vertices in T, respectively.

Proof. The result follows immediately from Theorem 2.5 and Lemma 2.8. O

Theorem 2.10. Let T' be a tree and e = (u, v) be an edge in T. Then

B(T -e), ifbothu and v are stem vertices;
B(T-e) =< B(T)—1, ifoneofuandvis a leaf and other one is minor stem;
B(T), otherwise.

Proof. For a tree T, let ny(T) and ns(T') be the number of leaves and stems in 7. Then applying
Theorem 2.9, we have 8(T') = ny(T) — ns(T). Since e = (u, v) be an edge in 7', so both the
vertices w and v can not be leaf of 7, i.e., at most one of v and v can be a leaf. For z € {u, v},
let n,, be the number of legs hanging at x. Let w be the merging vertex in 7" - e. Then the total
legs at win T - e is n, + n,, provided no one of u and v is a leaf. Moreover, if no one of v and v
is a leaf, then T - e and T have same number of leaves, indeed they are same leaves. Thus if both
w and v are stem vertices, then ny (T - €) = ny(T) and ns(T - €) = ns(T) — 1 and hence applying
Theorem 2.9, we have 3(T-e) = ng(T-e) —ns(T-e) = ne(T) —ns(T)+1 = B(T)+ 1. Again
if one of u and v, say u, is a stem and v is neither a stem nor a leaf, then ny(7T - ¢) = n,(T) and
ns(T - e) = ng(T) (here the merging vertex w will be a stem in place of v with same number of
legs). Thus in this case, we have 3(T - €) = 8(T). Now we assume one of v and v, say v, is a
leaf. Then the number of leafs and stem vertices in T - e are given by

ns(T) — 1, if u is a minor stem;
ns(T), otherwise.

nS(T-e):{

and
ne(T -e) =ny(T) — 1.

Thus if one of w and v is a leaf, then 3(T - ¢) = S(T) when the other is a minor stem; and
B(T -e) = B(T) — 1 if the other is not a minor stem. This completes the proof of the result. O

Acknowledgement

We would like to thank the anonymous referees for providing helpful comments that led to a
significant improvement of the paper. The first author is also thankful to the Science and Engi-
neering Research Board (DST), India for its financial support (Grant No. CRG/2019/006909)

References

[1] R. F. Bailey and K. Meagher, On the metric dimension of Grassmann graphs, Discrete Math. Theor:
Comput. Sci. 13(4), 97-104 (2011).



METRIC DIMENSION VULNERABILITY IN TREES 253

(2]

(3]

(4]
(5]

(6]

(7]

(8]

(9]

[10]

[11]

(12]

[13]

[14]

[15]

[16]
[17]

[18]

[19]
[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

M. Baca, E. T. Baskoro, A. N. M. Salman, S. W. Saputro and D. Suprijanto, On metric dimension of
regular bipartite graphs, B. Math. Soc. Sci. Math. 54, 15-28 (2011).

M. Basak, L. Saha, G. Das and K. Tiwary, Fault-tolerant metric dimension of circulant graphs C\, (1, 2, 3),
Theor. Comput. Sci. 817, 66-79 (2020).

A. F. Beardon, Resolving the hypercube, Discret. Appl. Math. 161, 1882—-1887 (2013).

B. Bollobas, D. Mitsche and P. Pralat, Metric dimension for random graphs, Electron. J. Comb. 20(4),
1-19 (2013).

L. M. Blumenthal, Theory and Applications of Distance Geometry, Oxford University Press, Oxford, UK
(1953).

A. Borchert and S. Gosselin, The metric dimension of circulant graphs and Cayley hypergraphs, Util.
Math. 106, 125-147 (2018).

P. S. Buczkowski, G. Charrtrand, C. Poisson and P. Zhang, On k-dimension graphs and their bases, Period.
Math. Hung. 46, 9-15 (2003).

J. Caceres, C. Harnando, M. Mora, M. L. Puertes, I .M. Pelayo, C. Seara and D. R. Wood, On the metric
dimension of some families of graphs, Electron. Notes Discrete Math. 22, 129-133 (2005).

J. Caceres, C. Harnando, M. Mora, M. L. Puertes, I. M. Pelayo, C. Seara and D. R. Wood, On The metric
Dimension Of Cartesian Products Of Graphs, STAM J. Discrete Math. 21, 423441 (2007).

G. Chartrand, L. Eroh, M. A. Johnson and O. R. Oellermann, Resolvability in graphs and the metric
dimension of a graph, Discret. Appl. Math. 105(1-3), 99—-113 (2000).

G. Chartrand and P. Zhang, The theory and applicatons of resolvability in graphs: A survey, In Proc. 34
Southeastern International Conf. on Combi-natorics, Graph Theory and Computing, Congr. Numer. 160,
47-68 (2003).

M. A. Chaudhry, I. Javaid and M. Salman, Fault-tolerant metric and partition dimension of graphs, Util.
Math. 83, 187-199 (2010).

P. Erdos and A. Rényi, On two problems of information theory, Magyar Tud. Akad. Nat. Kutat Int. Kzl. 8,
229-243 (1963).

M. Feng and K. Wang, On The Metric Dimension And Fractional Metric Dimension Of The Hierahical
Product Of The Graphs, Appl. Anal. Discrete Math. 7, 302-313 (2013).

M. Feng and K. Wang, On the metric dimension of line graphs, Discret. Appl. Math. 161, 802-805 (2013).

M. R. Garey and D. S. Johnson, Computers and Intractability, A guide to the Theory of NP-Completeness,
W.H. Freeman. 48, 498-500 (1983).

C. Grigorious, P. Manuel, M. Miller, B. Rajan and S. Stephen, On the metric dimension of circulant and
harary graphs, Appl. Math. Comput. 248, 47-54 (2014).

F. Harary and R. A. Melter, On the metric dimension of a graph, Ars Comb. 2, 191-195 (1976).

C. Hernando, M. Mora, I. M. Pelayo, C. Seara and D. B. Wood, Extremal Graph Theory for Metric
Dimension and Diameter, Electron. J. Comb. 17, 1-28 (2010).

C. Hernando, M. Mora, P. J. Slater and D. R. Wood, Fault-Tolerant Metric Dimension of Graphs, volume
V, Ramanujan Math. Society Lecture Notes. 5, 81-85 (2008).

M. Imran, A. Baig, S. A. U. H. Bokhary and I. Javaid, On the metric dimension of circulant graphs, Appl.
Math. Lett. 25(3), 320-325 (2012).

H. Iswadi, E. T. Baskoro and R. Simanjuntak, On the metric dimension of corona product of graphs, Far
East J. Math. Sci. 52, 155-170 (2011).

M. Jannesari and D. Omoomi, Charcterisation of n-Vertex Graphs with Metric Dimension n-3, Comput.
Math. Appl., 61(9), 2793-2798 (2011).

I. Javaid, M. T. Rahim and K. Ali, Families of regular graphs with constant metric dimension. Util. Math.
75, 21-33 (2008).

I. Javaid, M. Salman, M. A. Chaudhry and S. Shokat, Fault-Tolerance in Resolvability, Util. Math. 80,
263-275 (2009).

M. Johnson, Browsable structure-activity datasets, in: R. Carbo-Dorca, P. Mezey (Eds), Proceedings of
the Advances in Molecuar Similarity, chap.8., JAI Press Inc, Stamford, Connecticut. 153—-170 (1988).

M. Johnson, Structure-activity maps for visualizing the graph variables arising in drug design, J. Bio-
pharm. Stat. 3(2, 203-236 (1993).

D. J. Kelin and E. Yi, A Comparision on Metric Dimension of Graphs, Line Graphs and Line graphs of
the Subdivision Graphs, Eur. j. pure appl. math. 5, 302-316 (2012).

S. Khuller, B. Raghavachari and A. Rosenfeld, Landmarks in graphs, Discrete Appl. Math. 70(3), 217-229
(1996).



254

Laxman Saha, Rupen Lama and Kalishankar Tiwary

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]
[40]
[41]
[42]

[43]

[44]
[45]

S. Klavzar and S. S. Zemlji¢, On distances in Sierpinski graphs : Almost extreme vertices and metric
dimension, Appl. Analysis and Discrete Math. 7, 72-82 (2013).

B. Lindstrom, On a combinatory detection problem, Magyar Tud. Akad. Nat. Kutat Int. KzI. 9, 195-206
(1964).

P. Manuel, B. Rajan, I. Rajasingh and C. M. Monika, On minimum metric dimension of honeycomb
networks, J. Discrete Algorithms. 6, 20-27 (2008).

R. A. Melter and I. Tomescu, Metric Bases in digital geometry, Comput. Vis. Gr. Image Process. 25(1),
97-106 (1984).

C. Poisson and P. Zhang, Metric dimension of unicyclic graph , J. Comb. Math. Comb. Comput. 40, 17-32
(2004).

S. W. Saputro, E. T. Baskoro, A. N. M. Salman and D. Suprijanto, The metric dimension of a complete
m-partite graph and its Cartesian product with a path, J. Combin. Math. Combin. Comput. 71, 283-293
(2009).

S. W. Saputro, R. Simanjuntak, S. Uttunggadewa, H. Assiyatun, E. T. Baskoro, A. N. M. Salman and
M. Baéa, The metric dimension of the lexicographic product of graphs, Discrete Math. 313, 1045-1051
(2013).

B. Shankukha, B. Sooryanarayana and K. S. Harinath, Metric dimension of wheels, Far East J. Appl.
Math. 8(3), 217-229 (2002).

P. J. Slater, Dominating and reference sets in a graph, J.Math. Phys. Sci. 22, 445-455 (1988).
P. J. Slater, Leaves of trees, Congr. Numer. 14, 549-559 (1975).
L. Saha, Fault-Tolerant Metric Dimension of Cube of Paths, J. Phys. Conf. Ser. 1714(1), 012-019 (2021).

L. Saha, M. Basak, K. Tiwary, Metric Dimension of Ideal-Intersection Graph of the Ring Z,,, AKCE Int.
J. Graphs Comb. 18(2), 101-105 (2021).

I. Tomerscu and I. Javid, On the metric dimension of the Jahangir graph, Bulletin Mathématique de la
Soc. Sci. Math. Roumanie. 50, 371-376 (2007).

D. Xu and J. Fan, On the metric dimension of HDM, J Discrete Algorithms (Amst). 26, 1-6 (2014).

I. G. Yero, D. Kuziak and J. A. Rodriguez-Veldzquez, On the metric dimension of corona product graphs,
Comput. Math. with Appl. 61(9), 2793-2798 (2011).

Author information

Laxman Saha, Department of Mathematics, Balurghat College, Balurghat, 733101, INDIA.
E-mail: laxman.iitkgp@gmail.com

Rupen Lama, Department of Mathematics, Balurghat College, Balurghat, 733101, INDIA.
E-mail: rupenlama.darj@gmail.com

Kalishankar Tiwary, Department of Mathematics, Raiganj University, Raiganj, 733134, INDIA.
E-mail: tiwvarykalishankar@yahoo.com

Received: May 11, 2021
Accepted: June 11, 2021



	1 Introduction
	2 Main Results

