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MSC 2010 Classifications: Primary 40A35; Secondary 60B10, 60B12.

Keywords and phrases: Triple sequence, deferred statistical convergence, ideal convergence, uncertainty space, complex
uncertain variable.

The authors would like to thank the referees for their precious suggestions and comments to present better paper.

Abstract Complex uncertain variables are measurable functions from an uncertain space
to the set of complex numbers and are used to model complex uncertain quantities. In this
manuscript, we study the deferred I3-statistical convergence concept of complex uncertain triple
sequence. Four types of deferred I3-statistically convergent complex uncertain triple sequences
are presented, namely deferred I3-statistical convergence in measure, in mean, in distribution
and with respect to almost surely, and some basic properties are proved.

1 Introduction

In our daily life, we often encounter situations where there is scant or no evidence of events,
not only for technical and economic problems, but also for other unexpected events. Insufficient
ones data makes it difficult to apply the probability distribution of events. Experts close to the
subject are consulted to give a belief degree that every event happens when a decision is made. If
we insist on addressing the degree of belief using probability theory, counterintuitive results may
arise. To identify such matters, Liu [19] introduced a self-duality measure, uncertain measure,
which is a set function fulfilling normality, monotonicity, self-duality, and countable subaddi-
tivity axioms. In actual life, various types of uncertainty exist, such as randomness, fuzziness,
and uncertainty which consists of both randomness and fuzziness. Probability measure is used
to define a random event. To measure fuzzy events, Zadeh [33] initiated possibility measure but
possibility measure does not have self duality. Thus, Liu and Liu [21] introduced a self-dual
measure, the credibility measure. An undeniable foundation for credibility theory was given in
Liu [19]. From the beginning, the uncertainty theory has been consistently studied, developed
and has widespread application (see [20]). Clearly, classical measure, probability measure and
credibility measure are special cases of uncertain measures. But possibility measure is not an
uncertain measure. Hence the elements of uncertain measure can also be applied to classical
measure, probability measure and credibility measure.

Complex uncertain variables are measurable functions from uncertainty spaces to the set of
complex numbers. Convergence of sequences always plays a crucial role in different theory of
mathematics. The convergence of complex uncertain sequence was first introduced by Chen et al.
[4]. Studies on convergence of sequences of uncertain variables are due to You [32]. The concept
of statistical convergence, which is an extension of usual idea of convergence, was introduced
by Fast [11] for real and complex number sequences. Statistical convergence has several appli-
cations in different fields of mathematics like number theory, trigonometric series, summability
theory, statistics and probability theory, measure theory, optimization, approximation theory,
rough set theory, hopfield neural networks and fuzzy sets. The study of statistical convergence
in triple sequence has been initiated by Şahiner et al. [27]. Küçükaslan and Yılmaztürk [18]
defined the concept of deferred statistical convergence. Kostyrko et al. [17] extended the notion
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of statistical convergence to ideal convergence, and established some basic theorems. On the
other hand, the new form of convergence called I-statistical convergence has been introduced
in [6]. Recently lots of interesting developments have occurred in I-statistical convergence and
related topics (see [25, 26, 31])

Since the notion of convergence of a sequence plays a very important role in the fundamen-
tal theory of mathematics, there are many convergence concepts in classical measure theory,
probability theory and credibility theory, and the relationships between them are discussed. The
interested reader may consult Liu [19], Zhu and Liu [34], Tripathy and Nath [30], Kişi [15], Kişi
and Ünal [16], Das et al. [7] and Demirci and Gürdal [8]. Also, the readers should refer to the
monographs Başar [2], Başar and Dutta [3] and Mursaleen and Başar [22] for the background
on the sequence spaces and related topics. Inspired by this, in this paper, a further investigation
into the mathematical properties of uncertain triple sequences will be made. Section 2 recalls
some definitions and theorems in uncertainty and summability theory. In Section 3, we analyze
some deferred I-statistical convergence concepts of complex uncertain triple sequences such as
deferred I-statistical convergence in measure, deferred I-statistical convergence in mean, de-
ferred I-statistical convergence in distribution and with respect to almost surely and examine the
relationships among them by several theorems and examples.

2 Preliminaries

Definition 2.1. ([19]) Let L be a σ-algebra on a non-empty set Γ.A set functionM on Γ is called
an uncertain measure if it satisfies the following axioms:

(1o)M{Γ} = 1 (normality axiom);
(2o)M{Λ}+M{Λc} = 1 for any Λ ∈ L (duality axiom);
(3o) We get

M


∞⋃
j=1

λj

 ≤
∞∑
j=1

M{λj} (2.1)

for all countable sequence of {λj} ∈ L (subadditivity axiom).
The triplet (Γ,L,M) is called an uncertainty space and each element Λ is called an event in

L . Liu [19] defined a product uncertain measure to get an uncertain measure of compound event
as follows :

(4o) For s = 1, 2, 3, ..., let (Γs,Ls,Ms) be uncertainty space. The product uncertain measure
M is a measure such that

M

{ ∞∏
s=1

Λs

}
=

∞∧
s=1

Ms {Λs} ,

for s ∈ N, where Λs is an arbitrarily chosen events in Ls.

Definition 2.2. ([19]) A complex uncertain variable is a measurable function ζ from an uncer-
tainty space (Γ,L,M) to the set of complex numbers, that is, the set

{ζ ∈ B} = {γ ∈ Γ : ζ (γ) ∈ B} (2.2)

is an event for any Borel set B of complex numbers.

When the range is the set of real numbers, we call it as an uncertain variable. Also, complex
uncertain sequences are sequence of complex uncertain variables indexed by integers.

The notion of statistical convergence depends on the density of the subsets of the set N of
natural numbers. The following two definitions are well known (see [12]).

The idea of statistical convergence depends upon the density of subsets of the set N of positive
integers. The density of a subset A of N is defined by

δ (A) = lim
n→∞

1
n

n∑
k=1

χA (k) ,



ON DEFERRED GENERALIZED STATISTICAL CONVERGENCE 257

provided that the limit exists, where χA is the characteristic function of the set A. It is clear
that any finite subset of N has zero natural density and that δ (Ac) = 1 − δ (A) .A sequence
x = (xk)k∈N is said to be statistically convergent to L if, for every ε > 0, we have

δ ({k ∈ N : |xk − L| ≥ ε}) = 0.

In this case, we write st-limxk = x.
In 1932, Agnew [1] introduced the concept of deferred Cesàro mean of real (or complex)

valued sequences x = (xk) defined by

(
Db
a (x)

)
r
=

1
br − ar

br∑
k=ar+1

xk, r = 1, 2, 3, ..., (2.3)

where a = (ar) and b = (br) are two sequences of non-negative integers satisfying

ar < br and lim
r→∞

br =∞. (2.4)

Deferred density of K⊂ N defined by

δba (K) = lim
r→∞

|{k : ar < k ≤ br, k ∈ K}|
br − ar

.

Definition 2.3. ([18]) A real valued sequence x = (xk) is said to be deferred statistically con-
vergent to L provided that

lim
r→∞

|{ar < k ≤ br : |xk − L| ≥ ε}|
br − ar

= 0

for each ε > 0 and it is written by DS − limxk = L.

Remark 2.4. If ar = 0 and br = r, then Definition 2.3 is coincide with the definition of statistical
convergence.

Also, Dağadur and Sezgek [5] introduced deferred statistical convergence of double se-
quences. Let x = (xjk) be a double sequence and βr = br − ar, γs = ds − cs. Then the
double sequence x is said to be deferred statistically convergent to L if for every ε > 0,

lim
r,s,→∞

|{(j, k) : ar < j ≤ br, cs < k ≤ ds; |xjk − L| ≥ ε}|
βrγs

= 0.

On the contrary, Kostyrko et al. [17] introduced I-convergence in a metric space. This
definition depends on the definition of an ideal I in N.

A family I ⊂ 2N is said to be an ideal in N provided: ∅ ∈ I; P,R ∈ I implies P ∪ R ∈ I;
P ∈ I, R ⊂ P implies R ∈ I.

A non empty family F ⊂ 2N is said to be a filter in N provided: ∅ /∈ F ; for every P,R ∈ F ,
P ∩ R ∈ F ; P ∈ F , P ⊂ R implies R ∈ F . Let Y 6= ∅. An ideal I is said to be non-trivial
if I 6= ∅ and Y /∈ I. F (I) = {N\P : P ∈ I} is a filter on Y if and only if the I ⊂ 2Y
is a non-trivial ideal. I ⊂ 2Y is a non-trivial ideal, that is named admissible if and only if
I ⊃ {{y} : y ∈ Y }.

Definition 2.5. ([17]) Let I be an ideal on N. The real number sequence x = (xn) is said to be
I-convergent to L if for each ε > 0, the set A (ε) = {n ∈ N : |xn − L| ≥ ε} belongs to I. If
x = (xn) is I-convergent to L then we write I-limx = L.

More information about I-convergent can be found from [23, 24, 28, 29]. Utilizing the I-
convergence and statistical convergence, Das et al. [6] introduced the I-statistical convergence
as follows:

Definition 2.6. If for each ε > 0 and δ > 0{
n ∈ N :

1
n
|{k ≤ n : ‖xk − L‖ ≥ ε}| ≥ δ

}
∈ I ,

a sequence (xn) is called to be I-statistically convergent to L.
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We now recall that the concept of statistical convergence for triple sequences was presented
by Şahiner et al. [27] as follows:

A function x : N × N × N = N3 → R (or C) is called a real (or complex) triple sequence.
A triple sequence (xjkl) is said to be convergent to L in Pringsheim’s sense if for every ε > 0,
there exists n0 (ε) ∈ N such that |xjkl − L| < ε whenever j, k, l ≥ n0.

Definition 2.7. If
δ3(K) = P − lim

n,l,k→∞

|Knlk|
nlk

exists, a subset K of N3 is said to have natural density δ3(K) where the vertical bars indicate the
number of (n, l, k) in K so that p ≤ n, q ≤ l, r ≤ k. When for all ε > 0,

δ3
({

(n, l, k) ∈ N3 : |xnlk − L| ≥ ε
})

= 0,

a real triple sequence x = (xnlk) is called to be statistically convergent to L in Pringsheim’s
sense.

Throughout the paper we consider that I is the ideals of 2N; I2 is the ideals of 2N
2

and I3 is
the ideals of 2N

3
.

Definition 2.8. A real triple sequence (xnlk) is called to be I3-convergent to L if for every ε > 0,{
(n, l, k) ∈ N3 : |xnlk − L| ≥ ε

}
∈ I3

and is written I3-limxnlk = L.

Recently, some types of convergence of triple sequences have also been studied in [8, 9, 10,
13, 14].

3 Results

In this section, we introduce the notion of complex uncertain triple sequences and study deferred
I3-statistical convergence therein. Deferred I3-statistical convergence with respect to all four
aspects in uncertain space, i.e., deferred I3-statistical convergence in mean, measure, distribution
and almost surely, are initiated and interrelationships among them are established.

Throughout the paper, let ζ = {ζrst} be a complex uncertain triple sequence and βr = br−ar,
γs = ds − cs, ηt = ft − et and {ar}r∈N , {br}r∈N , {cs}s∈N , {ds}s∈N , {et}t∈N and {ft}t∈N be
the sequences of nonnegative integers satisfying the conditions ar < br, cs < ds, et < ft and

lim
r
br =∞, lim

s
ds =∞, lim

t
ft =∞.

Definition 3.1. The complex uncertain triple sequence {ζrst} is called to be deferred I3-statistically
convergent almost surely (a.s.) to ζ if for all ε, % > 0 there exists an event Λ with M(Λ) = 1
such that {

(r, s, t) ∈ N3 :
1

βrγsηt
|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

‖ζjkl (γ)− ζ (γ)‖ ≥ ε}| ≥ %} ∈ I3,

for every γ ∈ Λ. Hence we can write ζrst → ζ (DS (I3) a.s.).

Definition 3.2. The complex uncertain triple sequence {ζrst} is called to be deferred I3-statistically
convergent in measure to ζ if{

(r, s, t) ∈ N3 :
1

βrγsηt
|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

M (‖ζjkl − ζ‖ ≥ ε) ≥ %}| ≥ δ} ∈ I3,

for every ε, δ, % > 0.
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Definition 3.3. The complex uncertain triple sequence {ζrst} is called deferred I3-statistically
convergent in mean to ζ if{

(r, s, t) ∈ N3 :
1

βrγsηt
|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

E (‖ζjkl − ζ‖) ≥ ε}| ≥ %} ∈ I3,

for every ε, % > 0.

Definition 3.4. Let Φ,Φjkl be the complex uncertainty distribution of complex uncertain vari-
ables ζ, ζjkl respectively, where j, k, l ∈ N. Then the complex uncertain triple sequence {ζrst} is
called to be deferred I3-statistically convergent in distribution to ζ if for all ε, % > 0,{

(r, s, t) ∈ N3 :
1

βrγsηt
|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

‖Φjkl (z)−Φ (z)‖ ≥ ε}| ≥ %} ∈ I3,

for all complex z at which Φ (z) is continuous.

Definition 3.5. A complex uncertain triple sequence {ζrst} is called to be deferred I3-statistically
convergent to ζ if for all ε, % > 0,{

(r, s, t) ∈ N3 :
1

βrγsηt
|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

‖ζjkl (γ)− ζ (γ)‖ ≥ ε}| ≥ %} ∈ I3,

for every γ ∈ Λ.

Now, relationships between deferred I3-statistical convergence a.s., deferred I3-statistical
convergence in mean, deferred I3-statistical convergence in measure, deferred I3-statistical con-
vergence in distribution will be studied.

Theorem 3.6. If the complex uncertain triple sequence {ζrst} deferred I3-statistically converges
in the mean to ζ, then {ζrst} deferred I3-statistically converges to ζ in measure.

Proof. Let the complex uncertain triple sequence {ζrst} be deferred I-statistically convergent in
mean to ζ. For any taken ε, %, δ > 0 with the Markov’s inequality, we have{

(r, s, t) ∈ N3 :
1

βrγsηt
|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

M (‖ζjkl − ζ‖ ≥ ε) ≥ %}| ≥ δ}

⊆
{
(r, s, t) ∈ N3 :

1
βrγsηt

|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;(
E (‖ζjkl − ζ‖)

ε

)
≥ %
}∣∣∣∣ ≥ δ} ∈ I3.

Hence {ζrst} deferred I3-statistically converges in measure to ζ. 2

The converse of Theorem 3.6 does not hold, in general, i.e. deferred I3-statistically con-
vergence in measure does not imply deferred I3-statistically convergence in mean. This can be
demonstrated by Example 3.7, given below.

Example 3.7. Take into account the uncertaintly space (Γ, L,M). It becomes Γ = {γ1, γ2, ...}
with

M{Λ} =


sup

γr+s+t∈Λ

1
r+s+t+1 , if sup

γr+s+t∈Λ

1
r+s+t+1 < 0.5,

1− sup
γr+s+t∈ΛC

1
r+s+t+1 , if sup

γr+s+t∈ΛC

1
r+s+t+1 < 0.5,

0.5, otherwise,

(3.1)
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also

ζrst (γ) =

{
(r + s+ t+ 1) i, if γ = γr+s+t,

0, otherwise,

describes the complex uncertain variables for r, s, t ∈ N and ζ (γ) ≡ 0, ∀γ ∈ Γ. Take br =
r, ds = s, ft = t and ar = cs = et = 0. For some small numbers ε, %, δ > 0 and r, s, t ≥ 2, we
have {

(r, s, t) ∈ N3 :
1

βrγsηt
|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

M (‖ζjkl − ζ‖ ≥ ε) ≥ %}| ≥ δ}

=

{
(r, s, t) :

1
rst
|{(j, k, l) : j ≤ r, k ≤ s, l ≤ t; M (γ : ‖ζjkl(γ)− ζ(γ)‖ ≥ ε) ≥ %}| ≥ δ

}
=

{
(r, s, t) ∈ N3 :

1
rst
|{(j, k, l) : j ≤ r, k ≤ s, l ≤ t; M{γ = γj+k+l} ≥ %}| ≥ δ

}
=

{
(r, s, t) ∈ N3 :

1
rst

∣∣∣∣{(j, k, l) : j ≤ r, k ≤ s, l ≤ t; 1
j+k+l+1

≥ %
}∣∣∣∣ ≥ δ} ∈ I3.

Thus, the complex triple sequence {ζrst} deferred I3-statistically converges in measure to ζ.
Φrst is the uncertainty distribution function for r, s, t ≥ 2 and of the complex uncertain

variable ‖ξrst − ξ‖ = ‖ξrst‖ . This is,

Φrst(x) =


0, if x < 0,(

1− 1
r+s+t+1

)
, if 0 ≤ x < (r + s+ t+ 1),

1, if x ≥ r + s+ t+ 1.
(3.2)

And, {
(r, s, t) ∈ N3 :

1
βrγsηt

|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

E (‖ζjkl − ζ‖ − 1) ≥ ε}| ≥ %}

=

{
(r, s, t) :

1
rst
|{(j, k, l) : j ≤ r, k ≤ s, l ≤ t; j+k+l+1∫

0

1−
(

1− 1
j + k + l+ 1

)
dx

− 1

 ≥ ε

∣∣∣∣∣∣ ≥ %

 .

Hence, for each r, s, t ≥ 2, and for every ε, % > 0, we have{
(r, s, t) ∈ N3 :

1
βrγsηt

|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

E (‖ζjkl − ζ‖) ≥ ε}| ≥ %}

=

{
(r, s, t) ∈ N3 :

1
rst
|{(j, k, l) : j ≤ r, k ≤ s, l ≤ t}| ≥ %

}
∈ F (I3)

which is impossible. So, the complex uncertain triple sequence {ζrst} doesn’t deferred I3-
statistically converges in mean to ζ.

Theorem 3.8. Let the complex uncertain triple sequence {ζrst} where {ξrst} is the real part and
{ηrst} is the imaginary part, for r, s, t ∈ N. When uncertain triple sequences {ξrst} and {ηrst}
deferred I3-statistically converges to ξ as measure and γ, respectively, complex uncertain triple
sequence {ζrst} deferred I3-statistically converges to ζ = ξ + iη as measure.
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Proof. Let {ξrst} and {ηrst} deferred I3-statistically converges to ξ and η respectively in mea-
sure. Then for any small numbers ε, %, δ > 0,{

(r, s, t) ∈ N3 :
1

βrγsηt
|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

M
(
‖ξjkl − ξ‖ ≥

ε√
2

)
≥ %
}∣∣∣∣ ≥ δ} ∈ I3

and {
(r, s, t) ∈ N3 :

1
βrγsηt

|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

M
(
‖ηjkl − η‖ ≥

ε√
2

)
≥ %
}∣∣∣∣ ≥ δ} ∈ I3.

Note that ‖ζrst − ζ‖ =
√
|ξrst − ξ|2 + |ηrst − η|2. Therefore, we have

{‖ζrst − ζ‖ ≥ ε} ⊂
{
‖ξrst − ξ‖ ≥

ε√
2
∪ ‖ηrst − η‖ ≥

ε√
2

}
.

Taking advantage of the subadditivity axiom of uncertain measure, we get{
(r, s, t) ∈ N3 :

1
βrγsηt

|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

M (‖ζjkl − ζ‖ ≥ ε) ≥ %}| ≥ δ}

⊆
{
(r, s, t) ∈ N3 :

1
βrγsηt

|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

M
(
‖ξjkl − ξ‖ ≥

ε√
2

)
≥ %
}∣∣∣∣ ≥ δ}

∪
{
(r, s, t) ∈ N3 :

1
βrγsηt

|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

M
(
‖ηjkl − η‖ ≥

ε√
2

)
≥ %
}∣∣∣∣ ≥ δ} ∈ I3.

Hence, we have{
(r, s, t) ∈ N3 :

1
βrγsηt

|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

M (‖ζjkl − ζ‖ ≥ ε) ≥ %}| ≥ δ} ∈ I3.

That is, {ζrst} deferred I3-statistically converges to ζ in measure. 2

To prove Theorem 3.10, we give the following definition :

Definition 3.9. (i) There exists a o ∈ R so that Mo /∈ I3, then we have

DI3 − lim supx = sup {o ∈ R : Mo /∈ I3} (3.3)

where

Mo =

{
(r, s, t) ∈ N3 :

1
βrγsηt

|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

xjkl > o}| > γ} .

When Mo ∈ I3 takes for each one o ∈ R, we have DI3 − lim supx = −∞.
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(ii) There exists a o ∈ R so that Mo /∈ I3 then we have

DI3 − lim infx = inf {o ∈ R : Mo /∈ I3} (3.4)

where

Mo =

{
(r, s, t) ∈ N3 :

1
βrγsηt

|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

xjkl < o}| > γ} .

When Mo ∈ I3 takes for each one o ∈ R, we have DI3 − lim infx = +∞.

Theorem 3.10. Let consider the complex uncertain triple sequence {ζrst} with the real part
{ξrst} and the imaginary part {ηrst} for all r, s, t ∈ N. When uncertain triple sequences {ξrst}
and {ηrst} deferred I3-statistically converges to ξ as measure and η, respectively, complex un-
certain triple sequence {ζrst} deferred I3-statistically converges to ζ = ξ + iη as distribution.

Proof. The complex uncertainty distribution Φ should have a definite point of continuity z =
u+ iv. Otherwise, we have

{ξrst ≤ u, ηrst ≤ v} = {ξrst ≤ u, ηrst ≤ v, ξ ≤ x̂, η ≤ ŷ}
∪ {ξrst ≤ u, ηrst ≤ v, ξ > x̂, η > ŷ}

∪ {ξrst ≤ u, ηrst ≤ v, ξ ≤ x̂ , η > ŷ} ∪ {ξrst ≤ u, ηrst ≤ v, ξ > x̂, η ≤ ŷ}
⊂ {ξ ≤ u, η ≤ v} ∪ {|ξrst − ξ| ≥ x̂− u} ∪ {|ηrst − η| ≥ ŷ − v}

for any x̂ > u, ŷ > v. From here with the axiom of subadditivity,

Φrst(z) = Φrst(u+ iv)

≤ Φ(x̂+ iŷ) +M{|ξrst − ξ| ≥ x̂− u}+M{|ηrst − η| ≥ ŷ − v} .

Since {ξrst} and {ηrst} deferred I3-statistically converge to ξ as measure and η, respectively,
hence, for every small numbers ε, % > 0, we get{

(r, s, t) ∈ N3 :
1

βrγsηt
|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

M (‖ξjkl − ξ‖ ≥ x̂− u) ≥ ε}| ≥ %} ∈ I3

and {
(r, s, t) ∈ N3 :

1
βrγsηt

|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

M (‖ηjkl − η‖ ≥ ŷ − v) ≥ ε}| ≥ %} ∈ I3.

Thus, we obtain
DI3 − lim sup

r,s,t→∞
Φr,s,t(z) ≤ Φ(x̂+ iŷ)

for any x̂ > u, ŷ > v. Letting x̂+ iŷ → u+ iv, we get

DI3 − lim sup
r,s,t→∞

Φr,s,t(z) ≤ Φ(z). (3.5)

Furthermore, we have

{ξ ≤ a, η ≤ b} = {ξrst ≤ u, ηrst ≤ v, ξ ≤ a, η ≤ b}
∪ {ξrst ≤ u, ηrst > v, ξ ≤ a, η ≤ b}
∪ {ξrst > u, ηrst ≤ v, ξ ≤ a, η ≤ b}
∪ {ξrst > u, ηrst > v, ξ ≤ a, η ≤ b}
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⊂ {ξrst ≤ u, ηrst ≤ v} ∪ {|ξrst − ξ| ≥ u− a} ∪ {|ηrst − η| ≥ v − b}

for any a < u, b < v. This means,

Φ(a+ ib) ≤ Φrst(u+ iv) +M{‖ξrst − ξ‖ ≥ u− a}+M{‖ηrst − η‖ ≥ v − b} .

Therefore, one can see that{
(r, s, t) ∈ N3 :

1
βrγsηt

|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

M (‖ζjkl − ζ‖ ≥ u− a) ≥ ε}| ≥ %} ∈ I3

and {
(r, s, t) ∈ N3 :

1
βrγsηt

|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

M (‖ηjkl − η‖ ≥ v − b) ≥ ε}| ≥ %} ∈ I3.

we gain
Φ(a+ ib) ≤ DI3 − lim inf

r,s,t→∞
Φrst(u+ iv)

for any a < u, b < v. Taking a+ ib→ u+ iv, we get

Φ(z) ≤ DI3 − lim inf
r,s,t→∞

Φrst(z) (3.6)

From (3.5) and (3.6) we find Φrst(z) → Φ(z) as r, s, t → ∞. This is the complex uncertain
triple sequence {ζrst} and it is deferred I3-statistically convergent in distribution to ζ = ξ + iη.
2

Deferred I3-statistically convergence in distribution doesn’t allude to the deferred I3-statistically
convergence in measure. This indicates that the contrary of the Theorem 3 does not necessarily
hold.

To see this, Example 3.11 may be useful.

Example 3.11. For Γ = {γ1, γ2, γ3}, there are eight events. Define

M{γ1} = 0.6, M{γ2} = 0.3, M{γ3} = 0.2, M{γ1, γ2} = 0.8,
M{γ1, γ3} = 0.7, M{γ2, γ3} = 0.4, M{∅} = 0, M{Γ} = 1.

Obviously, the set function M is an uncertain measure. We describe the complex uncertain
variables as

ζrst (γ) =


i, if γ = γ1,

−i, if γ = γ2,

2i, if γ = γ3.

(3.7)

We describe −ζrst = ζ for r, s, t ∈ N. Take br = r, ds = s, ft = t and ar = cs = et = 0.
Therefore, by Examples 1.1 and 1.5 in [19] we can say {ζrst} deferred I3-statistically con-
verges in distribution to ζ. But, the complex uncertain triple sequence {ζrst} doesn’t deferred
I3-statistically converge in measure to ζ.

Deferred I3-statistically convergence almost surely doesn’t indicate deferred I3-statistically
convergence in measure.

Example 3.12. With Borel algebra and Lebesque measure, take the uncertainty space (Γ, L,M)
as [0, 1]. There are integers y1, y2 and y3 such that r = 2y1 + p, s = 2y2 + p and t = 2y3 + p ∈ N,
for any positive integer r, s, t where p is an integer between 0 and min {2y1 , 2y2 , 2y3} − 1. If so,
we determine a complex uncertain variable by

ζrst (γ) =

{
i, if p

2y1+y2+y3 ≤ γ ≤
p+1

2y1+y2+y3 ,

0, otherwise,
(3.8)
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for r, s, t ∈ N and ζ ≡ 0. Take br = r, ds = s, ft = t and ar = cs = et = 0. For some small
numbers ε, %, δ > 0 and r, s, t ≥ 2, we have{

(r, s, t) ∈ N3 :
1

βrγsηt
|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

M (‖ξjkl − ξ‖ ≥ ε) ≥ %}| ≥ δ}

=

{
(r, s, t) ∈ N3 :

1
βrγsηt

|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

M (γ : ‖ζjkl (γ)− ζ (γ)‖ ≥ ε) ≥ %}| ≥ δ}

=

{
(r, s, t) ∈ N3 :

1
rst
|{(j, k, l) : j ≤ r, k ≤ s, l ≤ t; M{γjkl} ≥ %}| ≥ δ

}
∈ I3.

Thus, the triple sequence {ζrst} deferred I3-statistically converges to ζ as measure. Also, for all
ε, % > 0, we have{

(r, s, t) ∈ N3 :
1
rst
|{(j, k, l) : j ≤ r, k ≤ s, l ≤ t; E (‖ζjkl − ζ‖) ≥ ε}| ≥ %

}
∈ I3

Hence, the sequence {ζrst} also deferred I3-statistically converges in mean to ζ. But, there exists
an infinite number of intervals of the form

[
p

2y1+y2+y3 ,
p+1

2y1+y2+y3

]
containing γ, for any γ ∈ [0, 1] .

Thus, ζrst (γ) doesn’t deferred I3-statistically converge to 0. Another way, the triple uncertain
sequence {ζrst} doesn’t deferred I3-statistically converge a.s. to ζ. This completes the proof.

Deferred I3-statistically convergence a.s. doesn’t allude to the deferred I3-statistically con-
vergence in mean.

Example 3.13. Take into account the uncertainty space (Γ, L,M) to be Γ = {γ1, γ2, γ3, ...} with

M{Λ} =
∑

γd,γe,γf∈Λ

1
2d+e+f

. (3.9)

Take br = r, ds = s, ft = t and ar = cs = et = 0. For r, s, t ∈ N and ζ (γ) ≡ 0, ∀γ ∈ Γ,

ζrst (γ) =

{
i2r+s+t, if γ = γr+s+t,

0, otherwise,
(3.10)

is the complex uncertain variables. Thereafter, the sequence {ζrst} deferred I3-statistically con-
verges a.s. to ζ. But, the uncertainty distributions of ‖ζrst‖ are

Φrst(x) =


0, if x < 0,

1− 1
2r+s+t , if 0 ≤ x < 2r+s+t

1 if x ≥ 2r+s+t,
(3.11)

for r, s, t ∈ N, respectively. Then, we have{
(r, s, t) ∈ N3 :

1
βrγsηt

|{(j, k, l) : ar < j ≤ br, cs < k ≤ ds, et < l ≤ ft;

E (‖ζjkl − ζ‖) ≥ 1}| ≥ %}

=

{
(r, s, t) ∈ N3 :

1
rst
|{(j, k, l) : j ≤ r, k ≤ s, l ≤ t; E (‖ζjkl − ζ‖) ≥ 1}| ≥ %

}
∈ I3.

Therefore, the complex uncertain triple sequence {ζrst} doesn’t deferred I3-statistically con-
verge in mean to ζ.

From Example 3.13, we can acquire that deferred I3-statistically convergence in mean doesn’t
allude to the deferred I3-statistically converge a.s.
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Example 3.14. Take into account the uncertainty space (Γ, L,M) to be Γ = {γ1, γ2, γ3, γ4} with

M{Λ} =


0, if Λ = ∅

0.6, if γ1 ∈ Λ

0.4, if γ1 /∈ Λ

1, if Λ = Γ.

(3.12)

Take br = r, ds = s, ft = t and ar = cs = et = 0. For r, s, t ∈ N and ζ (γ) ≡ 0, ∀γ ∈ Γ,

ζrst (γ) =



i, if γ = γ1

2i, if γ = γ2

3i, if γ = γ3

4i, if γ = γ4

0, otherwise

(3.13)

is the complex uncertain variables. We find that the sequence {ζrst} is deferred I3-statistically
convergent to ζ with respect to almost surely, but the sequence {ζrst} is not deferred I3-statistically
convergent in the measure.

If the complex uncertainty distribution of the complex uncertain variables ζrst and ζ are
Φrst(z) and Φ(z) respectively in the uncertainty space taken in Example 3.14, then for r, s, t ∈ N

Φrst(z) =


0, if a < 0, −∞ < b <∞
0, if a ≥ 0, b < 1

0.6, if a ≥ 0, 1 ≤ b < 4
1 if a ≥ 0, b ≥ 4

(3.14)

and

Φ(z) =


0, if a < 0, −∞ < b <∞
0, if a ≥ 0, b < 0
1 if a ≥ 0, b ≥ 0.

(3.15)

From the examples given above, it is obvious that the complex uncertain triple sequence {ζrst}
isn’t deferred I3-statistically converge in distribution to ζ.

4 Conclusions

Here, the study of deferred ideal statistical convergence in mean, in measure, in distribution, with
respect to almost surely of a complex uncertain triple sequence has been made and interrelation-
ships among them were established. These concepts can be generalized and applied for further
studies. For example, this study can be extended by introducing deferred I3-statistically Cauchy
triple sequence of complex uncertain variables. In further studies, the deferred ideal invariant
convergence by using triple sequences can be defined and examined for complex uncertain se-
quence.

References
[1] R. P. Agnew, On deferred Cesàro means, Ann. Math. 33, 413–421 (1932).
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