Palestine Journal of Mathematics

Vol. 11(3)(2022) , 276-288 © Palestine Polytechnic University-PPU 2022

A new class of Kihlerian manifolds

Beldjilali Gherici and Bouzir Habib

Communicated by Zafar Ahsan

MSC 2010 Classifications: Primary 53C53, 53C55; Secondary 53C25.
Keywords and phrases: Kéhlerian manifold, Sasakian manifold, Biconformal transformations.

The authors would like to thank the referee for his helpful suggestions and their valuable comments which helped to
improve the manuscript.

Abstract In this paper, we introduce a new class of Kéhlerian manifolds and study their
essential examples as well as their fundamental properties. Next, we investigate a particular
type belonging to this class and we establish some basic results for Riemannian curvature tensor.
Concrete examples are given.

1 Introduction

The theory of structures on manifolds is a very interesting topic of modern differential geometry
and the differential geometric aspects of submanifolds of manifolds with certain structures are
vast and very fruitful fields for Riemannian geometry.

Kihler structures were introduced and studied by Erich Kéhler in 1933 [6]. But it was not
until late the 1940s when the importance of Kéhler manifolds in both Riemannian and algebraic
geometry was finally realized. Throughout the 1950s they were studied by such giants as Borel,
Chern, Hodge, Kobayashi, Kodaira and other authors.

In the present paper we study exact Kihler manifolds (M, J, 7, g) as a class of Kéhler mani-
folds with exact Kéhler form Q (i.e. Q = dn).

The paper is organized as follows. In Section 2, we review basic definitions and results that
are needed to state and prove our results. In Section 3, we introduce the basic notion of an exact
Kihler manifold and we give a concrete example. In Section 4, we discuss transformations of
exact Kihler metrics into exact Kihler ones. We introduce Biconformal transformations of the
structure (J, 7, g). In Section 5, we state and proof the construction of an exact Kihlerian mani-
fold starting from a Sasakian manifold with examples. In Section 6, we establish an interesting
class of exact Kihler manifolds such as the n-Kihler manifolds and we give a correspondence
between this class and Sasakian manifolds. In the last section, we investigate two particular
types of n-Kéhler manifolds and study some of their basic properties.

2 Review of needed notions

Let (M™, g) be a Riemannian manifold. The Lie algebra of all C*° vector fields on M will be de-
noted by X (M ). We denote by R and S the Riemannian tensor and the Ricci tensor respectively
defined for all X,Y,Z € X(M) by

R(X,Y)Z =VxVyZ - VyVxZ — VixyZ, 2.1

S(X,Y) = > R(e X,Ye;)

i=1

= Y _g(R(es, X)Y,ei), (2.2)
i=1

where {e;};—1 , is a local orthonormal basis.
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An odd-dimensional Riemannian manifold (A/>"*!  g) is said to be an almost contact metric
manifold if there exist on M a (1, 1) tensor field ¢, a vector field £ (called the structure vector
field) and a 1-form 7 such that

n€) =1, @*(X)=-X+nX)¢,, and g(eX,pY)=g(X,Y)—n(X)n(Y),

for any vector fields X,Y on M. In particular, in an almost contact metric manifold we also have
pE=0andnop=0.

Such a manifold is said to be a contact metric manifold if dn = ¢, where ¢(X,Y) =
g9(X,Y) is called the fundamental 2-form of M. In addition, if £ is a Killing vector field,
then M is said to be a K-contact manifold. It is well-known that a contact metric manifold is a
K-contact manifold if and only if Vx& = —¢ X, for any vector field X on M.

On the other hand, the almost contact metric structure of M is said to be normal if

[907 @](Xv Y) + 2dn (Xv Y>§ =0,
for any X, Y, where [y, ] denotes the Nijenhuis torsion of ¢, given by
[0, @l(X,Y) = @*[X, Y]+ [pX, 9Y] = 0[pX, Y] - ¢[X, pY]

A normal contact metric manifold is called a Sasakian manifold. It can be proved that a Sasakian

manifold is K-contact, and that an almost contact metric manifold is Sasakian if and only if for
any X,Y on M

(Vxp)Y =g(X,Y)§ —n(Y)X. (2.3)

For more background on almost contact metric manifolds and recent study of 7-Einstein

manifolds, we recommend the reference [4] and [5].
An almost complex manifold with a Hermitian metric is called an almost Hermitian manifold.

For an almost Hermitian manifold (Mzn, J,g) we have
JP=JoJ=-Id, 9(JX,JY) =g(X,Y).

An almost complex stucture J is integrable, and hence the manifold is a complex manifold, if
and only if its Nijenhuis tensor N; vanishes, with

N(X,Y) =[JX,JY] - [X,Y] - J[X,JY] - J[JX,Y].

For an almost Hermitian manifold (M, .J, ), we define the fundamental Kahler form Q as:

Q(X,Y) =g(X,JY).

(M, J,g) is then called almost Kihler if Q is closed i.e. dQ = 0. It can be shown that this
condition for (M, J,g) to be almost Kéhler is equivalent to

J(Vx Y, 2)+3((Vy))Z,X) +5((VzJ)X,Y) = 0.

An almost Kihler manifold with integrable J is called a Kéhler manifold, and thus is character-
ized by the conditions: d€2 = 0 and N; = 0. One can prove that these both conditions combined
are equivalent with the single condition

VJ=0.

For more background on almost complex manifolds, we recommend the reference [11].
Torse forming vector fields were introduced by K.Yano [10] satisfies

Vxé = aX +n(X)E, 2.4)

for some smooth function a and 1-form 1 on M where V denotes the Levi-Civita connection of
a Riemannian metric. The 1-form 7 is called the generating form and the function « is called the
conformal scalar.
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Further, a complex analogue of a torse forming vector field is called K-torse forming vector
field and it was introduced by S.Yamaguchi [12] and S.Yamaguchi and W. N. Yu [13],

Vx&=aX +bJX +m(X)E +m(X)JE, (2.5)

where a and b are functions, 7; and 7, are 1-forms on M. The functions a and b (resp. 1-
forms n; and 7)) appearing in (2.5) will be called the associated functions (resp. forms) of &.
Moreover if the associated functions a and b satisfy a? + b? # 0in M, then we call such a vector
field a proper K-torse-forming vector field. For the existence of torse-forming vector field on
Riemannian manifold see for example [12].

Definition 2.1. A special K-torse forming vector field on a Hermitian manifold (M, g) is a K-
torse forming vector field ¢ satisfying the equation (2.5) with associated forms

m(X) = ag(§, X) +pg(J& X) and m(X) = Ag(§, X) + Bg(J¢, X)
for all X vector field on M and a, 8, A and y are smooth functions on M, that is
Vx§=aX +bJX + ag(X,§)E + ng(X, JEE + Ag(X,§)JE + Bg(X, JE) JE. (2.6)
Putting n(X) = g(X,€) and 7j = —no J i.e. VX € X(M)
ii(X) = —n(JX) = —g(JX,§) = g(X, JE),
which implies £ = J¢ then, (2.6) becomes
Vi€ =aX +bJX + an(X)¢ + M(X)E + pi(X)€ + B (X)E. 2.7)

For the existence of special torse-forming vector field on Kéhlerian manifold see example 6.2.

3 Exact Kihler manifold

Let (M, J, g) be a (2n + 2)-dimensional noncompact Kihlerian manifold and £ a global vector
field on M. We denote by 7 and 7j the 1-forms corresponding to ¢ and £ = J¢, respectively, i.e
VX € X(M), )

n(X):g(fvx)v ﬁ(X):Q(ﬁaX):—U(JX)a

with n(€) = g(&,¢) = e*” where p is a function on M.
Denote by D the J-invariant distribution of dim D = 2n defined by

D={X e T,M:n(X)=7HX)=0}

In the presence of the distribution D, the structure of any tangent space is 7, M = D(p) &D*(p),
where D+ (p) is the 2-dimensional J-invariant orthogonal complement to the space D(p). This
means that the structural group of the manifolds under consideration is the subgroup U(n — 1) x
U(1) of U(n).

Definition 3.1. (M, J, n, g) is said to be an exact Kéhler manifold if
dn=Q and di=0. 3.1
where d denotes the exterior derivative and Q is the fundamental Kéhler form.
To shown the existence of such manifolds, we give an interesting class of examples:

Example 3.2. In [7], Olszak gave an important example of a 1-parameter family of Kéhlerian
manifolds. We will show that this family is a family of exact Kihlerian manifolds.

Let (2%, y®, z,t) denote the Cartesian coordinates in R*™*+2 m > 1. Latin indices take on values
from 1 to 2m + 2, greek indices will run from 1 to m and o/ = o+ m forall « € {1,...,m}.
Assume that M = N x (A, B) C R?*™*2 where N is an open connected subset of R>"*! and
(A, B) is an open interval and B > A > 0. Suppose that h : (A, B) — R is a smooth function
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which is non-zero at any ¢ € (4, B).
Let (e;) be the frame of vector fields on M defined by:

S NI VR R I I SO )
a — taxav « _t aya 9z ) 2m+l—t2haza 2m+2 — 8t7

and let (0%) be the dual frame of differential 1-forms,

’ 1
0% = tdz®™, 0% = tdy®, 6> = *h(-2 Ady* + dz), 622 — gt
z°, y*, ( ;x Y +dz), o

For the non-zero Lie brackets of (e;), we have:
[ea7 6,13’] = 2h6a562m+1a [eaa €2m+2} = he(u

[ears €2m12] = hear, [e2m+1, €2m12] = (2h + th')eam 1.

Define an almost complex structure J on M by assuming

Jea = e, Jear = —eo, Jermi1 = eami2, Jermz = —eamy1

For the Nijenhuis tensor N, it can be checked that

Nj(ei, ej) = [J€i7 Jej] — J[ei, Jej] — J[Jei, ej] + Jz[ei, €j] = 0,
for any 4, j. By the Newlander-Nirenberg theorem, J is a complex structure on M.
Let g be the Riemannian metric on M for which (e;) is an orthonormal frame, so that g =
360" ® 6. 1t is obvious that the pair (J, g) is a Hermitian structure on M. For the fundamental

form Q, Q(X,Y) = g(X, JY), we have

Q = -2 Z 0)\ A 9/_\ . 292m+1 A 92m+2
A

= =202 da* ndyt = 2¢(D 22 dy* Adt + dz A dt)
A A

= A(B(-2) mdy +dz)).

Putting
1
_ t2 _2 d A dz) = 792m+1
n ( ;l')\ Yo+ Z) h )
we get
| .1 1,
5 == E62m+17 5 == E62m+27 n= Eez +2'

Hence Q is closed, i.e., dQ = 0. Thus, the pair (J, g) becomes a Kéhlerian structure on M. On
the other hand, since Q is exact, i.e., dn = Q and d7j = 0 then (M, J, 7, g) is an exact Kéhlerian
manifold with e? = %

It should be noted here, that every exact Kédhlerian manifold is a Kdhlerian manifold but the
converse is not true in general. The following example confirms this.

Example 3.3. Let {x,y, z,t} denote the Cartesian coordinates on F* := R? x H? where H? =
{w € C| Im(w) > 0} denotes the hyperbolic plane. The complex structure J and the Kahlerian
metric g are given in [3], [8] and [9] by:

0 20 190 0 24+t 0 0 0 0 0

z 0
T9e= Tor 1oy oy 1 o toy ‘o TaT ow

1 2 2 by 2
g:;(da:—zdy) + tdy —I—E(dz + dt”).
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The Kéhlerian manifold (£, J, g) possesses a fundamental 2-form €, given by
1
Q = 2dzAdy-— ﬁdz/\dt
1
= d(2zdy — —d
(2zdy — 5-d2),

putting n = 2xdy — %dz and knowing that 7 = —n o J we obtain

ﬁzz—mdx—%d f—dt

We can easily see that dij # 0. So, (F*, J, g) is not an exact Kihlerian manifold.

4 From Sasakian manifold to exact Kihlerian manifold

For this construction, we use our techniques included in [2].
Let (M2 ¢, & n, g) be a Sasakian manifold and (M = R x M, .J, §) the 1-parameter family
of Kéhlerian structures defined by (see [1] and [2] ):

7= di? 2 20412 _ 1
{g 4 frg+ AP - 1)nen, @

J(a%,X):(ff’U( )af799X ff/f)

where f = f(t) € C*°(R) and ff" # 0 anywhere.
The fundamental 2-form Q of (J,g) is

ﬁ((a%,X), (b%,Y)) :g((a%7X),J(b%,Y)),

we can check that is very simply as follows:

Q = f@fdtrn+fo)
= d(f*n),
where ¢ denotes the fundamental 2-form of (¢, £, 7, g). Putting
7= fn,
we get
=-noJ=—f7nol.

Since the vanishing of the differential 2-form d7 is a necessary condition for this construction,
from formula

247(X,Y) =X (7(Y)) - Y (1(X)) - 7([X,Y]),
for all vector fields X and Y on M, one easily obtains

)
at> 07

for all vector fields X and Y on M?"*!, which proves that dij = 0 and so (M = R x M, J,7,9)
is a 1-parameter family of exact Kéhlerian manifolds.

dn(X,Y) =0,  dip(X

Example 4.1. For this example, we rely on the example of Blair [4]. We know that R?**! with
coordinates (z%,y*, z), i = 1..n, admits the Sasakian structure

1 (Sij + yiyj 0 —yi 0 (Sij 0
g = Z 0 57] 0 y » = *57;]‘ 0 0 y
—yd 0 1 0 ¥ 0
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So, using this structure and formulas (4.1), we can define a family of exact Kéhlerian structures
(J,7,9) on R?"*2 as follows

1 0 0 0
| 0 a0 ) 0 1Y
=1 o 0 % f2 0

0 _ifo/Zyj 0 ifo/Z

0  —=3¥ff 0 3ff
S 0 0 §; 0
B 0 s; 0 0
7# 0 o0

We can easily check that

=dj=d(f*n) and dﬁ:d(%dt):O.

Ol

Remark 4.2. Since any exact Kahlerian manifold has an exact 2-form (i.e. = dn) then, by
using the Proposition 7 in [1], we can confirm the inverse, i.e. we can construct a Sasakian
manifold from an exact Kahlerian manifold.

5 Biconformal Transformations of exact Kihler metrics

It is well known that any conformal transformation

g=1rg, >0 and df#0

of the metric g in a Kéhler manifold (M, J, g) gives rise to a Hermitian manifold (M, J,g) which
is no longer Kihlerian.

The aim of our considerations in this section is to find the class of .J-invariant distributions which
admit biconformal changes of the given exact Kéhler metric so that the new metrics continue
being exact Kihlerian.

Let (M, J,n, g) be an exact Kéhlerian manifold. Putting

g =2fg+n@n+ii, fl=-nol, (5.1)

with f > 0 and df # 0. One can prove that (M, ¢’, J) is a Hermitian manifold. Its funda-
mental Kihler form is denoted by €'. Then, for all X,Y € X(M) we have

QX,)Y) = ¢(X,JY)
= 2fQ(X)Y) -2 A#)(X,Y)

ie.
Q' =2fQ—-2nA.
Then,
dQ' = 2dfAQ —2dn A
= 2df - AL

which shows that the 2-form Q' is closed (i.e dQ" = 0) if 7j = df. Then, we getn = df o J, in
this case, we notice that dij = 0 and dn = Q which give ¢ = gradf and £ = —Jgradf.
On the other hand, replacing n and 7 in formula (5.1), we get

g =2fg+ (dfoJ®@dfoJ+df ®df),
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and then,
Q' = 2fQ42dfAdfoJ
= d(2fdfoJ),
putting ' =2f df o J we get
W= —f o J =2fdf = df?,

and we have
dn’ = 0.

Then, we get the following proposition:

Proposition 5.1. Any biconformal transformation

g =2fg+df®df +dfoJ®df o,

with f > 0 and df # 0 of the metric g in an exact Kihlerian manifold (M, J,n,g) where
n =dfolJ, gives rise to an exact Kéihlerian manifold (M, J,n/',g') wheren = 2fn=2f df o J.

6 m-Kéhlerian manifolds

While the exact Kéhlerian manifold is an area of possible future research, we focus on an inter-

esting case. First of all, we prepare

Lemma 6.1. Let (M, J,n, g) be an exact Kéihlerian manifold. We have

1) Vix§+JVxE=2X,
2) V&= —2€ + e*Pgradp,
3) V& = —e? Jgradp,

4) ng + Vg€ = 2¢, where V denotes the Levi-Civita connection of a Riemannian metric.

Proof. Forall X,Y € X(M) we have

QX,Y) =dn(X,Y) & 29(X,JY) = g(Vx¢&,Y) — g(VyvE, X),

For the first formula, just replace Y by JX.
For the second, taking ¥ = £ and knowing that

g(VXEag)

1
- EX (62’))

= g(e* gradp, X),

we get

29(X, J€) = g(e*gradp, X) — g(Veg, X),

for all X € X(M), then )
V€ = —2€ + e*Pgradp.

For the third one, we have

dij(X,Y) =0 & g(Vx&Y) - g(Vyé X) =0,
for Y = £ and knowing that g(V x€, €) = g(e* gradp, X ), we get
ng = e*gradp & Vel = —e? Jgradp.

Finally,
Vel + Vel = TV + Vel = 2L,

Xg(£,¢) —9(&, Vx¢)

6.1)

(6.2)
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Regarding the lemma 6.1, one can ask if it is possible that £ is a K-torse forming vector field.
For the answer, assuming (see (2.7))

Vx¢=aX +bJX +an(X)§ — M(X)E + pif(X)E — B(X)E, (6.3)

where a, b, o, 5, A\, u are functions on M.
First, we have for all X € X(M)

9(Vx€,€) = X(p) & (a+e¥a)s — (b—e*p)é = e gradp,

which gives

a=e(&p)—a) and p=e(&p)+b), (6.4)
knowing that V¢£ = —2¢ + e*gradp (see lemma 6.1), we get
A= 6_2”(2+b—£(p)), (6.5)
replacing formula (2) from lemma 6.1 in (6.3), we get
B=e"(g(p) +a), (6.6)
replacing (6.4), (6.5) and (6.6) in (6.3) we obtain
Vx¢ = aX+bIX +e 7 (&(p) — a)n(X)E + e (E(p) — b—2)n(X)E
+ e (&p) +0)a(X)E — e (£(p) +a) H(X)E. 6.7)
On the other hand, using (6.7) in the equation
247i(X,Y) =0 & g(Vx€, JY) = g(Vy €, JX),
we get a = 0, S0
Vx€ = bIX e e(p)n(X)¢ +e 2 (&(p) — b - 2)n(X)E
+ (o) +b)A(X)E — e (p)(X)E, ©.8)
Using (6.8) in (6.1) we have
9(X,JY) = g( = bX + (14 ) (n(X)¢ +(X)E), IV ).

which gives

(1+b) (= X +n(X)¢ +7(X)E) =0,
which implies that b = —1 finally, we find

Uxé = —JX +e  E(pn(X)¢ + e (E(p) — 1)n(X)é
+ e (&p) — 1)ii(X)¢ - e HE()i(X)E.
This equality can be written by the form

Vxé=—JX —e 2 (1=&(p) +£&(p)J) (n(X)E+7(X)E). (6.9)

In the remainder of this paper, we study a type of exact Kéhlerian manifold which satisfies (6.9).
Briefly, we denote such a manifold by n-Kéhlerian manifold.
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Example 6.2. Using the above example 3.2. For the Levi-Civita connection corresponding to g,
we have

Vess = Ve e = —hdageomia,
Ve.ep = =V, €5 = hdaperm+1,
ve(1 €2m+1 = vezynﬂea = _vea/62m+2 = —hey,
eor = hea,

Ve(, €o2m+42 = vea/ €2m+1 = vezmH

V€zm+|€2m+l - _(2h + th/)€2m+2,

v62m+l €2m+2 = (Zh + th/)eZerl .
We can easily check that for all X € X(M)

in other words, as long as £ = %62m+1 we can write

1
Ve, €my1 = —hJe; — he; (h) €2m+1
— (h+th') (0 (es)eamya + 022 (es)eam1)-

The following paragraph establishes a one-to-one correspondence between 7-Kihlerian man-
ifolds and Sasakian manifolds.
First, using the remark 4.2, we can easily conclude that for any 7-Kéhlerian manifold we can
build a Sasakian manifold.
For the inverse, we will base on section 4, where we have shown that with a single Sasakian
structure we can build a family of n-Ké&hlerian structures.

Let (M1 ¢, & n, g) be a Sasakian manifold and (M = Rx M, J, ) the 1-parameter family
of exact Kihlerian structures defined above with f> = 2t and ¢ > 0 which gives:

g=dt* +2tg+ (1 -2t)n®n
JX =X +n(X)2 (6.10)
JE =—¢,
then we have
n = 2tn, n=—2tnoJ.

We can check that is very simply as follows:

_ = 9

E=2€,  E=2z,  p=h2e

Using formula (6.9), for all X vector field on M, we can get

Vgi=2% 6.11)
Vx§=—pX.

On the other hand, for all X,Y and Z vectors fields on M, using Koszul’s formula for the metric
gs

Y, Z]) +
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we obtain:
VX = Vil = (X -n(X)e)
X = Vxg Ty n
_ 1 P
Vx¥ = Vi¥+ (1= 5 ) ()6 +n(Y)eX) — g(pX. oY) 5.

This implies that

{ Vo€=2+2Vp6=2¢ 6.12)

VXE =2tVx& = —pX.
Comparing this result with (6.11), we can state the following theorem:

Theorem 6.3. Let (M, ,£,1,g) be a Sasakian manifold. The product M = R x M provided
with the almost Hermitian structure (J,q) given in (6.10) is an n-Kdhlerian manifold.

Lemma 6.4. For all n-Kdhlerian manifold, we have

grad ¢ = 2(£(p)€ + £()¢), 6.13)
with |£] = eP.
Proof. In formula (6.9), replacing X with £ we get
Ves = =28+ £(p)¢ +E(p)E. (6.14)
Comparing this result with the formula (1) in lemma 6.4 we obtain
gradp = e~ (£(p) + £(p)¢). (6.15)
This completes the proof of the lemma. O

The famous equation (6.9) gives important informations about the curvature properties of
n-Kéhler manifold. We start with the first proposition

Proposition 6.5. Ler (M, J,n, g) be an n-Kdhlerian manifold. Then we have:

R(X,Y)¢ = —(VxT,)(n(Y)E+A(Y)E) + (VyT,) (n(X)E +ii(X)¢)
- T,(XAY)E+ (JX ANJY)E+29(X,TY)JE), (6.16)

where T, = e (1 = &(p) + &(p)J) -

R(X, &)Y = (VyT,)(n(X)E+A(X)E) + (n(X)n(Y) (6.17)
—7(X)ii(Y))grad (e7*7¢(p))
—(n(X)i(Y) +i(X)n(Y))grad (e (1 - £(p)))
— T,(XAQY + (JX AJEY +2/(X)JY), (6.18)

S(X,6) = 2e7(E(p)n(X) + X))
+(6(e7¢(p)) + ( £<p>)) 1(X)
—2(n+2)e 2 ((1 - &(p))n(X) + £(p)iI(X)) - (6.19)

where R denote the curvature tensor and S is the Ricci curvature defined in (2.1) and (2.2)
respectively and (X NY)Z = g(Y, Z2)X — g(X, Z2)Y for all vectors fields X and Y on M.
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Proof. The relation (6.16) follows from (2.1) with Z = ¢ and formula (6.9). For the second
relation, we have for all vectors fields X, Y, Z on M

9(R(X, €)Y, Z) = —g(R(Y, 2)¢, X),
and using (6.16). Finally, knowing that

2n+2
S(X,Y) = Z g(R(X,e;)ei, Y),

then
2n+2
S(X7 6) = - Z g(R(Xa 67;)57 ei);
i=1
using (6.16), we obtain (6.19). This completes the proof of the proposition. O

Notice that, from equation (6.16) we can get

R(€,6,6,€) =¥ (4 £(€(p) — E£(E(p)) +26(p)* +2€(p)* — 6E(p)) -

If £ is a global unit vector field (i.e. p = 0), then the holomorphic sectional curvature of the
plane section generated by {¢, £} is —4.

7 Some Kinds of n-Kihlerian manifolds

In this section we will highlight two important kinds of n-Ké#hlerian manifolds.

7.1 n-U-Kéhlerian manifold

Definition 7.1. An n-U-Kihlerian manifold is an n-Kihlerian manifold where 7 is an unit 1-form
ie.n(é) =1.

Let (M, J, n, g) be an n-U-Kéhlerian manifold. Since n(£) = 1 i.e. p = 0, from the formula
(6.9) we get 3
Vx§=—-JX —n(X)§ - i(X)g,

and the proposition 6.5 becomes:

Proposition 7.2. Let (M, J,n, g) be an n-U-Kdhlerian manifold. Then we have:

R(X,)Y)¢ = —(XAY)E— (JX AJY)E —29(X, JY)JE, (7.1)
R(X,0)Y = —(X AOY — (JX A JEY —2i(X)JY, (7.2)
S(X,€) = =2(n +2)n(X) (7.3)

Example 7.3. Using the above example 3.2. Taking p = 0 i.e. h = 1 we get an n-U-Kihlerian
manifold.

7.2 n-K-Kéhlerian manifold

Definition 7.4. An n-K-Kéhlerian manifold is an 7n-Kéhlerian manifold where ¢ is a Killing
vector field with respect to g.

Let (M, J,n, g) be an n-Kéhlerian manifold. We have for all vectors fields X and Y on M

dn(X,Y) =g(X,JY) & g(Vx&Y)—g(VyE X) =29(X,JY)
& g(VxEY) =29(X,JY) +g(Vy¢, X).
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On the other hand,
(Leg)(X,Y) = g(VxEY) +g(Vyé, X) =29(X,JY) +29(Vy&, X),

where (L¢g) denotes the Lie derivative of ¢. If ¢ is a Killing vector field with respect to g since
L¢g = 0 then we get

Vxé=-JX. (7.4)
Using formula (6.9) we obtain

(1= E&(p) +€(p) ) (n(X)E +7i(X)€) =0,
which gives the following ODE system:

{ 2;(;)) = (1> 75)

This is the case which the proposition 6.5 becomes:
Proposition 7.5. Let (M, J,n, g) be an n-K-Kdhlerian manifold. Then we have:

R(X,Y)& = R(X,£)Y =0 (7.6)

S(X,6) =0 (7.7)

Example 7.6. Again, let’s go back to our example 3.2, we can see that
=0 Lesmir (1) =0
{ffp) | @{ peamst (1) | et +h=0

the solution of this ODE is of the form:

hz% with c € R*.

So, for h = £, (M, J,n, g) is an 7)-K-Kéhlerian manifold.
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