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Abstract In this paper, we introduce a new topological index for graphs called ‘Peripheral
Harary Index’. The peripheral Harary index PH(G) of a graph G is defined as the sum of
the reciprocals of the distances between all unordered pairs of distinct peripheral vertices of
G. We prove that PH(G) = PH(G — v) and PW(G) = PW(G — v), for any graph G with
a pendant vertex v that is not in P(G), where PW (G) is the peripheral Wiener index. We
compute PH (G), obtain some bounds for some standard graphs and graph operations. Further,
we establish a formula for computation of PH (G) and present an algorithm for its computation
using adjacency matrix.

1 Introduction

For standard terminology and notion in graph theory, we follow the text-book of Harary [5].
The non-standard ones will be given in this paper as and when required.

Let G = (V, E) be a graph (finite, simple, connected and undirected). The distance between
two vertices u and v in G, denoted by dg(u,v) (or simply d(u,v)) is the number of edges in
a shortest path (also called a graph geodesic) connecting them. We write v ~ v to denote two
vertices u and v are adjacent in G.

The eccentricity of a vertex v in G, denoted by e (v) (or simply e(v)), is the maximum dis-
tance between v and any other vertex in G. The maximum eccentricity of all the vertices in G is
called the diameter of G and is denoted by d(G). A vertex with maximum eccentricity in G is
called a peripheral vertex in G. So, vertices whose eccentricities are equal to diameter of G are
the peripheral vertices of G. The set of all peripheral vertices of G is denoted by P(G).

If P(G) = V(G), then G is called a peripheral graph(self-centered graph). The pair {u, v}
denotes the unordered pair of vertices u, v with u # v. A vertex with minimum eccentricity
in G is called a center of G. The set of all center vertices of G is denoted by C(G). A graph
G is almost self-centered if every vertex in G is a center except for two. A graph G is almost
peripheral if every vertex in G is a peripheral vertex except for one (the exceptional vertex is
nothing but the center of G).

Wiener index, Harary index (Reciprocal Wiener index), and peripheral Wiener index are
some important distance based topological indices defined for graphs having applications in
Chemistry (see [3], [6], [8], [10], [11], [12] and [13]). The Wiener index W (G) of a graph G is
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defined as
W(G) = > d(uv) (1.1)

{u,v}CV(G)

The Harary index (or Reciprocal Wiener index) H(G) of a graph G is defined as

HG) = Y d(ul’v) (1.2)

{u,v}CV(G)

The peripheral Wiener index PW (G) (see [10]) of a graph G is defined as

PW(G) = Y d(uv) (1.3)

{u,v}CP(G)

Motivated by the above mentioned indices, we introduce a new topological index called the
peripheral Harary index. The peripheral Harary index PH(G) of a graph G is defined as the
sum of the reciprocals of the distances between all unordered pairs of distinct peripheral vertices
of G. In section 2, we give an example and make some observations. In section 3, we present
some important results on computing PH (G), obtain some bounds for some standard graphs
and graph operations. In section 4, we establish a formula for computation of PH(G) and
present an algorithm for its computation using adjacency matrix. In Theorem 3.1, we prove that
PH(G) = PH(G —v) and PW(G) = PW(G — v), for any graph G with a pendant vertex v
that is not in P(G). The graphs considered in this paper are all connected graphs with at least
two vertices.

2 Definition, Example and Observations

Definition 2.1. The peripheral Harary index PH (G) of a graph G is defined as

PH(G)= Y

{u,v}CP(G)

oo @2.1)

Example 2.2. We compute the peripheral Harary index of the hydrogen-depleted molecular
graph G of 1-Ethyl-2-methylcyclobutane C;H4. We label the vertices of G as shown in Fig-
ure 1.

Here, P(G) = {a, f,h}. We have d(a, f) =4, d(a,h) = 2, and d(f, h) = 4. The peripheral
Harary index of G is

1 1 1
PHCG) = Gan T a@m T agn
11
“17371
=1.

Observations:
k

2
d(u,v) < d(G). Hence from

(1) If there are k peripheral vertices in a graph G, then we have unordered pairs of distinct

IN~——/X

peripheral vertices in G and for any pair {u,v} C P(G), 1

(2.1), we have,
o))



Peripheral Harary Index of Graphs 325

H
H C—H
NN
CHH e
H/‘/
H C H
NSNS
C C H
SN SN S ¢
H C C
RN ‘\
H H H
C7H14H
G

Figure 1. 1-Ethyl-2-methylcyclobutane C; H4 and the corresponding hydrogen-depleted molec-
ular graph G

(ii) In any graph G, P(G) C V(G). Therefore,
PH(G) < H(G)
and it is easy to see that

PH(G) = H(G) <= G is a peripheral graph.

(iii) For any graph G with k peripheral vertices, by AM-HM inequality, we have,

PW(G)- PH(G) > (’;)2

(iv) For an almost self-centered graph G,

1
(v) For a graph G,
1 1
PH(G) =HG) - owo i ) o) 2.2)
ueP(G), {u,v}eV(G)-P(G)
veV(G)—P(G)

(vi) For an almost peripheral graph G with (unique) central vertex c,

PH(G)=H(G) - > d(clv).
veV(G)—{c} ’

(vii) For a graph G of diameter 2 with n vertices and k > 2 vertices of eccentricity 1, from (2.2),
it follows that,
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3 Some Important Results

Theorem 3.1. Let G be a graph and v be a pendant vertex that is not in P(G). Then PH(G) =
PH(G —v) and PW(G) = PW(G —v).

Proof. Since v ¢ P(G) and v is a pendant vertex, it follows that, eg(u) = eg—_,(u), Yu €
V(G —v) and eg(v) < d(G). Hence

d(G) = max{eg(u) : u e V(G) — {v}}
= max{eg_,(u) :u € V(G —v)}
=d(G —v).

We claim that P(G) = P(G —v). Letu € P(G —v). Then eg_,(u) = d(G—v) = d(G). Hence
u € P(G). So P(G —v) C P(G). Suppose that u € P(G). Then e¢(u) = d(G) = d(G — v),
where u # v by assumption. Hence u € P(G —v). So P(G —v) C P(G). This proves the claim
and hence the result. O

From the Theorem 3.1, the following corollary is immediate.

Corollary 3.2. Let G be a graph and S be the set of all pendant vertices which are not in P(G).
Then PH(G) = PH(G — S) and PW(G) = PW(G — S), where G — S denotes the graph
obtained from G by removing all the vertices in S.

Proposition 3.3. For the wheel graph W,, on n > 4 vertices,
PR

PHW,) =% ifn=4

(n—1)(n—-3), ifn>5.

Proof. We have Wy = K4, and so PH(Wy4) = H(W,) = 6.

In W,,, n > 5, there are n — 1 peripheral vertices. Let v be a peripheral vertex. There
are exactly 2 peripheral vertices adjacent to v and there are exactly n — 1 —1—-2 =n —4
vertices at distance 2 from v. Therefore the sum of distances from v to other peripheral vertices
is1-242-(n—4)=2(n—3). Since there are n — 1 peripheral vertices,

1

PH(W,L) == 5

2(n—1)(n—=3)=(n—1)(n—3). o

Proposition 3.4. Let Wd(n, m) denotes the windmill graph constructed for n > 2 and m > 2 by
Jjoining m copies of the complete graph K,, at a shared common vertex v. Then we have

PH(Wd(n,m)) = m(n — lz)(n -2) n m(m — 1‘2(n - 1)2.
Hence,
(i) for the friendship graph Iy, on 2k + 1 vertices,
PH(Fy) = k%;
(ii) for the star K, , onn + 1 vertices,
n(n—1)
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Proof. Clearly, the diameter of Wd(n,m) is 2and P(Wd(n,m)) =V —{v}. Let Hy, ..., H,, be
the components of Wd(n, m)—v. Note that H; = K,,_;, Vi and for any u,v € P(Wd(n,m)),u #
v, we have

d(u, v) 1, if{u,v} C V(H;) forsomei, 1 <i<m;
,U) = . . .
2, fueV(H;),veV(H;),1<i<j<m

Hence from (2.1), we have

1
PH(Wd(n,m)) = > y o
{u,v}CP(Wd(n,m))

1 1

= 2 gt 25
{uw}CV(H;), u€eV (H,;), i)
1<i<m 1<

("3 1)+ 5 gmln = D= D= 1)

~m(n—1)(n—2)  m(m—1)(n—1)>
_ . n : . 3.1)

Since the friendship graph F}, on 2k + 1 vertices is nothing but Wd(3, k), it follows from
(3.1) that

H3-1)(3-2)  kk-1)(E 1)

PH(F,) = )

= k2.

Since the star K ,, on n + 1 vertices is nothing but Wd(2, n), it follows from (3.1) that

n2-1)2-2) nln-1)2—1)
2 + 4
n(n—1)

Proposition 3.5. Let G be the corona product K., o K,, of complete graphs K,, and K, where
m > 2 andn > 1. Then we have

PH(F,) =

mn(n — 1) n m(m — 1)n?
2 6

PH(G) =

Proof. The set of peripheral vertices of G, P(G) = V(G) — V(K,,) (that is all vertices of G
lying in the different copies of K,,). Let Hy, ..., H,, be the components of G — V(K,,) (that is
the graph obtained from G by deleting the vertices of the copy of K,,). Note that H; = K,,, Vi
and for any u,v € P(G),u # v, we have,

A, v) = 1, if {u,v} C V(H;) forsomei, 1 <i<m;
"3, fueV(H),veV(H;),1<i<j<m
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1 1
SRS T Y
{uvv}CV(Hi)v ueV(H'i)7 UEV(HJ'),
1<i<m 1<i<j<m

mn(n —1)  m(m —1)n?
2 6 ’ o
Proposition 3.6. Let G be a graph with m > 2 vertices. Let G’ be the corona product G o K,, of
G and the complete graph K,, n > 1. Then

kn(n—1)  k(k—1)n?
2 2(d(G) + 2)

where k = |P(G)|.

_ _ 2
< PH(G') < kn(”z D Kk 6”” :

Proof. Let Hy,...,H,, be the components of G’ — V(G). Note that H; = K,, Vi. Let
v1,...,v, be the peripheral vertices of G. Then, clearly P(G') = U, V(H;). Now, for
{u,v} C V(H;), 1 <i <k, we have, d(u,v) = 1, and for u € V(H;), v € V(H;), i # j, we
have

3 <dg(u,v) <d(G)+2 (3.2)

Hence from (2.1), we have

PH(G)= Y d(ul, )

1 1
- Z T + Z dg/ (u, 2))

{u,v}CV(H;), weV(H;), veV(H;),
1<i<k 1<i<j<k

n(n—1) 1
Rk kD DR =y oy
weV (H;), veV(H;), ’
1<i<j<k

From (3.2), we have

1 1 1
2 OEV 2 dor(w,0) = );ev 3

ueV (H;), veV (Hj), u€V (H;), veV (Hj), u€V(H; (Hj),
1<i<j<k 1<i<j<k 1<i<j<k
that is
k(k — 1)n? 1 k(k — 1)n?
T < < 4
2(d(G)+2) — Z dgr(u,v) — 6 (34)

ueV(H;), veV (Hj),
1<i<j<k

Proposition 3.7. Let G = (V, E) be a graph with n > 1 vertices. Let G’ be the corona product
K, o G of the complete graph K,,, m > 2 and G. Then

m mn(n—1)  m(m—1)n?
A 6

PH(G) =
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Proof. The set of peripheral vertices of G, P(G') = V(G') — V(K,,). Let H,, ..., H,, be the
components of G’ — V(K,,). Note that H; = G, Vi and for any u,v € P(G’),u # v, we have,

1, if {u,v} C V(H;) forsomei, 1 <i<mandu~ v;
de (u,v) = 12, if{u,v} C V(H;) forsomei, 1 <i<mandu # v;
3, lfUGV(Hl), ’UGV(HJ'), 1§z<y§m

Hence from (2.1), we have

1
A
PH(G)_ Z dG/(U,’U)
{u,v}CP(G)
1 1 1

= > 1t X 3t 3

{u,v}CV(H;), {u,w}CV(H;), uw€V(H;), vEV(H;),
1<i<m 1<i<m 1<i<j<m
u~v ugbv
I [n(n-1) m(m — 1)n?

m|E|+ 5m { — | |] + =

_m mn(n—1)  m(m—1)n?
= ZIB+ ——+ —

Proposition 3.8. Let G be a graph with m > 2 vertices and H be a graph with n > 1 vertices.
Let G' be the corona product G o H of the graphs G and H. Then

k kn(n—1)  k(k—1)n?
S E(H)| + — +2(d(G)+2)

nin — _ n2

SPH(G’)gg\E(H)|+k (4 D, klk 61) |

where k = |P(G)|.

Proof. Let Hy, ..., H,, be the components of G’ — V(G). Note that H; = H, Vi. Let vy, ..., vy
be the peripheral vertices of G. Then, clearly P(G') = UY_,V(H;). Now, for any u,v €
P(G"),u # v, we have

do(u,v) = 1, if{u,v} CV(H;)forsomei, 1 <i<kandu~ v;
S ) if {u,v} C V(H;) forsome i, 1 <i < kandu % v,
and foru € V(H;), ve V(H,), 1 <i < j <k, wehave
3 <dg (u,v) <d(G)+2 (3.5)

Hence from (2.1), we have

PH(G)= ) !

{uv}CP(C") der(u,v)
1 1 1
N Z 1 + Z 2 + Z dgr (u,v)
{u,v}CV(H;), {u,v}CV(H;), u€V (H;), veV(Hj ),
1<i<k 1<i<k 1<i<j<k

u~v ugbv
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1 [n(n-1) 1
=k|E(H k| ————|E(H E —
w€V (H;), veV (H;),
1<i<j<k

k kn(n —1) 1
=_-|EH)|+ ——= — 3.6

S| B(H)| + —7—+ > do () (3.6)

uweV (H;), veV(H;),
1<i<j<k

From (3.5), we have

3 b Z R S 1
u€V (H;), veV (Hj), d(G) +2° u€V(H;), veV (Hj), der (u,v) - u€V(H;), veV (Hj), 3
1<i<j<k 1<i<j<k 1<i<j<k
that is
k(k — 1)n? 1 k(k — 1)n?
LA AT < (G.7)
2(d(G)+2) WEV (L) aeV (), dgr (u,v) 6
1<i<j<k
Using (3.7) in (3.6), we have
k kn(n—1)  k(k—1)n?
—|E(H
P = T @+ 2
_ _1\2
SPH(G,)Sg‘E(H)H_kn(n4 1)+k:(k 61)n . .

Proposition 3.9. For the m x n grid graph P,,, x P,, (the graph Cartesian product of path graphs
onm > 2andn > 2 vertices),

1 1 1
PH(P,, x P,) =2 .
(P > ) (m—l+n—l+m+n—2>

Hence, for the ladder graph P,, x P,

1 1
PH(P, x P,) = (++1>.
n—1 n
Proof. In the grid graph P,,, x P, there are exactly 4 peripheral vertices each of eccentricity
m + n, situated at the four corners of the grid. Let v;,v;,v3 and v4 be the peripheral vertices
P,, x P,. Therefore from (2.1), we have

1
PH(P, x P,) = Z (o)
1<i<j<4 v
1 1 1
=2 .
<m1+n1+m+n2> (3:8)

From (3.8), for the ladder graph P,, x P, it follows that,

n—1 2—-1 n+2-2

:2(1+1+1>.
n—1 n O

PH(anPZ)_z( ! + : + : >



Peripheral Harary Index of Graphs 331

Proposition 3.10. Let G = P,,, x C,, denote the cylinder graph with m > 2 and n > 3. Then

1 1 1
PH(G)=2PH(C, pPHP )20 | —4+—bs + A — ———
(G) (Cn) +nPH( )+n<m+m+l+ +m+LZJ—2>
n2¢n)
+
m+ 2] -1
0  when n is even,
where e(n) = ,
1 when nis odd.
Proof. We have
PH(Cy) = H(Cy) = 2 2<1+1+~.+ ! )+2€(n)1 (3.9)
" o2 2 3]-1) 5]
and
PH(Py) = — = 1 (3.10)
" d(Py) m—1 '

Clearly, the number of peripheral vertices in G is 2n. For any v € P(G), we have

1
Z dg(u,v)

u€P(G)—{v}

:2<1+;+---+ LZJ1—1>+ 2] " w1

+2< R S ! )
(m=1)4+1 (m—-1)+2 (m—1)+|%] -1

Hence,

1 1
=2PH(C, PH(P,, n| —+ —+...
(Cn) +nPH( )+n<m+m+1+ +m+L%J—2

N———

n2:) (using (3.9) and (3.10))
_— usin . an . .
mt 2] -1 £ !
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We use the following two lemmas (see [7]) to discuss the computation of Peripheral Harary
index for the Cartesian product of graphs.

Lemma 3.11. /7] Let G and H be graphs, and let (g, 1), (g , h') be vertices of G x H. Then
daxu((g:h), (¢, 1)) = da(g.9') + du(h, ).
Lemma 3.12. [7] For two graphs G| and G»,
P(G) x Gp) = P(G)) x P(Gy).

Theorem 3.13. For two graphs G and G, with ki and k, peripheral vertices respectively,

ko PH(Gy) + ki PH(Ga) + M <kzl> (kzz>

< PH(G) x G2) < kaPH(G1) + k1 PH(G2) + ;(?) <kzz>

Proof. Let P(Gy) = {u,...ug, } and P(G,) = {vi,...vg,}. From (2.1), we write

1
PH(G)= Y ——— (3.11)
1<i<j<ki de, (ui, uy)
and
1
PH(G) = Y —F——— (3.12)
1<i<j<ks de, (vi, v5)

By Lemma 3.12 and using (2.1), we have

1
PH(G] X Gz) =
lgi,jgk%l:gk,lgkz, dGl><G2((ui7Uk)> (ujvvl))
i#£jork #1
1
= Z (from Lemma 3.11)
1<t gk Tk i, 961 (U0 U5) + daa (v, v)
i#jork #1

> 1
S5t den (i) + day (ks 1)
1<k=I<Fky

1
>
1<i=j<ki, dGI (uia uj) + dGz(Uk; Ul)
1<k<i<k,

1
+
Z da, (ui, uj) + da, (vg, vr)

1<i<j<ky,
1<k<I<k,
RPH(G) + MPH(G) + ) : (3.13)
=K 1 1 ) ‘
1<i<j<ki, de, (ui, u;) + de, (i, vi)
12k<I<ky

Now, forany 1 <i < j<kjand1 <k << kp, we have

2 S dG1 (UZ,U]) + dG2<Uk7vl) S d(Gl) + d(GZ)
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which implies

1 1 1
> G +d(G) = > do (wnw)) + de (om o) = > 3

1<i<j<ki, 1<i<j<kp, 1<i<j<ki,
1<k<i<k, 1<k<i<k, 1<k<i<k,
that is
1 kl kz 1 1 kl k2
e — < < = 3.14
d(G1)+d(G2)(2><2> S D = e e e e 2(2)(2) G149
St<)SKRy,
1<k<i<k,
Using (3.14) in (3.13), we get
1 kq ko
kPH(G{)+ kPH(Gy) + —m«+——
2PH(C1) + ki PH(G:) d(G1)+d(G2)<2)(2>

< PH(G) x G2) < ko PH(G1) + k1 PH(G2) + ;@) <k22>

The following Corollary is immediate from Theorem 3.13.

Corollary 3.14. For a graph G with k peripheral vertices,

2kPH(G) +

2d(G) (];)2 < PH(G x G) <2kPH(G) + 1(k>2.

2\2

Proposition 3.15. Let G = TA’“ denote the Dendrimer tree (see [14]), which is a rooted tree with
level k where every non-pendent vertex is of degree A. Then

ARl fork=1,
A(A—IX(A—Z) + A(A8—1)3, fork = 2;
e el [ R R e el T | Y )

PH(G) =

Proof. Clearly the number of peripheral vertices in G is A(A — 1)*~!. For any v € P(G), we
have

(A;]), fork =1;
N = - _1)2
weP(G)—{v} de (u;v) (A 5 2) + (a 1 D , fork=2
and for k > 3,
1 (A-2) (A—1) (A-1) (A—1)F
> = - ot +
e G {u} dg(u,v) 2 4 2(k—1) 2k
o (A-1) 1 1 (A-DF1Y) 1
= 3 1+ 3 + + - + A >
Hence
1 1
PH ==
(@) 2 dg(u,v)
veEP(G)ueP(G)—{v}
Al fork = I;
= (A7) | A1) for k = 2;
A( '




334 R. Rajendra, K. Bhargava, D. Shubhalakshmi and P. Siva Kota Reddy

4 Computation of peripheral Harary index using adjacency matrix

Let G be a graph of diameter d with n vertices vy,...,v,. Let A = (ag;)) be the adjacency
matrix of G, where
a(l) _ 1, if?]iNUj;
4 0, otherwise.

Consider the powers A*, 2 < ¢t < d of A. We denote the (i, j)-th element of A* (2 <t < d), by
(t)

aijs where

t - t—1) (1
oy = 3l Vel
k=1

We know that ag) is the number of distinct edge sequences of length ¢ between v; and v;. For

1% 7, let aé?” ) be the first non-zero entry in the sequence ag;)7 ag), cee ag?
(2i5)

a.:

. Then, it is clear that

.7/ is the the number of geodesics of length ¢;; between v; and v;. Therefore d(v;,v;) = ¢;;.
Note that the matrix (g;;) is the distance matrix of G, where g;; is set to zero.

Suppose that G has k peripheral vertices. Without loss of generality we may assume that
vi,. .., vy are the peripheral vertices of G (this is nothing but relabeling of vertices). Therefore
from (2.1), the pheripheral Harary index of G is given by

1
PH(G) = Z — 4.1)
1<icy<k 1
Let us define qﬁg), (1 <t <d,i#j)as follows:
. ( 2 t—1 t
o) — L, if a§j> = “Ej) == agj '=0and “z(‘j) 7 0; 4.2)
Y 0, otherwise.
Then
) d
1 d
=100 +2.60 +- +d- o) =S "t-0 4.3)
t=1
Using (4.3) in (4.1), we write
1
PH(G) = Z . (4.4)
1<i<j<k 221:1 t- ¢§§')
Thus, we have the following theorem:
Theorem 4.1. Let G be a graph of diameter d with n vertices vy, . . ., v, and k peripheral vertices
Vy...,V% Let A = (agy) be the adjacency matrix of G. Denote the (i, j)-th element of A

(2 <t <d)byal). Then

1
PH(G)= Y ——
1<i<j<k thl t- ¢£§)
where (bgi), (1 <t<d,i+#j)isgiven by
ifa(l) =g =...= ag»_l) =0and a;tj) #0;

L, iJ iJ

) _
%ij {07 otherwise.
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4.1 An algorithm

Here, we present an algorithm to find the peripheral Harary index of a graph G using its adja-
cency matrix A. An algorithm for finding the distance matrix D of G is assumed.

Algorithm to find the peripheral Harary index

Input: Adjacency matrix of a connected graph G

Output: 1. PH(G), peripheral Harary index of the graph G
2. P, Vector of peripheral vertices
Start:

Step 1: Define the adjacency matrix A of G
Step 2: Determine the distance matrix D of G

Step 3: Determine P

Step 3.1: [ Initialize k to 1]

Step 3.2: [ Determine the diameter ¢ of the graph ]
t = D[1,1]
Repeat fori = 1ton
Repeatforj = 1ton
If < j then
if (D[i, j] > t) then
t = DIi, j]
Step 3.3: Repeatforj=1ton
If (D[k, j| = t) then
Plk] =j
E=k+1

Step 4: Compute the Peripheral Harary index

Step 4.1: [ Initialize PH(G) to 0 ]

Step 4.2: Repeatfori = 1tok
Repeatforj =i+ 1tok

PH(G) = PH(G) +1/D[P[i], P[f]]
Step 5: End of the algorithm
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