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Abstract Let A be a prime *-algebra. In this paper, we prove that every mapping § : A — A
satisfying 6(ab — bo a*) = §(a)b + ad(b) — 6(b) o a* — bo §(a)* (where o is the special Jordan
product on .A), for all elements a,b € A, is an additive *-derivation.

1 Introduction

Let A be a x-algebra over the complex field C. Denote by a o b = %(ab + ba), for all elements
a,b € A, the special Jordan product and by [a,b]. = ab — ba*, for all elements a,b € A, the
x-Lie product. A mapping 6 : A — A is called additive x-derivation if it is an additive derivation
and satisfies 6(a*) = d(a)*, for all element a € A, and it is called nonlinear *-Lie derivation
if 6([a,bl.) = [6(a),b]« + [a,(b)], for all elements a,b € A. A mapping § : A — A is called
x-derivation-type on sum of products ab — b o a* if

d(ab—boa*) =4d(a)b+ ad(b) — (b) oa™ —bod(a)", (1.1)

for all elements a,b € A.

Recently, several authors have presented new results in the study of some classes of mappings
on *-algebras. Within the scope of this paper some examples can be seen in [1], [2], [3], [4]. In
that regard, Cui and Li [1] proved that every bijective map preserving *-Lie product on factor von
Neumann algebras is a *-ring isomorphism, Yu and Zhang [4] proved that every *-Lie derivation
on factor von Neumann algebras is an additive x-derivation and Ferreira e Marietto [2] proved
that every mapping preserving sum of products ab — b o a* on factor von Neumann algebras is
a x-ring isomorphism. Motivated by these results, the aim of the present paper is to prove that a
mapping of x-derivation-type on sum of products ab — b o a* on prime *-algebras is an additive
x-derivation.

Our main result reads as follows.

Theorem 1.1. Let A be a prime x-algebra with 14 its identity and such that A has a non-

trivial projection. Then every mapping § : A — A satisfying 6(ab — bo a*) = §(a)b + ad(b)
—d(b)oa* —bod(a)*, for all elements a,b € A, is an additive *-derivation.

2 The proof of the Theorem 1.1

The proof of the Theorem 1.1 is made by proving several lemmas. We begin with the following
lemma.

Lemma 2.1. Let A be a x-algebra and a mapping § : A — A of *-derivation-type on sum of
products ab — bo a*. Then §(0) = 0.

Proof. Indeed, 5(0) = 5(00 — 00 0%) = 6(0)0 + 05(0) — 5(0) 0 0* — 0 0 5(0)* = 0. O
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Lemma 2.2. Let A be a prime *-algebra with 1 4 its identity and such that A has a nontrivial
projection. Then every mapping 6 : A — A of x-derivation-type on sum of products ab — b o a*
is additive.

Based on the approach taken by Cui and Li [1], Ferreira and Marietto [2] and Yu and Zhang
[4], we shall organize the proof of Lemma 2.2 in a series of properties. We begin, though, with
a well-known result that will be used throughout this paper.

Let p; be an arbitrary non-trivial projection of A and write p, = 1 4 —p;. Then A has a Peirce
decomposition A = Aj; & Ajp @& Az @ Ap, where A;; = p; Ap; (4,5 = 1,2), satisfying the
following multiplicative relations: A;;Ax; C 01451, Where 04, is the Kronecker delta function.

Property 2.3. For arbitrary elements a;; € Ay, by € Ap, 1 € Ap and dpy € Ay, the
following assertions hold: (i) 5(&11 + b12) = 5(&11) + 5(()12), (i) 5(&11 + 621) = 5(6(,11) + 5(621),
(ii1) 5(1)12 + d22) = 5(()12) + 5(d22) and (iv) 5(021 + dzz) = (5(021) + 5(d22)

Proof. Atfirst, observe that (ipy) (a1 +b12) — (a11 +b12) o (ip2)* = (ip2)bi2 — biz o (ip2)*, since
(ip2)air — aqy o (ip2)* = 0. For this reason, by Lemma 2.1, we have
6(ip2)(arr + bra) + (ip2)d(ary + bi2)
— (a1 + b12) o (ip2)* — (a11 + biz) 0 d(ip2)*
=5((ip2) (a1 + b12) — (a1 + b12) o (ip2)*)
=0((ip2)arr — ar o (ip2)™) + d((ip2)bia — brz o (ip2)™)
=06(ip2)an + (ip2)d(ai) — d(ar) o (ip2)* — ai 0 6(ip2)”
+ 8(ip2)bia + (ip2)6(b12) — 8(b12) o (ip2)* — by 0 8(ipy)*
=0(ip2) (a1 + bi2) + (ip2)(6(ai1) + 6(b12))
—(0(an) +(b12)) o (ip2)* — (a1 + b12) o d(ip2)*

which demonstrates that
(ip2)(8(arr + bi2) — 6(arr) — 8(b12)) — (6(ar; + b12) — 6(ar1) — 8(b12)) o (ip2)* = 0.

Defining ¢ = 6(ay; + bi12) — 6(a11) — 8(b12) = t11 + iz + 21 + t22, We can write the above
equation as

(ip2) (11 + t12 + ta1 +t2) — (b1 + ti2 +t21 +t22) o (ip2)* =0

which implies that %tlz + %tm + 2ty = 0. It results in ¢, = t21 = t2» = 0. Now, observe that
(ip1 — 3ip2)(ann + biz2) — (a1 + b12) o (ip1 — 3ip2)* = (ip1 — 3ip2)an — aiy o (ip1 — 3ip2)”,
since (ip; — 3ip2)b1a — b1z o (ip1 — 3ipz)* = 0. It therefore follows that
6(ip1 — 3ip2)(anr + biz) + (ip1 — 3ip2)d(air + br2)
— (a1 +bi2) o (ip1 — 3ip2)* — (@11 + biz) 0 6(ip1 — 3ip2)™
=6((ip1 — 3ip2) (a1 + b12) — (ar1 + bi2) o (ipy — 3ip2)™)
=6((ip1 — 3ip2)ary — ay o (ip1 — 3ip2)*)
+d((ip1 — 3ip2)bia — b1z o (ip1 — 3ip2)*)
=6(ip1 — 3ipz)arr + (ip1 — 3ip2)d(an)
—&(ary) o (ip1 — 3ip2)* — ayy 0 8(ipy — 3ipy)*
+ 0(ip1 — 3ip2)bia + (ip1 — 3ip2)d(bi2)
— 0(b12) o (ip1 — 3ipa)* — bia 0 8(ipy — 3ip2)*
=6(ip1 — 3ip2)(an + bia) + (ip1 — 3ip2)(d(an) + 5(b12))
— (6(a11) +9(b12)) o (ip1 — 3ip2)* — (a1 + bia) 0 6(ipy — 3ip2)”
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which produces

(ip1 — 3ip2) (6(a11 + b12) — d(an) — 6(b12))
— (0(ar11 + bi2) — 0(a11) — 6(bi2)) o (ip1 — 3ip2)* = 0.
This shows that
(ip1 — 3ip2)tin — tiy o (ip1 — 3ip2)” =0
which leads to ¢;; = 0. As consequence, we obtain 6(ay; + b12) = §(a11) + §(b12).

Using a similar reasoning as above, we prove the cases (ii), (iii) and (iv). O

Property 2.4. For arbitrary elements b, € A, and ¢;; € A, the following assertion holds:
5(biz + 1) = 8(b12) + 6(ca1)-

Proof. At first, observe that (ip; —3ip2) (b12+c21) — (b2 +c21) 0 (ip1 — 3ipa)* = (ip1 —3ipa)car —
21 0 (ip1 — 3ipa)*, since (ip; — 3ip2)bi2 — b1 o (ip1 — 3ip2)* = 0. On account of this, we have
d(ipy — 3ip2)(brz + c21) + (ip1 — 3ip2)0(bi2 + c21)
— 0(b12 + c21) o (ip1 — 3ip2)™ — (bia + ¢21) 0 0(ipy — 3ip2)*
=((ip1 — 3ip2)(b1a + c21) — (b12 + ¢21) © (ip1 — 3ip2)™)
=6((ip1 — 3ip2)bra — bz o (ip1 — 3ip2)™)
+ 6((ip1 — 3ip2)car — ca1 0 (ip1 — 3ip2)™)
=0(ip1 — 3ip2)bia + (ip1 — 3ip2)d(b12)
— 0(b12) o (ip1 — 3ipa2)* — b1z 0 8(ip1 — 3ip2)*
+ 0(ip1 — 3ip2)car + (ipy — 3ip2)d(car)
— d0(ca1) o (ip1 — 3ipa)™ — ca1 0 d(ip1 — 3ip2)”
=0(ip1 — 3ip2)(bia + c21) + (ip1 — 3ip2) (6 (b12) + 6(ca1))
— (8(b12) + d(ca1)) o (ip1 — 3ip2)™ — (b2 + c21) 0 6(ip1 — 3ipa)*

which gives

(ip1 — 3ip2) (8(b1a + c21) — 8(b12) — 8(ca1))
— (5(b12 + 021) — 5(1)12) — 5(021)) e} (ipl — 3ip2)* =0.

Defining t = 5(b12 + 621) — 5([)12) — 5(621) = t11 + t12 + t21 + t2p, we can write the above
equation as

(tp1 — 3ip2)(tin + tiz + ta1 + tn) — (t11 + tiz + tor + t2) o (ip1 — 3ip)* = 0

through which we get 2¢,; —4t,; —6t; = 0. This implies that ¢;; = ¢5; = t2; = 0. Now, observe
that (—3ip;+ip2) (bia+c21) — (bia+c21) o (=3ip1+ip2)* = (—3ipi+ip2)bia—bizo(—3ip1+ip2)*,
since (—3ip; + ip2)ca1 — a1 © (—3ip; +ip2)* = 0. On account of this, we have
8(=3ip1 + ip2) (b1a + c21) + (=3ip1 + ip2)d(b1a + c21)
—0(b1a + ¢21) o (=3ip1 + ip2)* — (b1z + c21) 0 6(—3ip; +ip2)*
=6((=3ip1 +ip2)(b1a + c21) — (b12 + ¢21) 0 (=3ipy + ip2)*)
=0((—3ip1 + ip2)bia — bz o (=3ip; +ip2)*)
+ 6((=3ip1 +ipa)car — ca1 0 (=3ipy +ip2)”)
=0(=3ip1 + ip2)biz + (=3ip1 + ip2)d(b12)
—(b12) o (=3ip1 +ip2)* — b1z 0 6(=3ip; +ip2)”
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+ 0(—=3ip1 +ip2)car + (—3ipr + ip2)d(car)
—0(ca1) o (=3ipy +ip2)" — ca1 0 0(=3ip; +ip2)”
=0(—3ip1 +ip2)(biz + c21) + (—3ip1 + ip2) (6 (b12) + 6(c21))
— (0(b12) + d(ca1)) o (=3ip1 +ip2)* — (bia + c21) 0 6(—3ip; + ip2)*

which gives

(=3ip1 +ip2)(0(b12 + c21) — 0(b12) — 6(c21))
— (8(bia 4+ ¢c21) — 8(b12) — d(c21)) o (=3ip1 +ip2)* = 0.

It follows from the above equation that

(=3ip1 +ip2)tia — tip o (=3ip; +ip2)* =0

which results in ¢1, = 0. Consequently, 6(bia + c21) = §(b12) + d(ca1). O

Property 2.5. For arbitrary elements a;; € Ajq, bz € Az, o1 € Az and dy € Ay, the
following assertions hold: (i) (aj; +b1a + c21) = 8(ar;) + 8(b12) + d(ca1) and (i) 6(b1a + a1 +
d22) = 5(612) + (5(021) + 5(d22).

Proof. 1t follows from the Property 2.4 that

8(ip2)(arr + bia 4 ca1) + (ip2)d (a1 + biz + ca1)

—0(arr + b +ca1) o (ip2)* — (arr + bia + c21) 0 6(ip2)”
=0((ip2) (a1 + bz + c21) — (@11 + br2 + ca1) o (ip2)™)
=0((ip2)arr — a1 o (ip2)*) + 0((ip2)biz — biz o (ip2)*)

+0((ip2)car — ca1 0 (ip2)*)
=d(ip2)air + (ip2)d(arr) — d(air) o (ip2)™ — aiy o 6(ip2)”

+ 6(ip2)bia + (ip2)d(b1a) — 8(br2) o (ip2)™ — bra 0 d(ip2)*

+d(ipa)ear + (ip2)0(car) — d(car) o (ip2)™ — a1 0 6(ip2)”
=0(ip2) (a1 + bia + ca1) + (ip2)(0(arr) + 6(b12) + d(ca1))

= (6(a11) + 0(b12) + 6(ca1)) © (ip2)" — (an + bia + c21) © 6(ip2)”

which produces the equation

(ip2)(0(arr + bio + c21) — 6(air) — d(bi2) — 6(ca1))
— (8(ayy + b1z + c21) — 8(a11) — 8(b12) — d(ca1)) o (ip2)* = 0.

Defining ¢ = §(ai + b1z + ¢21) — 6(a11) — 6(bi2) — d(ca1) = ti1 + tia + to1 + t22, S0 We get
(ip2)(t11 + ti2 + ta1 +t22) — (t11 + iz + tar +t2) o (ip2)* =0

which leads to %tlz + %tzl + 2t5; = 0. It therefore follows that t15 = t3; = ty» = 0. Also, by
Property 2.3(ii), we have
6(ip1 — 3ipa)(ary + bia + c1) + (ip1 — 3ip2)d(ars + bia + ca1)
— 0(arr + bz + ca1) o (ipy — 3ip2)™ — (a1 + bia + ca1) 0 6(ipr — 3ipa)”
=06((ip1 — 3ip2) (a1 + bz + c21) — (a11 + bz + c21) o (ip1 — 3ip2)™)
=4((ip1 — 3ip2)an — any o (ip1 — 3ip2)*)
+ 6((ip1 — 3ip2)bia — b1z o (ipy — 3ip2)™)
+ 0((ip1 — 3ip2)car — a1 0 (ip1 — 3ip2)™)



390 Jodo Carlos da Motta Ferreira and Maria das Gragas Bruno Marietto

=0 (ip1 — 3ip2)an + (ip1 — 3ip2)d(anr)
—d(aq) o (ip1 — 3ipa)* — aqq 0 8(ip1 — 3ip2)*
+ 8(ip1 — 3ip2)bia + (ip1 — 3ip2)d(b12)
—0(b12) o (ip1 — 3ip2)* — bip 0 8(ip1 — 3ip2)*
+ d(ip1 — 3ip2)ear + (ip1 — 3ip2)d(car)
—8(ca1) o (ip1 — 3ip2)* — ca1 0 8(ip1 — 3ipa)*
=6(ip1 — 3ip2) (a1 + bia + c1) + (ip1 — 3ip2)(6(arn) + 6(bra) + d(car))
— (6(ar) + 8(b12) + 6(ca1)) o (ipy — 3ip2)*
— (a11 + b2 + c21) 0 8(ip1 — 3ipy)*

which demonstrates that

(ip1 — 3ip2)(8(ar1 + bia + ca1) — 6(an) — 6(b12) — (car))
— (6(ai + bia 4+ c21) — 6(ar) — 6(bia) — 6(ca1)) o (ip1 — 3ip2)* = 0.

It results in
(ip1 — 3ip2)t11 — t11 o (ip1 — 3ip2)”

=0
which leads to ¢;; = 0. Therefore, 6(ai; + bi2 + ¢21) = d(ai) + 6(bi2) + 6(ca1)-
Using a similar reasoning as above, we prove the case (ii). O

Property 2.6. For arbitrary elements a;; € Ajq, bz € Ajp, 21 € Ay and dy € Ay, the
fOHOWiIlg assertion holds: 5((111 +bia + o1 + dzz) = 5(0,1]) + 5(b12) + 5(621) + (5(d22)

Proof. From Property 2.5(i), it follows that

d(ip1)(ai + bz + c21 + do2) + (ip1)d (a1 + biz + 21 + dn)

—d(ar + bia + a1 +da) o (ip1)" — (a1 + bia + c21 + daz) 0 6(ipy)*
=6((ip1)(arr + bz + c21 + daz) — (ary + bia + c21 +daz) o (ip1)*)
=0((ip1)arr — ar o (ip1)*) + 0((ip1)bia — brz o (ip1)”)

+((ip1)car — car o (ip1)™) + 0((ip1)daa — daz o (ip1)”)
=6(ip1)ar + (ip1)d(arr) — 8(arr) o (ip1)* — ary o 6(ipy)*

+ d(ip1)biz + (ip1)d(b12) — 6(b12) o (ip1)™ — bra 0 0(ip1)*

+d(ip1)car + (ip1)d(car) — d(car) o (ip1)™ — ca1 0 0(ip1)”

+ 6 (ip1)daz + (ip1)d(daz) — 6(daz) © (ip1)”™ — daz 0 d(ip1)”
=0(ip1)(ain + bz + co1 +dn) + (ip1)(6(ai) + 6(ba1) + 6(c21) + 6(d22))

— (6(ar) + 8(ba1) + d(ca1) + 0(daz)) o (ip1)* — (a1 + b1z + c21 + da2) 0 8(ip1)*

which results in the equation

(ip1)(6(ar1 + bz + ca1 + dxn) — 8(a11) — 6(b12) — d(c21) — 6(d22))
— (8(an + bz + c21 +dn) — d(arr) — 8(bia) — 6(ca1) — 6(da2)) o (ip1)* = 0.

Defining t = §(ai + b1z + c21 + dp) — 6(ai) — 6(bi2) — 6(ca1) — 0(d2) = t11 +t12 +to1 + o,
we obtain

(ip1) (t11 + t12 + to1 + t22) — (b1 + t12 +to1 + t22) o (ip1)* =0

which implies that 2¢;; + %tlz + %tzl = 0. Therefore, t;; = t;o =t = 0.
Using a similar reasoning as above, we prove that ¢y, = 0. As consequence we have §(aj; +
bia + 21 + dpa) = d(arn) + 6(b12) + 6(ca1) + 6(da2). O
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Property 2.7. For arbitrary elements a3, 012 € Az and ¢p1,dp; € Ajyp, the following assertions
hold: (1) (5(0,12 + blz) = 5(@12) + (5(1)12) and (ii) (5(021 + d21) = 5(021) + (5(d21).

Proof. First, we note that the following identity holds

(p1 +a2)(p2 + b12) — (P2 + biz) o (p1 + a2)* = ann + %blz — %GTZ — %blzaiﬂz - %“szlz

Then, by Property 2.6, we have

8(arz + 3b12) + 8(—3ai) + 8(=5bi2aty) + 6(—zairbin)
=6(ain + tbio — Saj, — Ybiat, — Safbi)
=0((p1 + a12)(p2 + b12) — (p2 + b12) o (p1 + a12)")
=30(p1 + a12)(p2 + b12) + (p1 + a12)0(p2 + b12)
—0(p2+bi2) o (p1 +a2)” — (p2 + b12) 0 0(p1 + ar2)”
=(6(p1) + d(ar2))(p2 + bi2) + (p1 + a12)(6(p2) + 0(b12))
—(6(p2) +6(b12)) o (p1 +a12)™ — (p2 + b12) o (8(p1) + d(ar2))*
=0(p1)p2 + p16(p2) — 6(p2) o pi —p206(p1)*
+ 6(p1)bi2 + p16(b12) — 6(b12) o pi — bra 0 6(p1)*
+ d(ar2)p2 + a126(p2) — 6(p2) © ajy — p2 0 6(ar2)”
+ 8(a12)biz2 + a126(b12) — (b12) 0 ajy — bz 0 6(a12)*
=0(p1p2 — p2 o pi) + 0(p1br2 — b2 0 py)
+ 0(a12p2 — p2 o ajy) + 6(anbin — binoaj,)
=6(3b12) + 0(ar — 3ai,) + 6(—3baj, — 3aibin)
=0(a12) + 8(3b12) + 8(—3a7,) + 6(—3bi2ai;y) + 8(—3a7012)
which shows that §(a;, + %blz) = 6(an) + 6(%b12). Due to this result, we conclude that 6(a; +

b12) = 5(a12) + (5(()12).
Similarly, we prove the case (ii) using the identity

(p2 + c21)(p1 + do1) — (p1 + do1) 0 (p2 + e21)* = a1 + 3do1 — 365, — Sdoics) — L3 oy
o

Property 2.8. For arbitrary elements a1, b;; € Ay and ¢y, day € Ajp, the following assertions
hold: (i) (5((111 + bll) = (5(@11) + (5(1)11) and (ii) (5(022 + d22) = 5(022) + (5(d22).

Proof. At first, observe that (ip;)(a1; + b11) — (a1 + b11) o (ip2)* = 0, since (ip2)ai; — aq; ©
(ip2)* = (ip2)b11 — b1y o (ip2)* = 0. For this reason, by Lemma 2.1, we have
6(ip2)(a1r + bir) + (ip2)d (a1 + biy)
—6(ar1 +b11) o (ip2)* — (arr + biy) o 6(ip2)”
= 0((ip2)(a1r + bir) — (a1 +biy) o (ip2)*)
§((ip2)arr — a1y o (ip2)*) + 6((ip2)bi1 — bry o (ip2)*)
= d(ip2)an + (ip2)d(air) — d(a1r) o (ip2)™ — a1y o 6(ip2)*
+0(ip2)bi1 + (ip2)0(bi1) — 8(b11) o (ip2)™ — biy 0 6(ip2)”
= 0(ip2)(arr + bi1) + (ip2)(6(a1r) + 0(bi1))
—(0(a11) +0(b11)) o (ip2)* — (arr + bir) 0 8(ip2)”

which demonstrates that

(ip2)(6(ar1 + b11) — 8(a11) — 6(b11)) — (8(arr + b11) — d(ar1) — 6(b11)) o (ip2)* = 0.
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Defining ¢t = §(a1; + b11) — d(ar1) — 8(b11) = t11 + t12 + t21 + t22, we can write the above
equation as

(tp2)(t11 + tia +ta1 +t22) — (L1 + iz +tar +t2) o (ip2)* =0

which yields in %t 12+ %tﬂ + 2t2, = 0. It therefore follows that ¢;, = ¢p; = t2» = 0. Next, for
an arbitrary element ¢, € A, we have, by Property 2.7(i),

d(arr + bi)erz + (an + bi1)d(crn)
—d(cr2) o (an +b11)* —craod(an +bn)”
= 6((arr + bir)err — crp o (ary +bir)*)
= d(ajcin —erzoajy) + d(biicia — cra 0 byy)
= d(an)e +and(crz) — d(ci2) oaj; —craod(an)”
+6(bi1)ern + br1d(ci2) — d(cia) 0 by — 12 0 d(byy)*
= (8(a11) +6(bi1))ciz + (ar +bii)d(cin)
—d(c12) o (a1 +b11)* = cra o (0(arr) + 6(bir))"
This produces the equation
(6(arr +b11) —d(a) — 6(bir))cia — ez o (8(ary + bir) —d(an) —6(bi1))* =0
which leads to
tiicip —cpoty; =0.

Due to this result, we conclude that ¢;; = 0. Consequently, we obtain §(a;; + by1) = 6(ar;) +
(S(b]]).

Similarly, we prove the case (ii). O
Property 2.9. § is an additive mapping.
Proof. The result is a direct consequence of Properties 2.6, 2.7 and 2.8. O
From now on, we assume that all lemmas satisfy the conditions of the Theorem 1.1.

Lemma 2.10. (i) 6(14) = 0and 6(il 4) = 0, (ii) §(a*) = §(a)*, for all element a € A, and (iii)
d(ia) = id6(a), for all element a € A.

Proof. Observe that the calculations
S(1a)la+1406(14) —0(la)o 1y —1408(1a)* =0(1ala—1401%)=0

and

6(i1a)(i1a) + (114)6(i1a) — 6(ila) 0 (i)™ — (ila) 0 6(il.a)"
=0((i14)(i1a) — (ila) 0 (il4)") = —26(14)
resultin (14)—d(14)* =0and —26(14) = 3id(il 4)—id(i1.4)*, respectively. As —25(14)* =
—3i6(i1.4)* +46(i1 4), then we conclude that §(il1 4)* = —5(il 4). As consequence of the last
result, we have
26(i1a) =6((ila)la — Lao (ila)")
:5(i1A>1A + (ilA)(S(lA) —6(ly)0 (ilA)* — 140 5(i1A)*
=26(i1.4) + 2i6(1.4)

which shows that §(1 4) = 0 and this leads to conclusion that (i1 4) = 0. Thus, for an arbitrary
element a € A, we have
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6(a) —d(a)* =d(a)lga+ad(1a) —6(14)0a*—1408(a)*
=d(aly —1g0a*) =6d(a) —d(a*)

and
26(ia) = §((ila)a—ao(il4)")
5(ila)a+ (i1 4)d(a) —d(a) o (il4)* —aod(il4)*
= 2id(a).
Consequently, §(a*) = §(a)* and §(ia) = id(a), for all element a € A. m|

Lemma 2.11. The mapping 6 is a derivation.
Proof. For arbitrary elements a,b € A, we have
d(ab) —d(boa*) = d(ab—boa”)
= §(a)b+ad(b) —d(b)oa* —bod(a)*, (2.1)
by Property 2.9. Replacing a by ia in the equality (2.1), we obtain
5((ia)b) —d(bo (1a)*) = 6&((ia)b—bo (ia)*)
5(ia)b + (ia)d(b) — 6(b) o (ia)* — bo d(ia)*

which leads to
d(ab) +d(boa*) = d(a)b+ ad(b) +d(b)oa* +bod(a)”, 2.2)
by Lemma 2.10. Adding (2.1) and (2.2), we have
§(ab) = 6(a)b+ ad(b).
|

Ending the demonstration of the Theorem 1.1, we conclude that ¢ is an additive *-derivation,
by Property 2.9 and the Lemmas 2.10(ii) and 2.11.
The result that follows is a direct consequence of the Theorem 1.1.

Corollary 2.12. Let 7 be an infinite dimensional complex Hilbert space, B(7) the algebra of
all bounded linear operators on 7 and § : B(H) — B(H) be a mapping of x-derivation-type
on sum of products ab —bo a*. Then there exists an element t € B(H) satisfying t +t* = 0 and
such that §(a) = at — ta, for all element a € B(H).

Proof. The prove is the same as in [4, Corollary 2.1]. O
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