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Abstract In this manuscript, we present a new sequence of operators, i.e., Baskakov-Kantorovich

operators depending on two parameters « € [0, 1] and p > 0 to approximate a class of Lebesgue
measurable functions on [0.00). Next, we give basic results and discuss the rapidity of con-
vergence and order of approximation. Further, Graphical and numerical analysis are presented.
Moreover, local and global approximation properties are discussed in terms of first and second
order modulus of smoothness, Peetre’s K-functional and weight functions for these sequences in
different spaces of functions. Lastly, A—Statistical approximation results are obtained.

1 Introduction

Bernstein (1912) [1] proposed the Bernstein polynomials as follows:

:C)—an’,,(x)f(:b) neN, (1.1
v=0

where p, . (z) = (})a¥(1 — z)"~". For the operators given by (1.1), he showed that B,,(f; x)
converges to f uniformly where f € C[0,1]. Several researchers, e.g., Mursaleen et al. ([2],
[3],), Nasiruzamman et al. [6], Acar et al. ([7], [8]), Mohiuddine et al. [9, 10, 11] Ana et al.
[12], i¢oz et al. ([13]), [14]), Kajla et al. ([15], [16] [17] [18]) constructed new sequences of
linear positive operators to investigate the rapidity of convergence and order of approximation
in different functional spaces in terms of several generating functions. In the recent past, for
g €[0,1],m € Nand a € [—1, 1], Chen et al. [19] constructed a sequence of new linear positive
operators as:

Tn.a(93y) Zg( )pm) (y € [0,1]),, (1.2)

where pg 0> =1-y, pg‘f‘l) =y and

pa) = Ja-a(" ) s a-aa-n (7] et -0 (7)]
y 1 =y)m T (m > 2). (1.3)

The operators defined in (1.2) are named as a—Berstein operator of order m.

Remark 1.1. One can not that for o = 1, the relation (1.2) reduces to classical Bernstein opera-
tors [1].

The bivariate version of «— Bernstein-Durrmeyer operators were developed and investigated
by Micldu s and Kajla [15] where they studied GBS operator of a—Bernstein-Durrmeyer opera-
tors. Further, Kajla and Acar [16] proposed the classical case of these linear positive operators.
While the Kantorovich variant of a—Bernstein operators developed by Mohiuddine et al. [9].



Blending type Approximations by Kantorovich variant of a-Baskakov 403

Later, Aral and Erbay [21] introduced a parametric extension of Baskakov operators as: for every
f € Cpl0,00) where Cg[0, co) stands for the continuous and bounded function, we have

o0

Lua(fiu) = Q;f,l(wf(k), (1.4)

n
k=0

where n > 1,u € [0,00) and

(a) _ uk—1 au n+k—1 o n+k—-3
Q) = (Hu)w,ﬁ_]{]ﬂ( ) amansa(" )

+ (1—a)u(n+11:_1>}, (1.5)

with ("’) = ("-2) = 0. The operators defined in (1.4) are restricted for the space of continuous
functions only. To approximate in Lebesgue measurable functional spaces, Ilarslan et al. [24]
gave Kanotorovich Baskakov operators based on shape parameter « as:

k+1
n+1

Knalfin) = (4130w [T gls)ds, (16)
k=0 '

n+l

where Qfla,l(u) is given by (1.5). Motivating by the above development, we construct a new
sequence of positive linear operators as follows:

KP (fiu) — (@) / <’f+’5 )du 17
n,a(f u) kzz;) ka(u) 0 g 'fl+1 ( )

where p > o and Q') (u) is given by (1.5).

In the subsequent sections, we investigate basic Lemmas, rate of convergence, order of approx-
imation, locally and globally approximation results in terms of modulus of continuity, Peetre‘s
K-functional, second order modulus of smoothness, Lipschitz class and Lipschitz maximul func-
tion, weighted modulus of continuity. In the last section, A—statistical approximation properties
are expressed.

2 Basic Estimates

Lemma 2.1. [2]] Let e;(t) = t', i = 0,1,2 be the test functions. Then, for the operators
L,o(,;,) givenin (1.4), we have

Ln,a(eo;u) = 1,
2 A+ 1
L ; = (1+Z(a—-1 A
vl = (14 2@=1)us 20
Loa(eniu) — u2<1+4a—3>+u<2)\+3+4a—4+(2)\2+3)(a—1)>
n n
N 43r+2

n2

Lemma 2.2. For the operator defined in (1.7), we have

Kl (eosu) =1,

n+2(a—1)u A+Dp+1)+1
n+1 200+ 1)(n+1)

L 4a—3\  nPul [(p+1)(n2A+3) + (a = 1)CA+7))] +4(a— 1)
Kialeziu) = (” ) RS (o i+ 1)
+2n(2p+1)+(/\+1)(2p+1)((>\+2)(P+1)+2)+,0—|—1

2p+1D(p+1)(n+1) '

K o(e1;u) =

u
n




404 Nadeem Rao, Pradeep Malik and Mamta Rani

Proof. Using Lemma 2.1, one can easily prove Lemma 2.2 O

Lemma 2.3. Let ei(s) = (e1(s) — u)® = ¢%(s), k € N be the central moments of K?, ,(.;.)
constructed in (1.7). Then

Kf ((e1(s) —u);u) = 20‘_3 A+D(p+1)+1

nt 1 (1)
o — n? n—+4da —
Khallen(s) —ufsu) = Kl+4 n 3) (n+1)?2 - :il Sk
Lo+ D)E@A+3) + (e - DEA+T) - 20+ D) +a -6
(p+1)(n+1)2

+2n(2,0~|—1)—!—(>\—|—1)(2p—i—1)(()\—l-2)(,0 +2)+p+1
2o+ D)(p+1)(n+1)? '

Proof. In the light of Lemma 2.2, we easily prove Lemma 2.3. O

3 Rate of convergence of K (.;.)

Definition 3.1. [9]Let f € C[0,00). Then, modulus of continuity for a uniformly continuous
function f is defined as

w(f;0) = sup [f(t1) — f(t2)l, ti, 1y € [0, 00).

|t1—t2‘§5

For a uniformly continuous function f in C[0, 00) and § > 0, we get

e - st < (14 B2 Yo, G

Theorem 3.2. Let K, (.;.) be sequence of operators proposed by (1.7). Then, K, , converges

to f uniformly on each bounded subset of [0,00) where f € C[0,00) {f cu > 0, lf+(1;)2

converges as u — OO}

Proof. To prove this result, it is adequate to prove that
Kl (e;;u) — ei(u), fori e {0,1,2}.

Using Lemma 2.2, it is clear that K/, (e;;u) — e;(u) fori = 0, 1,2 asn — oo. Hence, Theorem
3.2 is proved. O

Theorem 3.3. (See [22]) Let L : C([a,b]) — B([a,b]) be a linear and positive operator and let
g be the function defined by

0. (t) = |t — z|, (z,t) € [a,b] x [a,b].
If f € Cp(la, b)) for any x € [a,b] and any 6 > 0, the operator L verifies:

(L) (@) = f(2)] < [f(@)|[(Leo)(x) — 1
+{(Leo)(z) + 6~ \/(Leo)(x)(Lwi)(x)}wf@)-
Theorem 3.4. Let the operators K, (.;.) be introduced by (1.7) and f € Cp[0,00), we have
K7 o (fiu) = f(u)] < 2w(f30),

where § = \/ K}, o(VZ;u).
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Figure 1. K/, ,(,;,) converges to f(z) for n = 20,40, 60
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Proof. In view of Theorem 3.3, Lemma 2.2 and Lemma 2.3, one has

KL o (fru) = f(u)] < {1+ 67" KL o(fiu) (@2 u) }w(f:6).

On choosing § = \/ K}, o(¢2;u), we completes the proof of this result. i

Example 3.5. For the values of p = 0.5, = 0.9 and f(z) = 2> — 522 + 6x + 2, the sequence
of operators K/, ,(.;.) given by (1.7) converges to f(x) for differen values of n as:

Example 3.6. In the graph, we investigate error £/ , behaviour for the operators introduced by
(1.7, p=05,a0a=09as:

Example 3.7. Here, we discuss numerical behaviour for different values of z as:

4 Pointwise Approximation results

Here, we recall some notions from [23]as: Let C5[0, co) be the space of real valued continuous

and bounded functions equipped with the norm || f|| = sup |f(u)|. Forany f € Cg[0, ) and
0<u<oo

6 > 0, Peetre’s K-functional is defined as

Ka(g,8) = inf{|f — hl| +8h"|| - h € CB[0,00)} 4.1)
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EZPO.a (f’ :E)

Efo,oz(f; ‘T)

EgO,a(f; .T)

0.3
0.6
0.9
1.2
1.5
1.8
2.1
24
2.7

0.0229166396
0.1364699277
0.1605849260
0.1000371450
0.0403979051
0.2559447144
0.5418277724
0.8932715689
1.305500594

1.773739337

0.0130876655
0.0730024230
0.0860739832
0.0547116263
0.0186753674
0.1316777179
0.2818861450
0.4668913684
0.6842841079
0.9316550833

0.0091142386
0.0497954983
0.0587509659
0.0375914988
0.0120720456
0.0886288103
0.1904679378
0.3159785708
0.4635498522
0.6315709244

where C%[0,00) = {h € Cp[0,0) : I/, € Cp[0,00)}. From DeVore and Lorentz [[23],

p-177, Theorem 2.4], there exists a absolute constant C' > 0 in such a way

Ky (f30) < Cuwn(f3V56).

Lemma 4.1. Consider the auxiliary operators as:

Rovo(f0) = KO0 (fru) + F(u) - f(

Then, for f € C%]0,00) one has

where

Proof. From (4.2), we get

Koo (fiu) = )] < &elin”,

& = Ko (W) + (KL o (0y5u)) "

n+2(a—1) 1

n+1

2(n+1)

2

Kio(Liu) =1, Ki o (¥uiu) = 0and |, (f3u)] < 3£

In the direction of Taylor’s series, for g € C%[0, 00), we have

t

o(t) = g(u) + (t — u)g/(u) + / (u— v)g" (v)do.

u

Applying operators (1.7) in (4.3) both the sides, one get

Kz o (hiu) — h(u) = B (u)Ks o (8 — wsu) + Koo ( /

with the help of (4.2) and (4.3)), we get

Rialfin) ~ (o) =K [

t

(t — v (v)dv; u)

K1, ( /J - v)h”(v)dv;u)

u

nt2(a—1)

(A+D)(p+1)+1

g"(v)dv.

e e N TP ) (

n+2a-1)

ot

n+1

(t— v)h”(v)dv;u) ,

A+D+D)+1
20+ D(n+1) "
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K o (f3u) = fu)] <

<j£%t——vﬂﬂ%vﬁhgu)‘

n+2(a—1) +(>\+1)(p+l)+l
il YT w4 2(a — ]) ()\ + 1)(p + ]) +1 .
1, (T Sty )
4.4)
Since
t
/@_vm%wm;gu_vfnwwy 4.5)
Then
K2 o (e1u) 2
/ (Kﬁ’a(el;u) - v) B (v)dv| < (Kﬁﬁa(t — v;u)) | A" . (4.6)
In the light of (4.4), (4.5) and (4.6), we get
Ky o (hsu) = h(u)| < &7,
O

which completes the proof of this Lemma.

Theorem 4.2. Let f € C3[0,00) and operators K£ ,(.;.) be constructed in (1.7). Then, there
exists a constant C' > 0 such that

| KE i) = () 1< Con (J3 3VER ) + (K (i),

where & is defined in Lemma 4.1.

Proof. For h € C%[0,00) and f € Cg[0, 00) and by the definition of IE;*W(.; .), we have
K2 o (f50) = F@)] < K5 o (f = )| + [(f = B)(u)| + Ky, o (B3 w) = h(u))]

+ |f(KL (e13u) — g(u)].

Lemma 4.1 and relations in (4.2), we yield

K2 o (fsu) = f(u)] < 4l — Bl + K o (hiu) — h(u)|

+ [f(BR (e w)) = g(u)

<A = B+ IR + oo (2 KL o ().

With the aid of Peetre’s K-functional, we have
1
KL alfi0) = )] = Con (£ 3 VEE) + w3 K2 a(wri0).

We arrive at the desired result. O
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Here, we consider the Lipschitz type space [28] as

|t—ul”

. ky,ko - : — i L LY
Liphy*(7):={ F€Cl0,00) : |11 OIS rwnrswr:

Tu,t € (O,oo)},

where M > 0 is a real valued constant number, k;,k, > 0, p > 0 and v € (0, 1].

Theorem 4.3. For f € Lip}™(v), one yield

2

, maw)
|K£,o¢<f’u) — flu)] < M<k;1u+k‘2u2> ) 4.7)

where u > 0 and n};(u) = K£ (V2 w).

Proof. For~ = 1, we have

K3 o (f3 ) = fu)] < KL (1 (1) = f(u)])(u)

< MKP [t —ul —u | .
> n,o (t—|—k1u+k2u2)7

Since t+k1ul+k2u2 < kluikzuz forall t,u € (0,00), we get
M |
K (fiu) = f(u)] € ——— (KL o ((t —u)*5u))2
(K7 o (fiu) = f(u)] (k1u+k2u2)%( ((t—w)%u))

mw) )
<M[|——_ .
- (knu + k‘zu2>

This implies that for v = 1, this result stand good. Now, for v € (0,1) and using Holder’s

inequality with p = % and g = %, one obtain

]2

K8 o (f5u) = ()] < (KL (F(8) = F()) )

< (Ko, (—d=E i
>~ n,a (t+/€1u+k2u2)’u .

forall ¢, u € (0, 00), we obtain

Prv (|t — u|2;u) ) 2

kiu + kou?

: 1 1
Since t+kiutkou? < kju+kyu?

K2 (Fiu) — Flu)] < M(
me(u)  \7
sM (m) :

Hence, we arrive at the desired result. O

5 Global Approximations

From [26], we recall some notation to prove the global approximation results.

For the weight function 1 4 u? and 0 < u < oo, we have

Bi;.2[0,00) = {f(u) : | f(u)] < My(1 +u?), My is constant depending on f}.

C112]0,00) C Bji,2[0,00) space of continuous functions endowed with the norm || f||;,,2 =

oy .
u€[0,00)
and

f(u)

1 +u

= k, where k is a constant}.

CF2[0,00) = {f € Ciype ¢ lim .
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Theorem 5.1. Let the K, ,(.;.) be the operators given by (1.7) and K£, ,(.;.) : Cf,_ ,[0,00) —
Bi,2[0,00). Then, we have
nlgrolo HKﬁ,a(f’u) - f“l-‘ru2 =0,
where f € Cf. [0, 00).
Proof. To prove this result, it is sufficient to show that
lim |K? (e;;u) —u'l|142 =0, i =0,1,2.
n—o00 ’
From Lemma 2.2, we get
|K£a(];u)_1| .
HK’I‘;,Q(GO;U) - u0||1+u2 - ues[l(i};o) ’IT =0fori=0.
Fori=1
n+2(a—1) + A+D)(p+1)+1
n+l1 2(p+1)(n+1)
157 o (ersu) —u! [z = sup -
’ * u€[0,00) 14 u?
2(a—1
_ <n+<a> _ 1) sup i
n+ 1 u€[0,00) 1 +u
A+ Dp+D+1 1
20+ D(n+ 1) ,oone T+
Which implies that || K£ ,(er;u) — u'[[;1,2 — 0 an n — oco.
Similarly, we see that || K%, ,(e2;u) — u?||14,2 — 0 as n — oo. O
Theorem 5.2. For f € C[0,00) and v is positive real number. Then
N | C O (I
no0 e (1+u?)HY '
Proof. Since |f(u)| < ||f]|,(1 + u?), for any fixed real number ug > 0, we have
oy L) f@] G- f@)] K0~ ()
B (R L R (N i (1 + W)
<K o (f5u) = F(w)llleo,u)
[Kf o (1+ 85 u)] |/ ()
M A (e L A (i
=P+ P, + P35, say. 5.1

We have

1 ()] 1L+ 7l
P = — < .
S BTl e o PV I R

In view of Lemma 2.2, we have

, Kf (1413 u)
lim sup ——— =1

n—oo uG[ug,oo) 1 +U2

Therefore, for arbitrary € > 0, there corresponds n; € N in such a way

KP (142 1 +ug)?
sup 5l . u) < (1 + up) 41, foralln > ny.
wefup.00) 14+u Ifl, 3




410 Nadeem Rao, Pradeep Malik and Mamta Rani

Hence
K2 (L+t50)  |fllye €
P = > o < D 4 = foralln > ny. 5.2
Therefore,
||le+u2 €
P+ P<2—— 4
>+ 15 < (1 +22) +3
Now, choosing ug to be so large that ‘(llf j;g;j < &, we get
2e
b+ P< gforallnz ni. (5.3)
From Theorem 6.1, there corresponds n, > n such that
€
P =||K8 (f;) = fllcpu < 3 for all ny > n. (5.4)

Let n3 = max(ny,n,). Now, using (5.1), (5.3) and (5.4), we obtain

. Kl = )
u€[0,00) (1 +’U’Z)IJF’Y

Hence, the proof of Theorem 6.2 is done. O

6 A-Statistical approximation

Gadjiev et al [27] was the first who introduces Statistical approximation theorems in operators
theory. Here, we recall some notation from [27], let A = (anx) be a non-negative infinite
suitability matrix. For a given sequence u := (uy), the A-transform of u denoted by Au :
((Au)y,) is defined as

(Au)n = anur,
k=1

provided the series converges for each n. A is said to be regular if lim(Au), = L whenever
limu = L. Then v = (u,,) is said to be a A-statistically convergent to L i.e. sty — limu = L if
forevery € > 0, limy, » 2,1, —1>c @k = 0.

Theorem 6.1. Let A = (a,y) be a non-negative regular suitability matrix and v > 0. Then, we
have

sta —1lim||KE ,(f;u) = flliyu2 = O, forall f € CY, »[0,00).

Proof. From ([25], p. 191, Th. 3), it is sufficient to show that for A\; =0

sta —lim || Kf  (es;u) — eillj1,2 = 0, fori € {0,1,2}. 6.1)
From Lemma 2.2, we have
1 [n+2@=1)  A+D(p+1)+1
K? cu) — =
157, o (ersu) = ulli oy TH 2| a1l T 20+ Dt 1)
2(a—1
n+ 1 u€[0,00) 1 +u
i A+D(p+1)+1 1
204 D)+ 1) | ucone 1+ 02
- n+2(a—1)’ '()\+1)(p+1)+1
- n+1 2(p+1)(n+1)




Blending type Approximations by Kantorovich variant of a-Baskakov 411

We have
A+ Dp+1)+1

20+ 1)(n+1)

= sta — lim

sta — lim
n n

n+2(a—1)
n+1

‘ =0. (6.2)

Now, for a given ¢ > 0, we define the following sets

N, : = {n : ||K,’§’a(el;u) —ul > e},

Nz:—{n: n—|—2(a—1)‘22}7

n+1
N3:—{n:’()\+1)(p+])+1’22}.

200+ 1)(n+1)

This implies that Ny C N, U J3, which shows that ZkleNl anky, < ZkleNz Ak + ZkleN; An-
Hence, from (6.2) we get ‘

sta — lim ||K57a(61;u) — U||1+u2 =0. (63)

Similarly, one can show that

sta — lim||K% ,(e2;u) — w?[| ;12 = 0. (6.4)
This completes the proof of Theorem 6.1. O

Next, we deal with the rate of A-Statistical convergence in terms of Peetre’s K-functional for
Kr ..

Theorem 6.2. Let f € C%[0, o). Then
sta —lm |[[K7 . (f3-) = flleso,.e0) = 0.

Proof. Applying the Taylor’s infinite series, we have

£ = )+ F )t — ) + 3 7 ) (¢ — )

where t <7 < u. Operating K? ,, we get

o

KE o) = Fu) = F/(0) K8 ot — wsw) £ 3 F" ()G (¢ — )% ).
This implies that
K% o (f52) = Flleso,0) < N Nlepo,00) 1K aler—=; s,
F 1 0,00 1L o (1=, ) op10,50)
= P, + P>, say. (6.5)
From (6.3) and (6.4), one has

lim Y aw = 0,

kEN:P > 5

From (6.5), we have
lim E anr < lim E ank + lim E Apk-
n n n
KEN|KY o (f3)=fllogp,0e)>€ kEN:P > 5 kEN:P,>$

Thus st4 —lim || Kf ,(f;-) = fllcg(o,00) — 0-as n — oo.
The proof is completed. O
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Theorem 6.3. Let f € C%[0, o). Then

||K7€,a(f’ ) - f”CB[O,oo) < sz(f; \/5)7

where 4 = ||K£,a(el - ')”CB[0,00) + ||K£,,o¢((el - ')2; ')||CB[0,00)’ and
1flle2,0,00) = 1 llcso,00) + 1 e i0,00) + 11 les0,00)-

Proof. Let g € C%]0,0). By (6.5), one yield
157 o (9) = gllcsoe) <19 leno,00) 1K o((er =) )lepo,00)

1
+ §||9"||CB[0,<>0)K57Q((€1 - ')22 ')||cs[o,oo)
< dllgllez, 0,00 - (6.6)

For f € C[0,0) and g € C% and in the light of equation (6.6), we get

1K o (1) = flloso.ee) < IE o(fi) = KT o (93 ) ls(0,00)
K7 o (95) = gllep .00 + 119 = fllopp,eo)
<2[lg = flleso,00) T 167 o (95) = gllesio,00)
< 2|lg = flleso,00) T 0llgllea, -

By the definition of Peetre’s K-functional, we get

||K7p1,a(f; ) - f”CB[(),oo) < 2K2(f’6)

and

IKE o(f3) = Fllowo.ee) < M{wa(f;v/8) +min(L, 8) fllcp0.00) }-
From (6.3), we obtain that

sta —limé = 0, thus st4 — limw(f;V8) = 0.

this proves the desired result. O

7 Conclusion

The motive of the present paper is to give a better error estimation of convergence of Baskakov-
Kantorovich operators using two two parameters « € [0, 1] and p > 0. This modification gives
better error estimation for a class of function in comparison with a—Baskakov-Kanotovich oper-
ators introduced by Ilarslan et al. [24]. Graphical and numerical comparision are investigated by
these sequences. We study approximation properties using Peetre’s K-functional and modulus
of smoothness of second order. In the last section, A-statistical approximation properties are
discussed.
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