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Abstract We consider a mathematical model which describes the quasis-static contact pro-
cess between a piezoelectric body and a thermally-electrically conductive foundation. The be-
havior of the material is modeled with a nonlinear thermo-electro-viscoelastic constitutive law.
The contact is modeled with normal compliance, unilateral constraint, memory term, Coulomb’s
law of dry friction, and a regularized electrical condition with thermal conductivity. We present
the classical formulation of the problem, list the assumptions on the data and derive a variational
formulation of the model. Then we prove the unique weak solvability of the problem. The proof
is based on arguments of evolutionary quasivariational inequalities, a classical result on first
order evolution equations and fixed point.

1 Introduction

Thermo-piezoelectric materials have attracted considerable attention because of their widespr-

ead use in industrial applications in various fields including the electronics industry, nuclear
industry, smart structures, microelectromechanical systems, biomedical devices and super con-
ducting devices, due to the intrinsic coupling effects that take place among thermal, mechanical
and electrical fields. The theory of thermo-piezoelectricity was first proposed by Mindlin [14].
He also developed the governing equations of a three-dimensional linear thermo-piezoelectric
medium (see, e.g. [13]). The physical laws for the thermo-piezoelectric materials have been
explored by Nowacki (see, e.g [17, 16]). Chandrasekharaiah [8] has generalized Mindlins theory
of thermo-piezoelectricity to account for the finite speed of propagation of thermal disturbances.

When a piezoelectric material is subjected to a mechanical load, it generates an electric charge.
This effect is usually called the "direct piezoelectric effect". Conversely, when a piezoelectric
material is stressed electrically by a voltage, its dimensions change. This phenomenon is known
as the "inverse piezoelectric effect”. Thermo-piezoelectric materials, on the other hand, can
produce electric and mechanical fields when they are heated. The coupling properties among
thermal, electric and mechanical fields make piezoelectric materials suitable.

General models for thermo-electro-elastic materials can be found in [1, 17, 22]. Static fric-
tional contact problems for thermo-piezoelectric materials were studied in [3, 4]. Recent results
on frictional contact in thermo-electro-viscoelasticity and thermo-electro-viscoplasticity can be
found in [10, 11].

With respect to the papers mentioned in the previous paragraph, the current paper has two
novelties that we describe in what follows. First, we model the behavior of the material with a
nonlinear thermo-electro-viscoelastic constitutive law. Second, the model we consider involves
Coulomb’s law of dry friction and a version of contact conditions with normal compliance, uni-
lateral constraint and memory effect. This condition takes into account the deformability, the
rigidity, the memory effects and the thermally-electrically conductivity of the foundation. The
contact condition with normal compliance and unilateral constraint can be found in a number
of recent papers, including [5, 6, 18, 21]. The model considered in [5] was frictional; there,
the material’s behavior was described with a linear elastic constitutive law and the friction was
modeled with a slip-dependent version of Coulomb’s law. The mathematical model considered
in [6] was frictional; there, the elasticity operator was assumed to be nonlinear and the friction
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law was able to describe the relationship between the Coulomb and the Tresca conditions, and
points out to a possible transition from the first to the second one. The model considered in [21]
was viscoelastic and the normal compliance function in the contact condition was assumed to be
multivalued. In contrast, the model considered in [18] was viscoplastic, with internal state vari-
able; there, the contact was described with normal compliance, finite penetration and memory
term.

The rest of the paper is structured as follows. In Section 2 we state the model of a thermo-
electro-viscoelastic body in frictional contact with a conductive foundation. We introduce no-
tation and assumptions on the problem’s data, derive the variational formulation of the problem
and give main results (existence and uniqueness). Section 3 is devoted to the proofs of main re-
sults. More precisely, we prove the existence of a weak solution of the model and its uniqueness
under additional assumptions.

2 Problem’s formulation and main result

2.1 The classical formulation

Let Q C R (d = 2,3) be a domain occupied by a viscoelastic-piezoelectric body with outer sur-
face I' = 0Q, assumed to be sufficiently smooth and decomposed into three disjoint measurable
parts I';,I'2, and I's, on the one hand, and a partition of I'; UT"; into two disjoint measurable parts
I', and T, on the other hand, such that meas(I';) > 0 and meas(I'y) > 0. This body is supposed
to be stress free and at a free temperature. Here the temperature variations, accompanying the
deformations, produce changes in the material parameters which are considered as depending on
temperature. Let us denote by [0, 7], T > 0 the time interval of interest. The body is clamped on
I';. A surface traction of density f, act on I';. The body is submitted to the action of body forces
of density fy and a volume electric charges of density go. We also assume that the electrical po-
tential vanishes on ', x (0, T), a surface electric charge of density ¢, is prescribed on I, and the
temperature is assumed to be zero on I'; U T,. Moreover, the body is subjected to a volume heat
source ¢, and it comes on I'5 in contact with an electrically and thermally conductive obstacle,
the so-called foundation.

Let us recall now some classical notations, see e.g. [9, 15] for further details. We denote by
S? the space of second order symmetric tensors on R? (d = 2,3), while .” and ||.|| represent the
inner product and the Euclidean norm on S?and RY, respectively. We define the inner product
and the Euclidean norm on S and R¢ respectively, by

w-v =g, |ull = (u-u)? Yu,v € RY,
o-1=0y7ijy ol = (o-0)/? Yo,7 €S

Since the boundary I" is sufficiently regular, the unit outward normal field v on I" is defined. Then
the normal and the tangential components of displacement vector and stress on the boundary are

Vy =V, Ur= U— UL,
O, =0V -V, Op=0V—0,U.

Here and below, the indices i and j run from 1 to d, the summation convention over repeated in-
dices is used and the index that follows a comma indicates a partial derivative with respect to the
corresponding component of the independent variable. We denote by z € QU T and ¢ € [0, 77,
the spatial and the time variable, respectively, and, to simplify the notation, we do not indicate in
what follows the dependence of various functions on x and ¢. The dots above variable represent
the time derivatives. Moreover, we denote by Divo = (o035 ;), divD = (D; ;) the divergence
operator for tensor and vector valued functions, respectively.

The governing equations of thermo-piezoelectricity consist of the equilibrium equation, consti-
tutive relations, strain-mechanical displacement and electric potential field relations.

The linearized strain tensor and potential field relations are given by

e(u) = %(vw (Va)T), e(u) = (ei;(u)) in @ x (0,7),

E(p) = -Vo = —(p.), E(p) = (Ei(p)) in Qx(0,T),
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where u = (u;) and ¢ are respectively, the displacement field and electric potential.

We suppose that the process is mechanically quasistatic and electrically static.

The equations of stress equilibrium and the equation of electric displacement field are, respec-
tively, given by

Divo+ fo=0 inQ x (0,7), @2.1)
divD—g =0 inQx (0,7), (2.2)

where o = (0;;) and D = (D;) represent the stress tensor and the electric displacement field,
respectively.
The thermo-electro-viscoelastic constitutive law can be written as

o= Ae(t) + Be(u) — E*E(p) — MO inQ x (0,7T), (2.3)
D =¢E&e(u) +CE(p)+PO inQx (0,7T), (2.4)
6 — div(KV0) = —M.Vu+qy inQx(0,7), (2.5)

where A and B are the viscosity and elasticity operators, respectively, £ = (e;;x) represents the
third-order piezoelectric tensor, £ = (ej;;,) = (exi;) is its transpose, M = (m;;), C = (cij)
and P = (p;) denote the thermal expansion, the electric permittivity and the pyroelectric tensor,
respectively. The differential equation (2.5) describes the evolution of the temperature field 6,
where K = (k;;) represents the thermal conductivity tensor, ¢, the density of volume heat
sources.

Next, to complete the mechanical model according to the description of the physical setting, we
have the following boundary conditions

u=0 onIy x (0,7), (2.6)
ov=f onlsx (0,7), @.7)
6=0 onIyUI, x (0,7), (2.8)
¢=0 onT, x (0,T), (2.9)
D-v=q onl,x(0,7T). (2.10)

We model the frictional contact on the contact surface I'; with Coulomb’s law of dry friction, a
condition involving normal compliance, unilateral constraint and memory term and with regu-
larized electrical and thermal conditions given by

los || < prun),
0, = —pr(w) ey if i, # 0 on Ty x (0,7),

fle

2.11)

there exists ¢ : I's x (0,7) — R which satisfies

u,(t) < g, ou(t) + (hu(p(t) = or) + k, (0(t) — 0r (1)) Py (un () + (1) <0,
(un (t) = 9) (cry(t) + (hu((t) = or) + K (0(t) — 0 (1)) Do (w (1)) + £(t)) =0,
0 < &(t) < [y b(t — s)uf (s)ds, (2.12)
£(t) = 0if u, (t) <0,
E(t) = [o b(t — s)u) (s)ds if u, () > 0,
D -v=nh(u,)p(p—pr) onlzx(0,T), (2.13)
—kij vy = k(0 — 0p) — k- (||i-]]) onT3 x (0,T). (2.14)

The condition (2.11) represents the Coulomb’s law of dry friction with friction bound p, (u, —g).
We now describe the contact condition (2.12) in which our main interest lies, it incorporates a
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version of the contact boundary conditions with unilateral constraint, in which the memory ef-
fects of the thermally-electrically conductive foundation are taken into account. Here u, is the
normal displacement and, therefore, u] = max{0,u} being the penetration of the body’s sur-
face asperities and those of the foundation. Moreover, b is a positive function, h, and k, are
prescribed functions which represent the stiffness coefficients and p, is a Lipschitz continuous
increasing function. The physical meaning of this type of contact condition was derived in [21].
The condition shows that when there is a penetration the contact follows a normal compliance
condition with memory term up to limit g and once the limit is reached the contact follows a Sig-
norini type unilateral condition. The normal stress vanishes in cases where there is a separation
between the body and the foundation.

The boundary conditions (2.13)-(2.14) describe respectively the electrical and the heat exchange
conditions on the contact surface I's in which, as usual, ¢ and 67 denote the electric poten-
tial and the temperature of the foundation respectively. First, the equation (2.13) represents the
regularization of the electrical contact condition on I'3(for more details see [12]). The relation
(2.14) represents the heat flux condition where k;;, is the coefficient of heat exchange between
the body and the obstacle. k. is a given function assumed to depend on the tangential pressure.
The function ¢, used in (2.13), is a real valued function.

The initial displacement and the initial temperature are given by

w(0) =up, 0(0) =0, inQ. (2.15)

Problem P: Find a displacement field u : Q x [0, 7] — R, a stress field o : Q x [0,7] — S9,
an electric potential ¢ : Q x [0, T] — R, an electric displacement field D : Q x [0, 7] — R? and
a temperature 6 : Q x [0,7] — Ry such that (2.1)—(2.15) hold.

2.2 Preliminaries

We use standard notation for the LP and the Sobolev spaces associated with Q and I" and, for
a function ¢ € H'(Q) we still write ¢ to denote its trace on I. We recall that the summation
convention applies to a repeated index.

For the electric displacement field we use the following space

Wi ={DecL*(Q)":divD € L*(Q)},
endowed with the inner product
(l)7 E)Wl = (l)7 E)L2(Q)d + (le D, div E)LZ(Q)v

and the associated norm || - ||y,
The electric potential field is to be found in

W={CecH(Q):¢(=0ae. onT,}.
Since meas I, > 0, the Friedrichs-Poincaré inequality holds, thus,
V<2 e = CrCllw VCeEW, (2.16)
where Cr > 0 is a constant which depends only on Q and I',. On W, we use the inner product

(4107 C)W = (V(p7 VC)LZ(Q)dv

and the associated norm
[<llw = IVCliz2 e VCEW. (2.17)

It follows from (2.16) that ||-|| ;71 () and ||-||w are equivalent norms on W and therefore (W, ||-[|w)
is a real Hilbert space. Moreover, by the Sobolev trace theorem, there exists a constant Cj,
depending only on Q, I', and I's, such that

<l z2ry) < Collcllw VCe W. (2.18)
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We recall that when D € W, is a sufficiently regular function, the following Green formula
holds:

(D, V¢) 2y + (div D, () 2(q) = /FD vlda Y(¢e HY(Q). (2.19)
We introduce the real Hilbert space of the temperature denoted by
Q={uecH(Q): p=00nT U},
and we consider the inner product and the corresponding norm given by

(Q,IU)Q - (97M)H1(Q)7 ||U||Q = ||H’HH1(Q) Vaﬂ? € Q

By Sobolev’s trace theorem, there exists a constant C'; > 0 which depends only on Q and I" such
that

[l < Cillelle Vi e Q. (2.20)
The following Friedrichs-Poincaré inequality holds on @ is
IVile > Crllule Vie Q. (2.21)

L*(Q) is identified with its dual and with a subspace of the dual @’ of @, i.e., Q C L*(Q) C @',
and we say that the inclusions above define a Gelfand triple. The notation (.,.)¢’ o represents
the duality pairing between @’ and Q.

For the stress and strain variables, we use the real Hilbert spaces

H=T1L*Q)* = {u=(u) : u; € L*(Q)},
H = {J = (O’,;j) 1045 = 0j; € LZ(Q)},
H) ={u=(u):e(u) € H},
Hy={o € H:Div(c) € H}.

The spaces H, H;, H and H, are real Hilbert spaces endowed with the canonical inner products:
(u,v)g = / uwdr, Yu,v € H,
Q

(u,v) :/u.vdx+/ Vu.Vvdr Yu,v € Hy,
Q Q

where
(o,7)n = /Qo.rdx Yo, € H,
(6,7)3, = (o,7)1 + (Div(0),Div(7)) g, VYo,7 € H,.
The associated norms on the spaces H, H|, H and H; are denoted by || - ||z, || - ||z, || - || and

| - ||%, respectively. Let Hr = H'/?(I')¢ and v : H'(Q)? — Hr be the trace map. For every
element v € Hy, we also use the notation v to denote the trace yv of v on I'. For every o € H;
there exists an element ov € H{- satisfying the following Green formula

(ov,y0) = (0,6(v))n + (Div(o),v)y Vv e H'. (2.22)

Moreover, if I is continuously differentiable on Q, then
(ov,yv) = /O’V -vda  Yv € Hy, (2.23)
r

where da is the surface element.
Let us now consider the closed subspace V' defined by

V={veH :v=00nT,}. (2.24)
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Then, we consider the following closed convex subspace U of V' given by
U={veV:v,—-—g<0onlji}. (2.25)

Since meas(I';) > 0, Korn’s inequality holds and thus, there exists a positive constant Cx
depending only on Q, I'} such that

le()lls > Cxllvlla, Yve V.
On the space V' we consider the inner product given by

(u,v)v = (e(uw),e(v))u,

and let || - || be the associated norm, defined by
[ollv: = lle(w)ll3- (2.26)
It follows from Korn’s inequality that || - ||, and || - || are equivalent norms on V' . Therefore

(V, || - lv) is a real Hilbert space. Moreover, by the Sobolev trace theorem there exists a positive

constant Cp which depends only on Q, I'; and I'; such that
||'U||L2(F3>d < é()||v||v Yv e V. (227)

Finally, for a real Banach space (X, || - || x) we use the usual notation for the spaces L?(0,T; X)
and WFP(0,T;X) where 1| < p < oo, k = 1,2,...; we also denote by C([0,7]; X) and
C'(]0,T); X) the spaces of continuous and continuously differentiable functions on [0, 7] with
values in X, with the respective norms

. = t ,
||9C||C([0,T],x> tferfgl,% ()l x

T .x) = max |z(? + max ||z(t .
2]l 10, 77:%) max. 2(t)llx max. 2(t) Il x
Recall that the dot represents the time derivative.
We end this section by giving an existence, uniqueness and regularity result which was proved

in [20, p.75-77]. Let X be a real Hilbert space with the inner product (-, -)x and the associated
norm || - || x, and consider the problem of finding u : [0,7] — X such that

(Aa(t), v —a(t))x + (Bu(t),v —a(t))x +j(u(t), v) — j(u(t), i(t))

(2.28)
Z(f(t),’[}*u(t))x vveXﬂ te [07T]a
u(0) = uy. (2.29)
To study problem (2.28) and (2.29) we need the following assumptions:
The operator A : X — X is strongly monotone and Lipschitz continuous, i.e.
(a) There exists M4 > 0 such that
(Au1 — Aup,uqy — UQ)X > Malluy — U'2||,2X Yup,up € X. (2.30)
(b) There exists L4 > 0 such that ’
||Au1 — Aup||x < LA||u1 — U2||X Vup,up € X.
The operator B : X — X is Lipschitz continuous, i.e., there exists Lz > 0 such that
||Bu1 —BquX < Lp ||u1—u2||X Yup,up € X. 2.31)
The functional j : X x X — R satisfies:
(a) j(u,-) is convex and l.s.c. on X forall u € X.
(b) There exists m > 0 such that 2.32)
J(ur, v2) = jlur,vr) + j(ua, v1) — j(uz,v2) .
<mllup —uplx [[vr —v2llx  Vur,ug,vi,v € X
Finally, we assume that
fec(o,1]: X), (2.33)

and
uy € X. (2.34)
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Theorem 2.1. Let (2.30)-(2.34) hold. Then, if M4 > m, there exists a unique solution u €
C'([0,T); X) of problem (2.28) and (2.29).

2.3 Weak formulation and main result

In the study of the mechanical problem (2.1)—(2.15), we need to assume that the viscosity op-
erator A, the elasticity operator B3, the piezoelectric operator £, the electric permittivity operator
C, the functions p,, k, (for r = v, 7), h,, and h, satisfy the following conditions

(@)
(b)

(©

(d)

(e

(a)
(b)

©

(d)

(a)
(b)
()
(d)

(a)
(b)
(c)
(d)

(a)
(b)

(c)

(d)

(e)

A: QxS -S4,

There exists L 4 > 0 such that

| A(z,e1) — Az, e2)|| < Laller — e2|

forall e;,e, € S%, ae. z € Q.

There exists m 4 > 0 such that

(A(z,e1) — Az, 22)).(e1 — €2) = maaller — &2,
forany e),e, € STaexz € Q.

The mapping = — A(x, ¢) is Lebesgue measurable on Q
for any ¢ € S<.

The mapping z — A(x,0) € H.

B:QxS?— s

There exists Li > 0 such that

|B(z,e1) — B(z,2)|| < Lgller — &2|

forany e;,e;, € S, ae.z € Q

The mapping = — B(z, ¢) is Lebesgue measurable on Q
for any ¢ € S¢

The mapping z +— B(z,0) € H.

£:Qx 8- R

E(x, 1) = (eiju(x)Tjk), V7 = (155) € S%, ae.z€Q,
(eijr) = (einj) € L=(Q), 1 <i,j,k <d,
Eov=0.E, YoeS? veR?

C:Q xR RY

C(x,E) = (¢;j(x)E;) VE = (E;) € RY, ae.x € Q.
cij =cj; € L®(Q), 1<i,j <d.

There exists m¢ > 0 such that

cij(2)E;.Ej > me||E||VE = (E;) € R? ae.x € Q.

m: I3 xR =R, form=~h, orm=k,.

There exists L, > 0 such that

|7 (z,u1) — m(x,u2)| < Ly|ur — uy|

for any u;,uy € R, ae.z €I'3

There exists M, > 0 such that |7 (z,u)| < M,

forany u € R, a.e x € I's.

The mapping = — m(x, u) is Lebesgue measurable on I3,
forany u € R

The mapping z — m(xz,u) =0forall u <0, a.e z € I';.

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)
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(@ he:Tz3xR—>R.

(b) There exists Ly, > 0 such that
|he(z,u1) — he(@,uz)| < Lp, |ur — ua]
Yui,uy € R7 a.e. x €I3.

. (2.40)

(c) There exists My, > 0 such that 0 < he(z,u) < My,

foranyu € R, aexz €I3.
(d) x> he(x,u)is measurable onT, for allu € R.
(&) x> he(z,u) =0, forallu <0, aexz eI}
(@ pr(r=v,7):I3xR—>R;.
(b) There exists L, > 0 such that

|pr (@, u1) — pr(@,u2)| < Lyluy — us

Vu,uy €R, ae. zels. 2.41)

(c) There exists M, > 0such that0 < p,(z,u) < M,
foranyu € R, aexz €I3.

(d) =z~ pq(z,u)is measurable on I3, for allu € R.

e z+ p(z,u)=0,forallu <0, aex e T;.

(@ kI3 xRy —> R,

(b) There exists M, > 0 such that
|kr(z,71) — kr(zy72)| < My |y — 72 (2.42)
for all r1, r, € Ry, ae. z € I'3.

(c) The mapping = + k,(x,r) € L*(I'3) is measurable on T3V r € R,.

The thermal expansion tensor M = (m;;) : Q x R? — R9, the pyroelectric tensor P = (p;) :
Q — R? and the thermal tensors K : Q x R? — R satisfy

M= (mij), mi; = Myj; € LOO(Q), P = (pi) S LOO(Q) (2.43)
K = (kij), kij = kj; € L>®(Q). (2.44)
Jeg, > 0 such that kz]fzgj > iy, VE = (fz) € R4, (2.45)

The forces, tractions, volume and surface free charge densities and the heat sources density have
the regularity

foe O([0, Tl L2 (Q)Y), fo € C([0,T]; L*(T2)%), (2.46)
@ € C([0,T]; LX(Q)), ¢ € C([0,T]; LX), (2.47)
qn € C(0,T; L2(Q)). (2.48)

The real valued function ¢ satisfies

@ ¢:I'3xR—=R.
(b) There exists I > 0 such that

lp(z,01) — ¢z, 02)| < le|pr — 2

Vgal,goz S R, ae. x €I3. (2.49)
(c) There exists [, > 0 such that |¢(x, p)| < [,

forany ¢ € R, aex €I3.

(d) The mapping x — ¢(z, ¢) is measurable on '3, for all € R.
The boundary potential and thermic data satisfy

PYF € LZ(F3)7 9F € Lz([O,T];Lz(F3))7 ki, € LOO(Q;R+), (250)



A QUASISTATIC FRICTIONAL CONTACT PROBLEM 527

The surface memory function verify
be C([0,T]; L>(I3)),b(t,z) > 0forall ¢t € [0,T], a.e. x € 3. (2.51)
We assume that the initial conditions satisfy
ug € U, 0y € Q. (2.52)

Using Riesz’s representation theorem, we define the functions f : [0,7] — V, and ¢ : [0,T] —
W by

(F(),v)y = /Q folt)yvda + [ fa(0).0da. 2.53)

(a(t), W)w = /Q aolt)pdz - /r @ (t)dda. (2.54)

Next, we define the mappings j : VXV =R, Jo: VXWxW =R, Jy: WxVxV =R,
Jie QX V XV = R, S:[0,7] — R and the functions Z : @ — Q" and R : V — @,
respectively, by

jlu,v) = /pT(u,,)HvTHda, (2.55)
I3
Ja(p,u,v) = /h,,(cp—app)p,,(ul,)vl,da, (2.56)
I;
Te(0,u,0) = / o (6 — 020 )po (w00 da, (2.57)
I;
Twed) = [ helw)ole — or)bda, 2.58)
I3
(S(t), marxe = / gn(®)udz+ [ ken0p(t)uda, (2.59)
Q I3
4 or du
Ermaxe = 3 /| kg gacde+ | karuda (2.60)
INE 3
(Ru, myg'xo = 7/(M.Vv),udx—0—/ k- (Jlor |y da, (2.61)
Q I;

forallu,v € V, p,9p € W, 0, u, 7 € Qand t € [0,T).

We now turn to the variational formulation of Problem P and, to this end, we assume in what
follows that (u, o, , D, §) represents a quintiple of regular functions which satisfy (2.1)-(2.15).
Letv € U and ¢ € (0,T) be given. We use the Green’s formula (2.22) to see that

/Q o (t)e(v)da + /Q Div o (t).vda — /r o (t)vvda,

and, combining this equality with the equilibrium equation (2.1), we find that

/Q o(t).(e(v) — e(a(t)))dz = /Q Folt) (v — a(t))dz + /r oo —i(t))da.  (2.62)

We split the surface integral over I'1, I'; and I'; and, since v — @(¢)=0 a.e. on I'y, o(t)v = f»(¢)
on I';, we deduce that

/ o(t).(e(v) —e(u(t)))dz :/ fo@®)(v—u(t))dz+ [ fo(t).(v—u(t))da
° @ 2 (2.63)
+ /r o ().(v — u(t))da.
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Next, we turn to the integral over I'3. We decompose the vectors and tensors into their normal
and tangential components as follows

o(t)v(v—u(t)) = o, (t) (v, — 0, (t)) + o7 (t).(vr — 0 (t)).
We write now
oy (t)(vy — i (1))
= [ov + (hu(o(t) = r) + ku(0(t) = 0r (1)) pu (w (1)) + £()] (vs — 9)
+low + (ho(e(t) = 0r) + £ (0() = 05(2))) P (un (t)) + £()] (g — i (1))
= [(h(p(t) = o) + ku (0(t) — 0r(1))pw (us (1)) + £(B)] (v — () on T3,

then we use the contact conditions (2.12) and the definition (2.25) of the closed subspace U to
see that

o, (t)(vy — 1y (t)) > — [(hu(w(t) —or) + Kk, (0(t) — 9F(t)))pl,(ul,(t)) o6
+&(t)](vy — 0, (t)) onTis.

We use (2.12), again, and the hypothesis (2.51) on function b to deduce that

([ 8t~ s)uf (5)ds) (65 — 0 (0) = €Y, — 0,(6)) on T, 2.65)

0

Then we add the inequalities (2.64) and (2.65) and integrate the result on I'; we find that

oy (t) (v, — 1, (t))da + b(t — s)uf (s)ds)(vy — i) (t))da
/“ /” / (2.66)

> = [ [(h(o(8) = or) + BA0(0) = 07 (D)) (D) (1 i (1),
Finally, it follows from (2.11) that

o7 (t).vr > —|lo- (O)l[lvr | > —pr(w, () [o- ],
— o7 ()1 (t) = pr(us () |- (D)1,
and thus,

o0 =ir)da = = [ o) erl = lir ()i (2.67)
We combine (2.63), (2.66) and (2.67) with the definitions (2.53) and (2.55)-(2.57) to deduce that

(o(t),e(v) —e(@(t)r + Ja(p(t), u(t),v — u(t))
b (0(1), u(t), v — a(t)) + (/O bt — syut (s)ds, v uj(t))Lz(rs)

+ 4 (u(t), v) = j(u(t), u(t))
> (f(t), 0 —a(t))v.

We multiply the equation (2.5) by p € @, applying the Green formula (2.19) and taking into
account, the definitions (2.59)-(2.61), we obtain

0(t) + 260(t) = Ru(t) + S(t) in Q' (2.69)

Also, using Green formula (2.19), the definitions (2.58) and (2.54), it is straightforward to see
that

(2.68)

(D(t)’ VZ/))LZ(Q)J = Je(u(t)v @(t)v ’(/}) - (Q(t)a w)W (270)

We plug (2.3) in (2.68), (2.4) in (2.70) to obtain the following variational formulation of P in
terms of displacement, temperature, and electric potential .



A QUASISTATIC FRICTIONAL CONTACT PROBLEM 529

Problem Py . Find a displacement field « : [0,7] — V, a temperature field 6 : [0,7] — @ and
an electric potential ¢ : [0, 7] — W, such that

u(t) € U, (Ae(i(t)) + Be(u(t)) + € (Vep(t)) — MO(t), £(v) — e(i(t)))x
+Jea(p(t), u(t), v —i(t)) + Jie (0(1), u(t), v — u(t))

(S0 = sy (s)s,of 5 (0) |, u(e).0) = Su(e). (1) @7
> (f(t),v—a(t))y, YveU,
0(t) + 20(t) = Ru(t) + S(t) in Q', (2.72)
(CV(1), V) e = (Ee(ult)), Vo) ays = (PO Vi) zaiays + Je(ul). £(0)
= (q(t), V)w Vo €W,
w(0) = up,  6(0) = 6. (2.74)
To study problem Py we make the following smallness assumption.
1M, < ¢ 2.75)

2
C1()

where l., M}, Cp and m¢ are given in (2.49), (2.40), (2.18) and (2.38), respectively.
In the study of Problem P, we have the following existence and uniqueness result.

Theorem 2.2. Under assumptions (2.35)-(2.52) and (2.75), there exists a unique solution (u, 0, )
to problem Py,. Moreover, the solution has the regularity

ue C([0,T);V), (2.76)
0 € C([0,T); L*(Q))NL*(0,T;Q), 6 € L*(0,T:Q"), (2.77)
o € C([0,T); W). (2.78)

The functions u, o, ¢, D and 6 which satisfy (2.3), (2.4) and (2.71)-(2.74) are called weak
solutions of the contact problem P. We conclude that under the assumptions (2.35)-(2.52) and
(2.75), problem (2.1)—(2.15) has a unique weak solution (u, o, ) satisfying (2.76)—(2.78). The
regularity of the weak solution is given by (2.76)—(2.78) and, in term of stresses,

o€ C([0,T];H,), (2.79)
D e C([0,T]; Wy). (2.80)

Indeed, the regularities (2.76), (2.77) and (2.78) of u, # and ¢ combined with (2.35)-(2.38) and
(2.43) imply o € C([0,T];H) and D € C([0,T]; L>(Q)¢). On the other hand, we use (2.71)
and (2.73) to obtain Diveo + fy = 0, div D — g9 = 0. Therefore, regularities (2.46)-(2.47) imply
(2.79)-(2.80).

3 Proof of main result

The proof of Theorem 2.2 is carried out in several steps. We assume in what follows that (2.35)-
(2.52) and (2.75) hold and everywhere below, we denote by C' a positive constant which is
independent of time and whose value may change from line to line.

Let n € C([0,T]; V) be given. In the first step, we prove the following lemma for the displace-
ment field.

Lemma 3.1. If M4 > C3L,, then there exists a unique function u,, € C'([0,T]; V') such that

uy(t) €U (Ag(un(t)) £(v) = (g () + (Be(uy (1)), £(v) — £y (t))) 2

+(n(t),v ( Nv + 5 (uy(t), v) = j(un(t), in(t)) 3.1
> (f(t ) iy (t))v, Vv eU.

uy(0) =
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Moreover, if uy and uy are the solutions of (3.1) corresponding to ny, mp € C([0,T]; V), then
there exists C > 0 such that

[1(t) = w2(t)[lv < C([lm () —m@®llv + lui(t) —wa(t)v) Vvt e[0,T]. (3.2)

Proof. We apply Theorem2.1 where X = V, with the inner product (-, )y and the associated
norm | - ||y. We use the Riesz representation theorem to define the operators A : V' — V,
B :V — V and the function f, : [0,7] — V by

(Au,v)y = (Ae(u),e(v))n, (3.3)
(Bu,v)yv = (Be(u),e(v))3, (3.4
(fo(t),0)v = (f(1),v)v — (n(t), v)v, (3.5)

for all u,v € V and t € [0, T]. Hypothesis (2.35)(b),(c) and (2.36)(b) imply that the operators A
and B satisfy the conditions (2.30) and (2.31), respectively with mg = m4,La = Ly,mp =
mpg.

It follows from (2.27) and (2.55) that the functional j satisfies condition (2.32)(a). Moreover we
use (2.41), (2.27) and (2.55) to find

J(ur,v2) = j(ur,vr) + j(uz, v1) — j(uz, v2) < 53L7|\u1 —wllv||vi —vallv,

for all uy,uy,v;,v2 € V, which shows that the functional j satisfies condition (2.32)(b) with
m = C’(%LT on X = V. Moreover, using (2.46) it is easy to see that the function f defined by
(2.53) satisfies f € C([0,T];V) and, keeping in mind that n € C(]0,7];V), we deduce from
(3.5) that f,, € C([0,T];V), i.e., f, satisfies (2.33). Finally, we note that (2.52) shows that

condition (2.34) is satisfied. Using now (3.3)-(3.5) and if M 4 > 502LT we find that the first part
of Lemma 3.1 is a direct consequence of Theorem 2.1.
Now, let n;,n, € C([0,T]; V) and let w,,, = u;, @, = u;, fori = 1,2. From (3.1), we obtain

(Ae(i (1)) — Ae(ua(t)),e((t)) — e(ia(t)))n < (Be(ua(t)) — Be(ui(t)),e(n(t)) — e(ia(t))u

+ (m2(t) —m(t), () — w(t)v + j(w(t),2(t) — jurt), 1t)) + j(ua(t), @ (t) — i (ua(t), w(t)),
for all t € [0, T]. Using (2.36)(b), (2.41)(b) and (2.27), we find that

(Ae(i (t) — Ae(a(t)),e(w(t)) — e(a(t)))n < Laslle(ui(t)) — e(ua(t))[alle(i (t) — (@a(t))lln

+ () = () [l [l (8) — () lv + C Ly Jur () — ua(t) v [l () — aa(t) v,

this inequality combined with (2.35)(c) and (2.26) leads to (3.2) which concludes the proof of
Lemma 3.1. O

In the second step we use the displacement field w,, obtained in Lemma 3.1 to prove the
following lemma for the temperature field.

Lemma 3.2. There exists an unique 0, satisfying (2.77) such that

{ () + 20,(t) = Rin(1) + 5(1) in Q' 56

0,(0) = 6.

Moreover, if 0, and 0, are the solutions of (3.6) corresponding to ny, m, then there exists C > 0
such that

t
1616) = 62(0) @y < € [ lin(s) — ta(s) . 3.7)
0

Proof. The inclusion mapping of (Q, || - [lq) into (L*(Q), ]| - || 2(q)) is continuous and dense.
The operator Z is linear and coercive. Using the Friedrich’s poincaré inequality, we have

(ZT,T)qrxq = Clll- (3.8)
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Through (2.60) and (2.44) for all 7,w € @, we have

d
(Zrw)gxg < Y IIkiy

i,j=1

L@ ITill 2@ lwill 2@y + Fenll 7l 2y 1wl 2 (ry) -

Using (2.20), we find
(ZT,w)exq < Cll7lellwle- (3.9

On the other hand, from the definitions of R, S and the regularities of g5, k¢, and u, given in
(2.48), (2.50) and Lemma 3.1, we deduce that

F, = Ra, + S € L*(0,T; Q). (3.10)

From (2.52), we recall that 6y € LZ(Q) then from the inequalities (3.8), (3.9) and the regularity
(3.10), it follows that the operator Z is hemicontinuous and monotone, then by using classical
arguments of functional analysis concerning parabolic equations (see e.g. [19], p 48) we can
easily prove the existence and the uniqueness of ¢,, satisfying

0, € C([0,T]; L*(Q)) N L*(0,T;Q), 6, € L*(0,T;Q"),
0,(t) + 26,(t) = F,(t) in Q' (3.11)
0,,(0) = bp.

Now for 71,17, € C([0,T]; V), we have for ¢t € [0, T]:
<é7h (t) - 9772 (t)7 0771 (t) - '9772 (t)>L2(Q)
+ <Ze77|(t) - Zeﬁz(t)vem (t) - Hﬂz(t»Q'XQ (3.12)
= <,R’u771 (t) — Ry, (t>’ 97]1 (t) - 9772 (t)>Q’><Q‘

Then by integrating the last equality over (0, ), (3.7) follows by using (2.60), (2.61), (2.42),
(2.43), (2.44), (2.45) and (2.50). O

In the next step we use the solutions u, and 6,,, obtained in Lemmas 3.1 and 3.2 respectively
to demonstrate the following lemma for the electrical potential.

Lemma 3.3. There exists a unique solution p,, € C(0,T; W) such that
(CVQOU (t)7 VIZJ)Lz(Q)d — (56(’11,»,] (t)), V’lb)LZ(Q)d
— (POy (1), V) 2(@)a + Je(un(t), on(t), ) (3.13)
= (q(t),)w, Yp € W, ¥t € [0,T].

Moreover, if ,, and ., are the solutions of (3.13) corresponding to my, n, € C([0,T); V) then,
there exists C > 0, such that

i, (8) = o (D) [lw < C [l (8) = wny () lv + [0, () = Oy (8)]] 2(0)- (3.14)

Proof. Lett € [0,T]. We use the Riesz representation theorem to define the operator £, (t) :
W — W by

(Ln(t)p, ¥)w =(CV@(t), Vi) pa)a — (E(un(t)), Vib) r2(q)a
- (7)977 (t)a Vw)LZ(Q)d' + Je (un (t>, Sa(t)v l/f),

for all p,vp € W. Let 1,y € W, then we use (2.17), (2.38)(d) and notation (2.58) to deduce
that

(3.15)

(La(O)pr = Ly()p2, 01 = p2)w

> me |e1 — o2l + g he (g (1) (@(1 — ©F) — d(e2 — ¢r)) (01 — ¥2) da.
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Therefore, using the bound (2.40)(c), Lipschitz-continuity of the function ¢ and the trace theo-
rem (2.18) we obtain
(Ln(t)p1 = Ly(O)p2,01 — e2)w = me o1 — @alliy — Mi LG llo1 — @2l - (3.16)

It follows from inequality (3.16) and the smallness assumption (2.75) that there exists C' > 0
such that

(Ly(t)pr = Ly(t)p2,01 — 2)w = Cllpr — 2]l (3.17)
On the other hand, we use (2.38), (2.40), (3.15), (2.58) and (2.17) to have

(Lo ()1~ Ly (£)p2, 0w < Lc||sm—soz||wu¢||w+/ My Llor—¢al bl da Vo € W, (3.18)
I3

with Le = sup [[¢j[| o (q)- It follows from (3.18) and (2.18) that

]

(L)1 = Ly(t) 2, V)w < (Le + My 1CF)llor — e2llwldllw Vo € W,
thus,
1L (E)p1 = L) 2llw < (Le + My 1C5)ller — o2llw (3.19)
Inequalities (3.17) and (3.19) show that the operator £, (t) is a strongly monotone Lipschitz

continuous operator on W and, therefore, there exists a unique element ¢, (t) € W such that

Ly()en(t) = q(t). (3.20)

We combine now (3.15) and (3.20) to find that ¢, (t) € W is the unique solution of the nonlinear
variational equation (3.13).

Next, we show that ¢, € C([0,T];W). To this end, let t;,¢, € [0,7] and for the sake of
simplicity, we write ¢, (t;) = @i, Un (t;) = wi, 0,(t;) = 6, , q(t;) = ¢, for i = 1,2. Using
(3.13), (2.37), (2.26), (2.38), (2.58) and (2.17), we find

me |1 — ealliy < Mellur — wallvller — @allw + VdMp||0) — 03] 20 ller — 2llw

+ g |he(ur)d(er — or) — he(u2)d(p2 — or)lle1 — @2 da (3.21)

+llan = @llwller — w2llws

where Mg = sup [|e;jx || (o) and Mp = sup ||p;||p~(q)- We use the bounds |h.(u;)| < Mj,,
|¢(01 — 2)| < I, the Lipschitz continuity of the functions &, and ¢, and inequalities (2.18) and
(2.27) to obtain

g lhe(u1)@(p1 — oF) = he(u2)d(p2 — @r)lle1 — ¢2| da

<M le | |1 — 2| da+ Lhel_e/ lur — uz| |1 — 2| da
I3 I3

< Myl C3ller — o2l + Li LCoCollur — wallv [lo1 — allw-

Inserting the last inequality in (3.21) yields

me |lg1 — allw < (Me + L, 1.CoCo)|lur — wallv + VdMp||61 — 6] 120

5 (3.22)
+ Myl Coller — eallw + llar — @2llw-
It follows from inequality (3.22) and assumption (2.75) that
le1 = @allw < C(lJur —wallv + (101 = 02l 22@) + la1 — @2[lw). (3.23)

We also note that assumptions (2.47), combined with definition (2.54) imply that g € C([0,T]; W).
Since u,, € C'([0,7]; V) and 6,, € C([0, T); L*(Q)) inequality (3.23) implies that ¢,, € C([0,T]; W).
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Now, let n1,m, € C([0,T]; V) and let ,, = @i, uy, = wi, 0, = 6;, fori = 1,2. We use (3.13)
and arguments similar to those used in the proof of (3.22) to obtain

me |o1(t) = 2(t) lw <(Me + Ly 1.CoCo) u (£) — ua(t)llv + VAMpl[61 () — 62(t)l| 2
+ M LCille1 () — p2(t) | w vt € [0,T),
this inequality combined with assumption (2.75) leads to (3.14), which concludes the proof. O

Now, for every n € C([0,T];V), we denote by u,, 0, and ¢, the solutions provided in
Lemmas 3.1, 3.2 and 3.3 respectively. Moreover, we apply the Riesz representation theorem to
define the function 77 : [0,7] — V defined by

(To),v)v = (€ (Ten(t) = MOy (0 20D+ ([ 0=y s,o)
b Tt (0 (8,1 (£),0) + Jue (0, (), uy (£),0), Yo € U, Vt € [0,77.

Lemma 3.4. For each n € C([0,T];V) the function Tn : [0,T] — V belongs to C([0,T];V).
Moreover, there exists a unique n* € C([0,T]; V') such that Tn* = n*.

Proof. Letn € C([0,T];V) and ¢1,t, € [0,T] with ¢; < t,. Using (3.24), we obtain
(Tn(t) = Ta(tz),v)v = (E"(Vey(t1)) — € (Vey(t2)), e(v))n — (MOy(t1) — My (t2),£(v))n

+ (/Ot b(tr — s)u, (s)ds — /Otz b(ta — s)u, (s)ds, v;) oy T Tt (alt) (), 0)

I3
- el(‘pn(tZ)»un(tZ)vv) + Jtewm (t)vun(tl)vv) - Jte(gn(tZ)vun(tZ)av) YoeV
Using (2.37), (2.39), (2.41), (2.43), (2.51), (2.17), (2.18), (2.26) and (2.27), it follows that

Kﬂmo—ﬂmmwﬂ<cQMNQ—%w>W+wwn—%mmwm

ty
) = )l + [ () lvds ) ol
2]

Then we take v = Tn(t1) — Tn(t,) in the previous inequality to find that

[Tn(t) = Taot2)llv < C(HS"n(tl) — wn(t2)llw + [105(t1) — 05 (t2) | 2(0)
(3.25)

+ww@n%m>v+[‘w4$ww)

It follows from (3.25) and the regularities of w,;, 8, and ,, expressed in (2.76), (2.77) and (2.78)
respectively, that 7n € C([0,T]; V).

Now let 1, n, € C([0,T7]; V) and denote by u;, ; and ¢, the functions w,,, 6,, and ¢, obtained
in Lemmas 3.1, 3.2 and 3.3, for : = 1,2. Let ¢ € [0, 7]. Arguments similar to those used in the
proof of (3.25) yield

1Tm () = T} < C(IIUl(t) —w®)} + /Ot lui (s) = ua(s)II5 ds

(3.26)
+WN%WMW%H%@—%@QWJ,
and, keeping in mind (3.7) and (3.14), we find
|7ma>—7mamés;cowmw—uxm&
3.27)

[ ) = s+ [ i) — 1R )
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On the other hand, since u;(t) = ug + fo u;(s) ds, we have

t
Jua(®) ~ wx@) < [ fin() = i) s, (3.28)
0
and using this inequality in (3.2) yields
2 2 ' 2
Jia ) = (0l < C(Im ()= m@F + [ lir(o) — ia(o) - ds).

It follows now from a Gronwall-type argument that

/ 1 (s) — wa(s)|3 ds < C’/ [lm1 (s 2 (s)||3 ds. (3.29)
Combining (3.27)-(3.29) leads to

7m0 - TR < C [ m(s) = ma(s) R d.

Reiterating this inequality n times we are led to

IT™m (t) — Tt HV<C”/O/O / I () — ma(r)|I3 dr..ds,

n mtegrals

which implies that

mn

mn C "
|T"m =T 772”20([0,T];V) < [m — 772H2C([0,T];V)' (3.30)

Since lim Cnn,Tn = 0, it follows that there exists a positive integer n such that
n—oo °

therefore, (3.30) shows that the operator 7" is a contraction on the Banach space C([0,T]; V)
and, so, there exists a unique element n* € C([0,7; V) such that An* = n*. ]

¢ T" < 1 and,

We have now all the ingredient to prove the Theorem 2.2 which we complete now.
Existence. Let n* € C([0,T7]; V') be the fixed point of the operator 7, and let u,-, 6,- and ¢,-
the solutions provided in Lemmas 3.1, 3.2 and 3.3 respectively, for n = n*.

It follows from (3.24) that

t

(7" (1), 0)v = (€ (Vo () = Mby- (1) D+ (| 0t = o), ()ds.o)

+ Jei (= (), wp= (£),0) 4+ Jie (O« (L), up= (t),v), Yo € U, Vt € [0,T7],

and, therefore, (3.1), (3.6) and (3.13) imply that (uw,, 6,+, ¢, ) is a solution of problem Py .
Uniqueness. The uniqueness of the solution follows from the uniqueness of the fixed point of
the operator 7 defined by (3.24).

References
[1] M. Aouadi, Generalized thermo-piezoelectric problems with temperature-dependent properties Mathe-
matical Reviews. International Journal of Solids and Structures. 43, 6347-6358(2006).

[2] A. Azeb Ahmed, S. Boutechebak, Analysis of a dynamic thermo-elastic-viscoplastic contact problem.
Electronic Journal of Qualitative Theory of Diferential Equations. 71, 1-17(2013).

[3] H. Benaissa, EIH. Essoufi, R. Fakhar, Existence results for unilateral contact problem with friction of
thermo-electro-elasticity. Appl. Math. Mech. Engl. Ed. 36, 911-926(2015).

[4] H. Benaissa, EIH. Essoufi, R. Fakhar, Analysis of a signorini problem with nonlocal friction in thermo-
piezoelectricity. GLASNIK MATEMATICKI. 51, 391-411(2016).



A QUASISTATIC FRICTIONAL CONTACT PROBLEM 535

(5]

(6]

(7]

(8]

(9]
(10]

(1]

[12]

[13]
[14]

[15]

[16]

(17]
(18]

[19]

[20]

(21]

(22]

M. Barboteu, K. Bartosz, P. Kalita, A. Ramadan, Analysis of a contact problem with normal compliance,
finite penetration and nonmonotone slip dependent friction. Commun Contemp Math. 16, 1350016(29
pages)(2014).

M. Barboteu, XL. Cheng, M. Sofonea, Analysis of a contact problem with unilateral constraint and
slip-dependent friction. Mathematics and Mechanics of Solids, SAGE Publications. 21, 791-811(2014).

S. Boutechebak, A. Azeb Ahmed, Analysis of a dynamic contact problem for electro-viscoelastic ma-
terials. Milan J. Math. 4, 105-124(2018).

D.S. Chandrasekharaiah, A generalized linear thermoelasticity theory for piezoelectric media. Acta
Mech. 71, 39-49(1988).

G. Duvaut, J.L. Lions, Les Inéquations en Mécanique et en Physique. Dunod. (1976).

ELH. Essoufi, M. Alaoui, M. Bouallala, Error Estimates and Analysis Results for Signorini’s Problem
in Thermo-Electro-Viscoelasticity. General Letters in Mathematics. 2, 25-41(2017).

T. Hadj Ammar, A. Saidi, A. Azeb Ahmed, Dynamic contact problem with adhesion and damage
between thermo-electro-elasto-viscoplastic bodies. C. R. Mecanique. 345, 329-336(2017).

Z. Lerguet, M. Shillor, M. Sofonea, A frictional contact problem for an electro-viscoelastic body. Elec-
tronic Journal of Differential Equations. 170, 1-16(2007).

R.D Mindlin, Elasticity, Piezoelectricity and Cristal lattice dynamics. J. of Elasticity. 3, 217-280(1972).

R.D. Mindlin, Continuum and lattice theories of influence of electromechanical coupling on capaci-
tance of thin dielectric films. Int. J. Solids. 4, 1197-1213(1969).

J. Necas, 1. Hlavacek, Mathematical Theory of Elastic and Elastoplastic Bodies: An Introduction,
Elsevier, Amsterdam. (1981).

W. Nowacki, Foundation of linear piezoelectricity, In: Parkus, H. Ed, Interactions in Elastic Solids.
Springer, Wein. (1979).

W. Nowacki, Some general theorems of thermo-piezoelectricity. J. Thermal Stresses1, 171-182(1978).

M. Sofonea, H. Han, M. Barboteu, Analysis of a viscoelastic contact problem with multivalued normal
compliance and unilateral constraint. Comput. Methods Appl. Mech. Eng. 264, 12-22 (2013).

M. Sofonea, W. Han, M. Shillor, Analysis and Approximation of Contact Problems with Adhesion or
Damage. Pure and Applied Mathematics,, Chapman, Hall/CRC Press, New york. 276, (2006).

M. Sofonea and A. Matei, Mathematical Models in Contact Mechanics. London Mathematical Society
Lecture Note Series. Cambridge: Cambridge University Press, (2012).

M. Sofonea, E. Patruescu and A. Farcas, A viscoplastic contact problem with normal compliance, uni-
lateral constraint and memory term. Appl. Math. Optim. 69, 175-198(2014).

H.F. Tiersten, On the nonlinear equations of thermoelectroelasticity. Internat. J. Engrg. Sci. 9, 587-
604(1971).

Author information

Abdelaziz Azeb Ahmed, Laboratory of Operator Theory and PDE: Foundations and Applications
Faculty of Exact Sciences, University of El Oued, El Oued 39000, Algeria..

E-mail:

aziz-azebahmedQuniv-eloued.dz

Received: September 3, 2021.
Accepted: January 13, 2022.



	Retracted paper
	PJM_May_(3)2022_519_to_535_0
	1 Introduction
	2 Problem's formulation and main result
	2.1 The classical formulation
	2.2 Preliminaries
	2.3 Weak formulation and main result

	3  Proof of main result


