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Abstract The objective of this article is to investigate a variant of ordered inclusion problems,
namely, (-, -)-compression (a, \)-XOR-ordered NODSM mapping in real ordered Hilbert spaces
by using graph convergence approach. An associated resolvent operator is defined and some of
its properties are discussed. An equivalence between resolvent operator convergence and graph
convergence is established. An existence result for H(-,-)-compression (a, \)-XOR-ordered
NODSM mapping is proved using XOR and XNOR operations technique. Moreover, an or-
dered inclusion problem in real ordered Hilbert space is considered and an iterative algorithm
is presented. Also, the concept of graph convergence is applied to analyze the convergence of
the proposed algorithm. Finally, the notion of graph convergence is clarified by an illustrative
example.

1 Introduction

The theory of variational inequality is one of the most acclaimed tools in nonlinear analysis.
Since its inception in 1964 by Stampachia [35], it has been paid much attention and generalized
in various diverse directions due to its wide ranging applications in optimizations, economics,
engineering sciences, structural analysis, etc., see, [8, 10, 18, 19, 20]. One of the important
generalizations of variational inequality is variational inclusion, which includes variational in-
equality, equilibrium problems, game theory, optimizations and fixed point theory as special
cases.

The notable monotone operators were conceptualized by Zarantonello [39] and Minty [34].
A notable interest has been shown by several researchers to study monotone operators due the

following evolution equation
% b A(z) = 0:2(0) = zo.

The above equation is strongly connected with monotone operators and many physical problems
can be expressed using this model. The maximal monotone operators provide a framework to
develop a suitable resolvent operator to find the approximate solutions of variational inequali-
ties and convex optimization problems. It is noteworthy to mention that the resolvent operator
associated with maximal monotone operator is a generalization of projection technique. Due to
this fact, researchers shown their interests to study the concepts of maximal monotone opera-
tors and their generalized forms, see, [2, 3, 14, 16, 17, 23, 24, 26, 27, 37, 41] and references
cited therein. These operators play crucial role in convex analysis, optimization, partial differen-
tial equations and differential inclusion problems. It was Li and Huang [29] who instigated the
graph convergence and established its relationship to resolvent operator convergence. Using this
concept, they showed the convergence of H(-,-)-accretive operator in Banach spaces. Later on,
the technique of graph convergence was generalized to H (-, -)-co-accretive operators and Yosida
approximation operators, for more related work, see; [5, 7] and references cited therein.

However, the underlying spaces in the traditional fixed point theory are topological space and
the presumed mappings must satisfy a certain type of continuity. Tarski [36] introduced the con-
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cept in which there are some ordering relations on the underlying spaces (pre-order, partial order
or lattice) and such spaces are not required to be equipped with topological structure. To assure
the existence of fixed point, the considered mappings satisfy some order-monotonic conditions
and it is unnecessary for them to have any continuity property. Since Banach spaces are the
fundamental underlying spaces on linear and nonlinear analysis, therefore a Banach space with
an ordering structure is called an ordered Banach space. This important idea has been widely
used in solving integral equations [11, 12, 21], vector variational inequalities [28], nonlinear
fractional evolution equations [25, 38] and Nesh equilibrium problems [9, 40], etc..

In recent past, the nonlinear mapping fixed point theory in ordered Banach spaces has been
studied considerably, see, [13, 15, 22, 38]. In 2008, Li [30] discussed the existence result and
convergence of the proposed algorithm for a class of nonlinear ordered variational inequalities.
In [1, 4, 31, 32, 33], approximate solutions of general nonlinear ordered variational inequalities
(ordered equations) are given in ordered Banach and Hilbert spaces.

With inducement from recent findings in this direction, we introduce a variant form of or-
dered inclusion problems, namely, H (-, -)-compression (c, A)-XOR-ordered NODSM mapping
in real ordered Hilbert spaces. The paper is lay out as follows. In section 2, we recollect basic
definitions, notions and tools required for the accomplishment of subsequent sections. Also, we
define the resolvent operator and discuss some of its characteristics. Section 3 deals with the def-
inition of graph convergence and its relationship with resolvent operator convergence associated
to H (-, -)-compression (, A\)-XOR-ordered NODSM mapping is also discussed. Moreover, an
illustrative example is given to justify the concept of graph convergence for (-, -)-compression
(v, A)-XOR-ordered NODSM mapping. Section 4 begins with the formulation of ordered inclu-
sion problem and discuss the existence result for the proposed problem. In the last section, we
present an iterative algorithm and report its convergence analysis.

2 Preliminaries and auxiliary results

In this section, we mention basic definitions, perceptions and handy outcomes that are construc-
tive instruments in succeeding analysis which will be deployed throughout the paper.

Let #, be a positive real ordered Hilbert space equipped with norm || - || and inner product
(-,-). Let d be the metric induced by the norm | - ||; C B(H,,) (respectively, 2*») be the family
of all nonempty closed and bounded subsets (respectively, all non empty subsets) of H,. “ < ”
denotes the partial ordering relation defined by the normal cone C with normal constant Ac.
For any arbitrary £, K, € H,, the greatest lower bound and least upper bound of {£}, £} is
represented by glb{x), £, } and lub{K), £, }, respectively with partial ordering relation <. AND,
OR, XOR and XNOR operators are denoted by A,V,® and ®, respectively which are given
below by following relations:

(1) 1 ARy = glb{&1, Ka s

(i) 71V £ = lub{y, ),
(iii) K1 ® Ky = (K1 — /) V (K2 — K1),
(V) £ O R = (1 — @) A (R — 7).

Now, we recall some familiar definitions, notions and results which are requisite to accomplish
the ambitions of this article.

Definition 2.1. A nonempty closed convex subset C of #,, is called a cone
G ifmel,a>0= amnecC(;

(i) if m € Cand —m € C= m = 0.

Definition 2.2. Let C be a cone. Then

(i) C is called a normal cone, if there exists A\c > 0 such that 0 < £} < £, = ||£| <
)\C”"{ZH’vl‘{lw‘{Z S Hp;

(i) Ky < Ky ifand only if K1 — K5 € C, VK, K2 € Hyp;
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(iii) K1 x Ky if and only if £] < K, or Ky < K.

Lemma 2.3. [15] Let C C H,, and K1, K> € Hyp. Then the following assertions hold:
(i) 00| = 0] = 0;

(ii) Ik vV fall < Rl v &2l < 1A+ [1R2ll;

(iii) |1 @ &2 < [|F1 — k2l < Acllk1 @ Rall;

(iv) if K1 « R, then ||K1 @ &2 = |1 — R2]|.

Lemma 24. [15] If p < G,, and G, — §* as n — oo, then p < §*, Vn € N.

Lemma 2.5. [3]1] Let C C ‘H,, with relation < induced by C. Then for any a, b, K1, Fa, K3 € Hyp,
the following assertions hold:

(i) 5101 =0, KO =K oK =—(R &/K)=—(Ke&r)
(ii) if £ xOthen —K1 0 < K] <K PO,
(i) 0 < £y @ K, if £1 o Fa;
(iv) (AR1) @ (AR2) = |M|(K1 @ K2), for any real \;
(v) if K1 « K, then K| ® K3 = 0 if and only if K| = Ky;
(vi) (a+b)© (A1 + ) > (@0 /1) + (Do /),
i) (a+0) ® (K1 + £2) > (a® k) + (O £);
(viii) if k1, Ka, K3 are comparable, then (K @ K2) < (K1 @ £3) + (K3 ® £2);
(ix) ak) ® R = |a — B|&1 = (a ® B)K1, if K1 < 0, for any real o, 5.
Definition 2.6. [31] U : H, — H, is said to be comparison mapping if for any £, K> € H,,
K1 o Ky implies U(K)) < U(R2), K1 o< U(K1), K2 o< U(K2).
Definition 2.7. [31] A comparison mapping U : H,, — H, is said to be
(i) strongly comparison, for any K1, K2 € H,, K1 o £, if and only if U(k) < U(K);

(ii) ~y-ordered compression mapping, if there exists a constant v € (0, 1) such that

U(I{‘]) S U<I€2) S ’Y(’{] @ "52)7 v’517'152 S Hp-

Definition 2.8. U/ : 7, — H,, is said to be ordered Lipschitz continuous if
||U</51) &) [7(/52)” < )\H/ﬁ &) /52||,VH~1,/€~2 € Hp, K1 < K2 and A > 0.
Definition 2.9. P : H,, — C'B(H,,) is said to be ordered D-Lipschitz continuous if

D(P(/ﬁl),P(ﬁz)) < /\pH/ﬁ &) /€2||,V/€~1,Ii~2 € Hp, K1 < K2 and Ap > 0.

Definition 2.10. M : #, — 2*» said to be comparison mapping, if for any ps, € M (1), 1 o
pi, and if £] o K, then for any p;, € M (K1) and ps, € M (K1), pi, X P,y VKL, K2 € Hyp.

Definition 2.11. A comparison mapping M : H, — 27 is said to be

(i) a-non-ordinary difference mapping if there exists p;, € M(#) and p., € M(#,) such that
(p,gl @p@) © a(/€1 D /52) = O,VFSl, Ky € Hp and o > 0;
(ii) a-ordered rectangular if there exists p,;, € M(£)) and ps, € M(K,) such that

(P, © Diyy — (K1 @ £2)) > al|F1 @ Ka|*, VKT, K2 € Hp and a > 0;
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(iii) A-XOR-ordered strongly monotone compression mapping, if £1 o £ and for any p,;, €
M () and pg, € M(%,), we have

Mps, @ piy) > (K1 © K2), VK1, K2 € Hp and A > 0.

Definition 2.12. Let U, V : H,, — H,, be the single-valued mappings. Then i : H, x H, — H,
is said to be

(i) 7-ordered compression mapping with respect to U, if there exists a constant 7 € (0, 1)
satisfying

AU (R1),) @ H(U(R),) < 1i(f & /), Vi, R € Hy;

(ii) -ordered compression mapping with respect to V, if there exists a constant 7, € (0,1)
satisfying

H(,V(k)) @ H(, V(&) < n(f1 @ /), Vi1 £ € Hy;

(iif) mixed comparison mapping with respect to l~]~an~d v, if for all K1, /> € Hp, K1 x Ky then
H(U(/), V(1)) o H(U(#2), V(£2)), 1 o< H(U (K1), V (F1)) and /3 o< H(U (k2), V (£2));

(iv) mixed strongly comparison mapping with respect to U and V, if for all £,k € H,,
H(U(1),V (1)) oc H({U(%2), V(£2)) if and only if &1 oc £2, for all £1, K2 € H,.

Definition 2.13. Let U,V : H, — H, and H : H, x H, — H,, be the single-valued mappings.
M : H, — 27 is said to be H (-, -)-compression (a A)- ordered NODSM with respect to U and
V,if H is 31 and f3,-ordered compression mapping with respect to U and V, respectively and M
is a;7-non ordinary difference, A-XOR-ordered strongly monotone mapping such that

[H(U, V)@ AM](H,) = Hp,¥A >0 and 0 < By, 32 < 1.
Definition 2.14. Let U,V : H,, — H,; H : H, x H, — H, be the single-valued mappings and

M :H, — 2"r be H(-,)- -compression (a, )\) ordered NODSM mapping with respect to U and
V. The resolvent operator ng\'z") : Hp — H,p is defined by

RY(@) = (0, 7) & A1)~ (@), Vi € Hy, Ao >0,0< By, B < 1. @.1)
Proposition 2.15. Let U,V :H,— Hyand H: H, x H, — H, be the single-valued mappings
such that H is by and [;-ordered compression mapping with respect to U and V, respectively.
Let M : H,, — 2"» be an a- ordered rectangular mapping with Ao > 81 + 3, and (4 & 9) o< 0.

A

Then the resolvent operator R X, M

: Hp — H, is a single-valued mapping.

Proof. Given @ € H,, i o< ¥ and A > 0, let @, € [H(U,V) @ AM]~" (). Then,

and

Pa©Opy; = [ ®

2.2)
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Since M is a-ordered rectangular mapping, H is B and f,-ordered compression mapping with
respect to U and V/, respectively. Therefore,

al|a @ )2

IN N
=
g
O)
s

i), (@ ® 7)) (2.3)

|
+ > =

IA

Bi +52)

that is, (a - |@ @ @)|* < 0. Since A > B + s, therefore ||i @ || = 0.

Thus @ = 9, i.e., the resolvent operator R ( )

mapping.
Proposition 2.16. Let U,V : H, = Hp and H : Hy, x Hp — Hp be the single-valued map-

pings such that H is mixed strongly comparison mapping, 61 and [3,-ordered compression map-
ping with respect to U and V, respectively. Let M : H, — 27 be an aH (+,-)-compression

associated to U7, V', H and M is a single-valued

(o, A)-XOR-NODSM mapping. Then the resolvent operator Ry 5\4) : Hp — Hp is a comparison
mapping.

Proof. Given @, € Hp, assume that &% o< ¥ and

pa = %[aea FI(U(ngZ’-)(a)),17(355\.2,.)(@)))] c M(Rig\})(ﬂ)), 2.4)
and . )
po = s[0® HOR] @), V(R] @) € MR @) 2.5)

For the sake of computation, assume

(@) = BRI (@) and T(3) = RYS)(9).

Using the (a, A\)-XOR-oredered strong monotonicity of M, (2.4) and (2.5), we have

(u S3) f}) S )‘(pu @p'ﬁ)
(@ov) < [ae HU(T(a), V(T(@)] e [oe H(U(T(0)),V(T(7))
(@ov) < (a® o) (H(0(T(),V(T(a)) e (HU(T(9)), V(T(9))))

(@)
A
=)
—
h
—
S~
—
]
N—
:_/
<t
—
S~
—
=g}
SN—
S~—
N—
\
)
—
h
—
S~
—
3
=
<t
—~
S~
—
<
SN—
SN—

Thus, we have

- A(O(T(3)), V(T())) < A0 (T(@)), 7(T(7))) 2.6)
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or H(U(T(
From (2.6) and (2.7), we have

N
S—
:-/

<t
—~

S
—

=4}
SN—
=

IN

ul
—

h

S~
—~

<
N~—
:_/

<t
—~

S
—~

s3]
=
S—

2.7)

i.e., ) )
AO R (@), V(R T(0))) o« AT (R (), V(R ().

Since A is a mixed strongly comparison mapping with respect to I and V, then R/\ EVI)(ﬂ) X
A,
R

/\M)( ), that is, R < )1sacompa~‘f180n mapping. )

Lemma 2.17. [6] Let U,V : H, = Hp and H: Hp X Hyp — Hy, be the single-valued mappings
such that H is mixed strongly comparison mapping with respect to U and V, B; and f3,-ordered
compression mapping with respect to U and V, respectively. If M : H, — 2Mr s H(.,)-

compression (a, \)-XOR-NODSM, a-ordered rectangular mapping with )\a > (61 + 62),0 <

L ac,) . . 1 . -
B1, B2 < 1, then the resolvent operator RA i THy = Hyis o — (3 18 G+ B) ipschitz continu
ous. Le.,
”RA M. (ﬂ) D R)\ 1\/[. (’D>|| < QHﬂ D 'EH?V'&?’B € Hp’
1
where Q = ————.
Aa — (81 + f2)

3 Graph convergence for H (-, -)-compression (a, A)-XOR-NODSM
mapping

This section begins with the definition of the graph convergence. We establish the relation-
ship between the graph convergence and resolvent operator convergence associated to H (-, ))-
compression (a, A)-XOR-NODSM mapping.

The graph of a multi-valued mapping M : H, — 2%» is defined by

graph(M) = {(@,) : o € M(@)}.
Definition 3.1. Let Uv :H, - ﬂp;ﬂ' : Hp x Hp — H, be the single-valued mappings
and M,, M : H, x H, — 2"» be H(-,-)-compression (o, A\)-XOR-NODSM mappings, n =
0,1,2,---. The sequence {M,,} is said to be graph convergence to M, indicated by M, GM if
for each element (i, ©) € graph(M), there exists { (i, ¥,)} € graph(M,) such that

i, — @ and 9,, > ¥ asn — oo.

Theorem 3.2. Let U,V : Hy, = Hpand H: Hp x Hp — Hy be the single-valued mappings such
that H is 3i-ordered compression mapping with respect to U, (32-ordered compression mapping

with respect to V and H is comparison mapping with respect to U and V, ng\';}'> (1) o Rf;/ (7)

and R, M>( ) o Ry Eu)(ﬁ). Let M,,M : H, — 2"» be H(-,-)-compression (a, \)-XOR-

NODSM mappings forn =0,1,2,---. Then MngM, if and only if
A - () ey m
RI(@) = RY(@), Vi € My, A > 0,0 < B, B < 1,
CREC) () = [H(T.V 7 1-(g H() =\ _ 1F(fT T =15
where; Ry (a) =[H(U,V)® M, (@) and Ry i (@) =[H(U,V)® M|~ (a).

Proof. Suppose that M, G M, then for any given @ € H,, let

~ H(’) - ~ [fI( ) -
in = Ry (w) and @ = Ry ().
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G (o) (T o T (4
Then @i = R, ;" () = [H(U, V) © AM]~! (), thus

which implies that
(ﬁ, %[ﬁ} o H(U(a), V(ﬂ))]) € graph(M).

Thus, by the graph convergence it follows that there exists a sequence { (@, %)} € graph(M,)
such that

@, — @ and ¥, — © H(Ua, Vi) asn — oo. (3.1

[@ &

>/\>—ﬂ

Since @, € M,(ii!,), we have

and thus,

Now,
~ ~ ~ ~/ ~/ ~
[T — @l < [|@y — G, || + (&, — Gl
~ ~/ ~/ ~
= ||tn & @, [ + |G, & Gl

o pHC) (s A (7 - - W

A(-0)

o, We have

Utilizing the Lipschitz continuity of R

i, — @l < Q| & [A(T (i), V(i) & ~’H|+Ha’ @ i
<Qlwe [AT(a,), V(i) — A,]|| + |1, @ al
< Q|[w e A(U(@), V(@) — A, |
+QUA( (), V(1)) — AU (@), V(@) + ||, @
< Q|[w e A(U(@), V(@) - Ao, || + QAT (@,), V() — BT (@), ¥ (i,))|
+ QAU (@), V(@) — H(O (@), V(@) + ||, o ll
< Q|[we A(U(@), V(@) - Ao, || + QAT (@,), V() AT (@), ¥ (i,))|
+ QA (AT, V(@) @ AT (@), V(@) + ||, &l

© H(U (@), V(7)) = Mo, | + Q61 @ Bo)l|a,,  al + |1, @
= Q||[@ @ H(U (@), V(@))] — A, | + [1 + Q8 @ B)] ||, @ il

& B(T(@), V(@)] = A, || + [1+ Q81 & Bo)] iy, — |
From (3.1), we know that @, — @ and A&/, — [w o A(Ua, f/a)} as n — oo, then
i — @l = 0 asn — oo,

which implies that
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Let (i1, %) € graph(M), then & € N (i). Thus we have

HU(@),V(a) @ o e [HU,V) o AM|(i)

and hence B
i = Ry A(0(@), V(7)) @ Ad). 3.2)
Let 5
iy = ngw) [H (T (@), V(@) & Ad), (3.3)
Then we get
%[H(U(a), T(0)) @ H (T (i), T (i) & N3] € N (1)
Let &, = L[H (T (), V(@) ® H(U (i), V(i) & A5]. Then
15, — ol = 3O (@), V(@) & H(U (@), V(i) © A - 7]
< IH O (@), V(@) @ H(U (i), V(in))] @ (5 @ 7|
< sWH O (@), V(@) & H(T (@), V(in))|l

Again using the fact that /7 is 3; and 3,-ordered compression mapping with respect to U and V/,
respectively, then
(B + Bo)l|in —

<
<
Also from (3.2) and (3.3), we have

[t — | = IIR

T (@), V(@) © M| - Ry G0 (@), V(@) @ 3|
= ||<RfM,L RYCA (D (@), V(7)) & M)

Since ng\/f) - Ry gw)’ we have ||@, — @|| — 0 as n — oo. Thus from (3.4), we have

|5, — ©|| — 0 as n — co. Hence MngM This completes the proof. |
The graph convergence for (-, -)-compression (a, A)-XOR-NODSM mapping is verified by
the following illustration.

Example 3.3. Let H, = R2 = R*™ x R* with usual inner product and norm and let C =
[0, 1] x [0, 1] be a normal cone. Let U,V : H,, — H,, be the single-valued mappings defined by

~ ry T
Oer,22) = (55 ) Y(an,a2) € By x H,,

o o
374
Let H : H, x H, — H,, be a bi-mapping defined by

V(zy, ) = ( ), V(z1,22) € Hp X Hyp.
HU(2),V(z)) =U(z) @ V(x), Yo = (z1,22) € Hp X Hp.
Then for any v = (u1,u2),z,y € Hp X Hp,x < y, we have

(U(z) ®u) @ (U(y) ®u)
(5:2) o ] 0 [(3.2) o a0

[(z1,22) ® (y1,12)]

H(U(x),u) & H(U(y),u) =

<

(z @ y).

l\-)\'—‘ l\)\'—'
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e, A(0(),u) @ B0 (y),u) < %(:g ® ).

Hence, A ( V) is f-ordered compression mapping with respect to /. Similarly, one can show
that (U, V) is %—ordered compression mapping with respect to V.
Let M, M,, : H, — 2™» be multi-valued mappings defined by

M(z) = {321,322}, Vo = (z1,22) € Hp,

. 1 3

M, (z) = {3z + E,sz + %},Vaz = (z1,22) € Hp.
Then it is easy to substantiate that M is a comparison mapping. Let p, = (3z1,322) € M(x)
and p, = (3y1,3y2) € M(y), then

(P2 ®py) +3(z,y) = ((321,322) ® (3y1,3p2)) @ 3(z B y)
=3[zoy)® (z@y)]=0.
Hence, M is 3-non-ordinary difference mapping. Also
(P2 © py) +3(z,y) = (B1,322) ® (By1,312)) = 3[(z © y)],

which implies that }(p, ® p,) > (z @ y). Thus, M is a 3-XOR-ordered strongly monotone
mapping. Also for any z = (x1,22) € Hp, A = 1, we have

[H(U, V) + AM]|(H,) = H,p.
Hence, M is H(-,-)-compression (c, \)-ordered NODSM mapping with respect to U and V.

~ ~ o ur up 1 U 2
Now, we show that]\{L %M Le;tsu— (?’Z) and u,, = (33 —l—— Z+ ) Then
'y o un o o u
vy, = My (uy) = (u1 e + 2n> and v = M(u) = (ul, 4 ) Thus we have
lim v, =vand lim w, =u, asn — oo.
n—oo n—oo
Hence, MHQM asn — oo.
() — (T T r1—1
RA,JV[ () = [}{(U,V)?)\M] ~x)
:me@vup@mewm (3.5)
= (%xl’ %1.2) = (%‘rlv 265x2>

Thus, we have

() () _ 6 6 6 6
IR0 @) @ B W= [ (501 557) @ (o0 3572)|
6
< llz @yl
Therefore, the resolvent operator R N 5\/[) 18 23 -Lipschitz continuous mapping.
Next, we establish the relation between graph convergence and resolvent operator conver-

gence of H(-,-)-compression («, \)-ordered NODSM mapping.
Now for A = 1, the resolvent operator is given by

R @) =

(3.6)

It follows from (3.5) and (3. 6) that

H(,)
( ) — Ry (z)]] = 0, as n — oo.
Thus, we have

ngw)(x) — R}{(l")(az) = ]\angJ\Z/
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4 Conceptualization of the ordered inclusion problem and existence result

In what follows, we conceptualize the ordered inclusion problem associated to H (-, -)-compression
(o, A)-XOR-NODSM mapping. We establish an ordered fixed point problem for considered or-
dered inclusion problem and examine the existence of unique solution using XOR and XNOR
operations.

Let H, be a real ordered positive Hilbert space. Let U,V ,§ : H, — H, and H,T : H, x
H, — H, be the single-valued mappings; let P,Q, R : H, — CB(H,) be the multi-valued
mappings. Let M : H, xH,, — 2» be an H (-, -)-compression (a, \)-ordered NODSM mapping
with respect to U and V. We propose the following ordered inclusion problem:

Find # € H,, @ € P(%),5 € Q(#) and @ € R(Z) such that

0 T(a,v) ® M(§(%), ). 4.1)

Note that the ordered inclusion problem (4.1) is more prevalent. For diverse selection of
the mappings involved in the formulation, our problem include many problems existing in the
literature as specialization; see, [6, 29, 32, 33].

Now, we establish the correspondence between ordered fixed point problem and ordered
inclusion problem.

Lemma 4.1. The ordered l;nclusion plioblem (4.1) has~ a solution (%,,9,), if and only if
(Z,4,0,0),% € Hp,u € P(Z),0 € Q(Z) and w € R(Z) solves the following ordered fixed
point problem

SHU(E), V(%) & \T(4,7)].

2
I~y
> T

where \ > 0 is a constant.

Proof. By following the definition of resolvent operator, we have

O

Theorem 4.2. Let U, V,§ : H, — H, and H,T : H, x H, — H, be the single-valued map-
pings such that H is mixed strongly comparison mapping wzth respect to U and V B and
Br-ordered compression mapping with respect to U and V, respectively and T is 7T and VT

ordered compression mapping in the first and second argument, respectively. Let P,Q, R :
H, — CB(H,) be ordered D-Lipschitz continuous mapping with constants p, Co» Cpy respec-
tively. Let M : H, x H, — 2"» be an H(-,-)-compression (a,\) ordered NODSM mapping.

Let R A, (> (.)m)( 1) R/\,E\/I<)g<<),uvz)( 2), Z1 o T, and the following condition is satisfied:

AclQ(B1 + B2) + N (v:Cp +77Ca) +9Ca] < 1, (4.2)

1
where Q = ——— Ao > + 8»). In addition the following condition holds:
o — (51 + ﬁz) (ﬁl 52) f 8

A(,)
”]ﬁ?')\7 V]

M(g(‘%qﬁl)[ﬂ—(i](‘%Q)) V(#2)) @ AT (ila, ©y)] GBR

[ﬁ(ﬁ(fz)a V(%)) @ AT (i, 52)] |

4.3)
Then ordered inclusion problem (4.1) has a unique solution.

Proof. Define a single-valued mapping G : H,, — H, by

G(a) =R\ | [H(0(3), V(7)) © AT(@,5)).
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It follows from Lemma 2.5 that

- Rig{j()~(-)@l)[g(ﬁ(jl)’ V(#)) ® AT (@1, 1))
® Iii%?()gm,wzz [ (0(#2). V(#2)) ® M (72, 9)]
< Ry 0 H O3, V(#)) © AT (@, )] @4)
& B, .m0 [ (0(#2), V(%2)) © M (32, 7))
o2 Rig\"}()~() "l)[H(U<j2)v V(fﬁZ)) 5] )\T(’sz, ’Uz)]
@ Rii\“}()g(.),w )[E(U(jZ)v V(22)) @ M (i, 92)]

Employing Lemma 2.3, we have

4.5)

(4.6)

p W)

Since T is 7% and Wg—ordered compression mapping in the first and second argument, respec-

tively, P is ordered D-Lipschitz continuous mapping with constant (5 and @ is ordered D-
Lipschitz continuous mapping with constant (, therefore

T (@1, 01) & T(tia, &) || < T (1, 01) & T (i, 1) & T(fi, 1) & T(fha, )|
(T (@, 1) ® T(tia, 1)) — (T(fia, 01) & T(fia, 2)) |
||T(TL1,171) & ~(1~L2,U1)|| + ||T(ﬂ2,111) @T(ﬁz,ﬁz)”
' la) @ as| + o |51 @ Dy (4.8)

I VAN VAN VAN VAN VAR VAN

(72Cp +17C0) 11 @ .
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Utilizing the assumption that R is ordered D-Lipschitz continuous with constant ¢ i, We get
[@1 & o] < D(R(F1), B(32)) < (pll#1 @ - 4.9)
Making use of (4.7)-(4.9), (4.6) becomes

1G (&) ® G(E)]| < [AeQ(B1 + B2) + INAc(vp¢p + 17Cg) + AcICR]1E ® &

o (4.10)
= 0|71 © 22,

’ 1" ]
here ®@ = A¢|Q(B1+52) + A (v+(p+7+(5) +U(s|and Q = ———— . Tt foll fi
where c[Q(B1+52) + A (v7Cp +77Cg) +9Cz] an o= (5 + ) ollows from

the assumption (4.2) that 0 < ® < 1. Hence, (4.10) and Banach contraction principle guarantees
that G is a contraction mapping. Then there exists a unique & € H,, such that

X/ H(- TR T A Py

G@) = R0 G (U(F), V(7)) @ XT (@, 9)).

Thus, by Lemma 4.1, we can deduce that (%, @, 9, ®), & € H,, @ € P(#),7 € Q(#) and @ € R(%)
is a unique solution of the ordered inclusion problem (4.1). O

5 Iterative algorithm and convergence analysis

This section begins with the construction of iterative algorithm. Finally, the convergence analysis
of the sequences generated by the proposed iterative algorithm to the unique solution of ordered
inclusion problem (4.1) is discussed.

Algorithm 5.1. Let U,V,§ : H, — M, and H,T : H, x H, — H, be the single-valued
mappings; let P, Q R:H,— CB(HP) be the multi-valued mappings. Let M : H, x H,, — 27»
be a set-valued H (-, -)-compression («, \)-ordered NODSM mapping with respect to I/ and V.

For any Zo € H,, Go € P(Zy), 7 € Q(%) and @ € R(Z), compute the sequences {Z,},
{tin}, {0,} and {©,, } by the following iteration process:

Favt = (1= )T +a[R) ) H(O(30),

(
&n+1€P(fcn ) ||un+1®un||<7>(13( ni1), P(Tn)),

where a € [0,1],A >0andn=0,1,2,---

Theorem~5.2. Suppose that the mappings U,V,3,H,T,P,Q, R and M are same as in Theorem
4.1. Let My, : Hp X Hy — 2ﬂp~be an H(-, -)-compression (a, \)-ordered NODSM mapping with
respect to U and V' such that M, gM and x,, < x. If the following condition holds:

0 < Ac[(1 = a) +aQ(B1 + B2) + aQN|(7:Cp +77¢a)] < 1. (5.1)

Then the iterative sequences {Zn}, {iin},{On} and {0, } generated by Algorithm 5.1 converge
strongly to the unique solution (%,1,7,W),% € Hp, 4 € P(&),7 € Q%) and & € R(%) of
ordered inclusion problem (4.1).

Proof. 1t follows from Algorithm 5.1 and Lemma 2.5 that

0 <Zpy 107
= [0 = @)+ a(R] ) o O (), 7 (50) @ AT (@, 50)) )|
o [(1-az+a(RYG) L EOE), 7(3) 0 AT(5,9))] 5.2)
<(1-a)(F.®F) +a R§:{<AL4’3<§( o (O(30), V(30)) @ XT (i1, 5]
o R | H(O(E), V(7)) @ M@, @)ﬂ
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Utilizing Lemma 2.3, we have

[0 @3 < Acll(1 —a)(@n @ 8) +alRIG ) o VA (D), T (E0)) @ XT(iin, 5]
® Ry [B(O(), V(%) @ A (@, 9)]]]
< e(l = a)lFn & 3l + Aeall Ry o ) o [H(O(En). B(En)) & AT (@, 5]
o R\ o [BO(E), V(@) @ XT(@,0)]|
<Al = )l & 7 + Acal B o (O (), V(30) & AT (@, )]
&R 0 (O, V() & M (@,9)]
© R o H(O(@),7(2) @ M (3, 9)]
O Ry G0 o H(T (@), V(@) © M (@, 9)]|
<e(l = a)llE @ &)+ Acall RYS (A (O(F0), V(&) © AT (i1, 50)]
® Ry o H(O(@), V(@) @ M@, 9)|
Al B ) o (A OE), V(E) @ M (3, 0)]
o Ry 7 H(O(E), V(7)) @ M (3, 9)])
5.3)
It follows from Lemma 2.17 that
[Zr @2 < )‘C(l - a)||53n ez + ACaQ”[ﬁ(U(jn)a V(jn)) ® )‘T(amﬁn)]
@ [H(U(2), V(7)) ® AT (@, 0))]]| + Acary,
<Ac(l—a)|zn @7 + ACGQ”UN{(U(jn)v V(i‘n)) O AT (T, )] (5.4)
— [A(U(&), V(%)) & M(,))]| + Aearn '
<Ac(l = a)||Zn ® Z)| + AcaQl H(U(20), V(3n)) & H(U(2), V()]
+ IMAaQ||T (G, ) @ T(, )| + Aeakn,
where ) o 5 )
rn =Ry, ﬁ}n(g(‘mn)[H(NU(:%), V(%) @ M (4, 7)) 55)

o RI\G) | (D), V(@) © M@, 0)]).

By using similar arguments as from (4.6)-(4.8) and Lemma 2.3, (5.4) yields
[Zn 1 @ < el —a) + AcaQ(B1 + B2) + IMAcaQ(vrCp + 1760)]|En © Z|| + Acarin
< [Ae(l —a) + AcaQ(B1 + B2) + /\|)‘CCLQ|('YT~CP + 'YTCQHHjn — || + Acakn.

(5.6)
It follows from (5.5) and Theorem 3.2 that
Kn — 0 as n — oo. 5.7
Thus, we have
i1 @ ]| < s 1Fn — ], (5.8)

where @ = \c[(1 — a) + aQ(B1 + B2) + aQ|A|(v:¢p + 77(g)]. It follows from the condition
(5.1) that 0 < ®, < 1. Therefore {Z, } is a Cauchy sequence in #, and ,, is complete therefore
there exists a point £ € H,, such that Z,, — & as n — oo. It follows from the Algorithm 5.1 that

[@ns1 @ ll < D(P(Fni1), P(F)) < (pllEnir — F. (5.9)

”ﬂnJrl 57 T]” < D(Q(i‘nﬂ)vé(j)) < CQHinJrl - 57” (510)
and ~ ~

[ @11 @ B < D(R(Znt1), B(F)) < CgllZns1 — 2. (5.11)

From (5.9), (5.10) and (5.11), one can see that {@,, }, {7, } and {w@,, } are also Cauchy sequences in
‘H,,. Therefore there exist @, ¥, @ € H, such that @,, — @, 9, — ¥ and @, — @ as n — oco. Thus
{(Zpn, Tin, Tn,Wn)} converges strongly to the unique solution (Z,@,d,w) of ordered inclusion
problem (4.1). This completes the proof. O
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