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Abstract In this paper we extend the fixed point result of Brzdek et al. [7] in non-Archimedean
2-Banach spaces. Moreover, we investigate the hyperstability of Cauchy-Jensen functional equa-
tion in the considered space by using the above result and we give some outcomes.

1 Introduction and preliminaries

A certain formula or equation is applicable to model a physical process of a small change of
the formula or equation gives rise to a small change in the corresponding result. When this
happens, we say that formula or equation is called stable. One of the unsolved problems was
given by S. M. Ulam [21] tends to be the starting point for researching the stability problems
of functional equations. Ulam asked the following question concerning the stability of group
homomorphisms:

Given a group G, a metric group H with metric d(.,.) and a positive number ¢, does there exists
ad > 0suchthat if f : G — H satisfies : d(f(zy), f(z)f(y)) < 0 for all z,y € G, then a
homomorphism ® : G — H exists with d(f(x), ®(z)) < e forz € G?

D. H. Hyers [15] gave the first partial answer to Ulam’s problem for the Cauchy equation

flz+y) = fx)+ f(y), (1.1

in Banach spaces with § = ¢ and

o) = tim 122

n—o00 n

The most classical result concerning the Hyers-Ulam stability for the Cauchy equation (1.1) has
been given by Th. M . Rassias [19].

Theorem 1.1. [19] Let E and E\ be two normed spaces, ¢ > 0 and p # 1 be fixed real numbers.
Let f : Ey — E, be a mapping satisfying

1@+ ) = £@) = ) < e (l2l” + lyl?), 2.y € B\ {0},

Then the following statements are valid
(1) If p > 0 and E, is complete, then there exists a unique additive function
T : Ey — E5 such that

cll||”

I£@) = T@)| < it gy @ € B\ {0} (12)

(2) p <O, then f is additive.
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This results is called the Hyers-Ulam - Rassias stability of Cauchy functional equation.
In 1994, P. Gavruta [13] gave a generalization of the Hyers-Ulam-Rassias stability of approx-
imately additive mappings.

Theorem 1.2. Let G be an abilean group and (X, ||.||) a Banach space. Let ¢ : G x G — R" a
mapping satisfying, for all x,y € G, the condition:

B(z,y) =Y 27" (2%, 2%y) < +o0
k=0

Let f : G — X be a mapping which fulfils, for each x,y € G, the condition
1f(z+y) = f(2) = FW)I < ol y)
Then there exists a unique mapping T : G — G such that
T(x+y) =T(=)+T(y),
forallz,y € G and :

1f(z) = T(@)Il < 58(x,y),

N —

forallz € G.

Since then, the problem of stability of several functional equations have been extensively
studied by many mathematicians (see, for instance, [2, 6, 7, 8, 13, 15, 19]).

A functional equation is called hyperstable when any function f satisfying the equation ap-
proximately, in some sense, must be actually a solution to it. The term hyperstability was used
for the first time probably in 2001 by Gy. Maksa and Zs. Péles [18], however, it seems that
the first hyperstability result was published in [5] and concerned the ring homomorphisms. The
hyperstability results for the Cauchy equation were investigated by J. Brzdgk in [9, 10]. E. Gsel-
mann [14] studied the hyperstability of the parametric fundamental equation of information.

Note that the second statement of the Theorem 1.1, for p < 0 can be described as ¢— hyper-
stability of the additive equation with p(z,y) = ¢ (Hm”p + ||y\|p).

Throughout this paper, N stands for the set of all positive integers, Ng = N U {0}, N,,,, the
set of all integers greater than or equals mg (mg € N), Ry = [0, 00) and we use the notation X
for the set X \ {0}.

Let us recall (see, for instance, [17]) some basic definitions and facts concerning non-Archimedean
2-normed spaces.

Definition 1.3. By a non-Archimedean field, we mean a field K equipped with a function (valu-

ation) | - | : K — [0, c0) such that for all r, s € K, the following conditions hold:
(1) |#| = 0 if and only if r = 0,
@) |rs| = [r[ls],

(3) |r + s| < max {|r],|s[}.
The pair (K, |.|) is called a valued field.

Remark 1.4. In any non-Archimedean field, we have |1| = | — 1| = 1and |n| < 1 forn € N.

Example 1.5. In any field K the function | - | : K — R, given by

0, =0,
o] == { :
, x#0

is a valuation which is called trivial valuation, but the most important example of non-Archimedean
fields are p-adic numbers which have gained the interest of physicists for their research in some
problems coming from quantum physics, p-adic strings and super strings.
Let p be a fixed prime number and z a rational number, there exists a unique integer v,(z) € Z
such that z = pv»(®) ¢ where a and b are integer co-prime to p. The function defined in Q by
|z|, = p*»(*) is called a p-adic, an ultrametric or simply a non-Archimedean absolute value on

Q. The completion, denoted by Q,, of Q with respect to the metric defined by the p-adic absolute
is called p-adic numbers.
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Definition 1.6. Let X be a vector space (with dimX > 1) over a scalar field K with a non-
Archimedean non-trivial valuation |-|. A function ||.,.|| : X? — R, is called a non-Archimedean
2-norm (valuation) if it satisfies the following conditions:

(1) ||z, y|| = 0 if and only if « and y are linearly independent, x,y € X,

@ =yl = lly, x| =,y € X,

3) [[re.yl = Irl le,y]| (r € K,y € X).

@) 2,y + 2| < max {|lz, yll, |z 2]} 2,92 € X.
Then (X, ||-,-||) is called a non-Archimedean 2-normed space or an ultrametric 2-normed space.

Example 1.7. Let p be a fixed prime number. For z = (z1,22) and y = (y1,y2) we define the
non-Archimedean 2-norm in sz by ||z, yll, = |z1y2 — 2291 ]p-
Definition 1.8. Let {x,,} be a sequence in a non-Archimedean 2-normed space X.

(1) A sequence{z, }>° , is a Cauchy sequence if there are linearly independent y, = € X such
that

lim Hanrl - xnayH =0= lim ||xn+1 - xnvz”
n—00 n— 00

(2) The sequence {x,} is said to be convergent if there exists z € X (called limit of this
sequence and denoted by lim,, ,», ;) such that

lim ||z, —z,y| =0 ye X
n— o0

(3) If every Cauchy sequence in X converges, then the non-Archimedean 2-normed space X
is called a non-Archimedean 2-Banach space or an ultrametric 2-Banach space.

Lemma 1.9. [20]
(1) Let X be a non-Archimedean 2-Banach space over a non-Archimedean field K and
x,y,z € X such that y and z are linearly independent and ||z, y|| = 0 = ||z, z|| , then = 0.
(2) (xn)nen is a convergent sequence of element of X then :

lim ||z,,y| = lim z,,y| ye€X.
n—00 n—o0

In section 2, we introduce and prove a new version of fixed point theorem of Brzdegk [12]
in non-Archimedean 2-Banach space. This theorem has been considered as an important tool
for investigating the stability and hyperstability, in some way, of a several functional equations
by many mathematicians ( see for example [1, 4]). In section 3, we use our main results to
investigate the hyperstability of the following Cauchy-Jensen functional equation

flx+y)+ flz—y) =2f(x), (1.3)

in non-Archimedean 2-Banach space. We also give some outcomes as particular cases and we
study the hyperstability of the inhomogeneous Cauchy-Jensen equation

fle+y)+ flz —y) =2f(2) + G(z,y).

2 Fixed point theorem

In 2018, J. Brzdek and K. Ciepliniski [12] presented and proved a new version of fixed point
theorem in 2-Banach spaces with some applications in stability theory of functional equations.
The following theorem is an analogous version of fixed theorem [12] in non-Archimedean 2-
Banach spaces.

First, we need to present the following hypotheses.

(H1) X is a nonempty set, (Y,||.,.|]|) is a non-Archimedean 2-Banach space over a non-
Archimedean field, Y} is a subset of Y containing two linearly independent vectors, fi, ..., f :
X —X,91,..,9x: Yo — Ypand Ly, ..., Ly : X x Yy — R, are given.

(H2) 7 : YX — YX is an operator satisfying the inequality :

(H3) A : RY*Y 5 RY*¥ is a non-decreasing linear operator defined by

A(S(xay) = 1T?<)(k {Lz(l‘,y)é(fl(.ﬁ),gz(y))}, 6€Ri{XYO7 JCEXayGYO-
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Theorem 2.1. Let hypotheses (H1)-(H3) are valid and lete : X x Yo — Riand p: X — Y
be functions fulfilling the following two conditions

1To(x) = (), yll < e(z,y), x € X,y €Yo, 2.1
lim A"e(z,y) =0, re X, yeY. (2.2)
n—oo

Then, for every x € X, the limit
Y(x) = lim T"p(x)

n— oo

exists and defines a fixed point ¥ of T with

lo(z) — ¥ (x),y| < sup A'e(z,y) = o(z,y), zeX,yeY. (2.3)
nelNy
Moreover, if
(Ao)(z,y) < sup A"e(z,y), reX,zeYy, (2.4)
neNy

then 1) is a unique fixed point of T satisfying (2.3).
Proof. We show by induction that, for any n € Ny
|T"o(z) — T o(x),y|| < Ae(z,y), z€ X, ye Y. (2.5)

Indeed, it’s easy to see that if n = 0, then the inequality (2.5) is exactly (2.1). Now, we fix n € N
and suppose that (2.5) hold for n, then by using the non-decreasing property of the operator A
and (H2), for any = € X,y € Y;, we get

|7t =Tt < s { Lo [ 7o) = T (k).
< max {Li(z,y)A"(fi(x), 9i(y)) }
— A (), (2.6)

then (2.5) holds for any n € N. Moreover, by using (2.2) and (2.5), for any k£ € N, n € Ny and
z € X and y € Y}, we have

HT”(,O(J?)—T”HCQO( ) < max {HTTLHSO(ﬂ?)—Tn+i+1<,0(-f),yH}

0<i<k—1

< n+1t .
()<r{1%211i( 1 {A (1‘ y)} (2 7)

The sequence (T”go(a:))n N’ for each x € X, is a Cauchy sequence. Because Y is a complete

space, so this sequence is convergent and the limit ¢(z) = lim, o, 7"p(z) exists. Letting
k — oo in (2.7), we obtain, forany n € N, z € X and y € Yj, that :

1T () = w(2),y]| < sup(A'e(z,y))

i>n
= on(,y). (2.8)

For n = 0, it’s easy to show that (2.8) gives (2.3). Moreover, by using (2.8) and (H2), we find

H7—n+1 ) — T(z yH < max {Li(x,y)HT"ga(fi(w)) _¢(fi($))ugi(y)”}

0<i<k
<A(| 70 (@) = v().y))

< A(sup(Aig(x,y)))

i>n

< A(on(z,y)), 2.9
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foralln € N,z € X and y € Y. Letting n — oo in (2.9) and using (2.2), we get

Ty(z) = lim T""(z) = ¢(z)

n—oo

for all x € X which means that v is a fixed point of the operator 7.
Next, we will prove the uniqueness of a fixed point. To do it, we suppose that (2.4) holds and
there exists an other fixed point x € Y of T satisfying

lo(z) = x(z),yll < sup A'e(z,y) =o(z,y), € X,yeY.
nelNy

Then, for each z € X and y € Y, we have

[¥(2) = x(2), yl| <max{[[¢(z) —p(z),yl, le(z) — x(x),yl}-
By a similar proof of (2.7), we have ,for any k € N,

1 (x) = x(@), yll =IT"¢(x ) ( )yl
< A*(|ly z),yl))
SA'“(U(x,y))

< sup A" (e(z,y)).
neNy

Letting n — oo in the previous inequality and using (2.2), we obtain that ¢ = x. O

3 Hyperstability results in non-Archimedean 2-Banach space

Taking Yp = Y and g; : Y — Y as identities mapping for all ¢« € {1,2,..., k}. In the following
theorem, we use the fixed point Theorem 2.1 as a basic tool to investigate the hyperstability of
the Cauchy-Jensen functional equation (1.3) in a non-Archimedean 2-Banach space.

In the remaining part of the paper, we use X as a non empty set, (Y, ||.,.||) a non-Archimedean
2-Banach space, and X’ a non empty subset of X.

Theorem 3.1. Let hy, hy : X' x Y — R, be two functions such that
U:= {n eN:a, =max{\i(n+ DXa(n+1), i2n+ DHX(2n+ 1)} < 1},

where
Xi(n) =inf{t € Ry : hi(nz,2) < thi(z,2), € X', z€Y}

foralln € N, where i = 1,2 such that

n—oo

Suppose that f : X' — Y satisfies the inequality
1f(@+y)+ flz—y) = 2f (@), 2[| < hi(@, 2)ha(y, 2), 3.1
forall z,y € X' and 2z € Y such that v +y,x —y € X'. Then [ is a Cauchy-Jensen on X'.

Proof. Replacing x by (m + 1)z and y by max where 2,y € X’ and m € N in the inequality
(3.1), we get

12f((m+ Dzx)— f(2m+1)z) — f(2), 2| < hi((m+ 1)z, 2)ha(mz, 2), v € X', z€Y. (3.2)

For each m € N, we define the operator 7,, : Y~ " — VX' and the function¢,,, : X' x Y — R,
by
Tk (x) :=26((m + D) —E(2m+ Dz), eYX , ze X', zeY, meN,
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em(z,2) == h((m+ Dz, 2)hy(ma,z), v€ X', z€Y, meN.

For every x € X', z € Y and m € N, the inequality (3.2) becomes
[T f(z) = f(2), 2| S em(z,2) €X', 2€Y.
Furthermore, for every &, u € YX' 2z e X', zeY andm e N, we have

[Tmé (@) = Timpl@), 2l = [26((m + D) = £((2m + D) = 2u((m + Dz) + p(2m + Dz), |
< max {2[[§((m + Da) — p((m + D), 2[l, 1§((2m + D)a) — p((2m + D), 2|}
< max {[|§((m + Dz) — p((m + D), 2, [1€(2m + 1)z) — p((2m + D)z), 2|}

It brings us to define the operator A,,, : RY XY R XY py
And(z,z) :==max {§((m + 1)z,2),6(2m + 1)z,2)}, 0 € Rf'XY’ reX ,zeY.

Therefore, for each m € N, the operator A := A,,, has the form described in (H3) with k& = 2,
filz) = (m+ D)z, fo(x) = 2m+ 1)z, Li(z,2) = Ly(z,2) =1, g; = Idy,i = 1,2 for all
z € X'and z € Y. Observe that

em(z,2) < A(m+ D)X (m)h(z, 2)ha(z, 2), (3.3)
for all z € X’ and 2z € Y. By induction, we will show that for each n € Ny, we have

Alem(z,2) < N(m~+ DXa(m)althi(z, 2)ha(x,2), x€ X', z€Y. (3.4)

m

for all m € U. For n = 0, it’s obvious to see that (3.4) is exactly (3.3). We fix k£ € N and assume
that (3.4) holds for n = k. Then, using the non-decreasing of A,,, we have

AR e (2, 2) = A (AF g0 (2, 2))
= max{A¥ c,.((m + Dz, 2), A¥ e, (2m + 1)z, 2)}

= \i(m + DXa(m)ak, max{hi((m + 1)z, 2)ha((m + 1)z, 2), by (2m + 1)z, 2)ha((2m + 1)z,
< Ai(m + D) Xa(m)ag, b (x, 2)ho(z, 2) max{ A (m + 1)z (m + 1), A1 (2m + 1) Xa(2m + 1)}
= Xi(m+ DXa(m)ak (2, 2)ha(z, 2),

forall 2z € X’ and z € Y. Letting n — oo in (3.4), we get

lim A} en(x,2) =0

n—oo

forall z € X',z € Y and all m € U. Then, according to Theorem 2.1, there exists , for each
m € U, a fixed point J,,, of T, such that

[ f(z) = Jm(x), z|| < sup AL em(z, 2), (3.5)

neNy
forallz € X' and all z € Y and

lim 7" f(z) = Jpn(x), z€ X' (3.6)

n—oo

Next, we will show, by induction, that for each n € Nj
(T f(x+y) + Tof(x —y) = 2Tn f(2), 2] < aghi(z, 2)ha(y, 2), (3.7

forall z,y,z —y,x +y € X', z€ Yand all m € U.
Since the case n = 01is just (3.1), we fix £ € N and suppose that (3.7) holds for n = k. Then, for

2)}
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all z,y € X’ suchthatz —y,z +y € X’ and z € Y we have

[T f (@ +y) + T f(z —y) = 2T (), 2

= T (T f(z +9)) + Ton (T f (& = ) = 2Ton (T f () , 2|

=127 f((m 4+ 1) (z +y)) = Taf(Cm+ 1) (2 +y)) + 2T f((m + 1) (z —y))

— T f(Cm+ 1)(z —y)) = 4T f((m + D) + 2T f(2m + 1)z), 2|

< max{2|| s f((m + 1)(z +y)) + T f((m + 1)(z —y)) = 2T f((m + Dz), 2[;
[T f(2m + 1)(z +y)) + T f(2m + 1) (z — y)) = 2T, f((2m + 1)), 2(|}

< max{|| Ty f((m 4+ 1)(z +y)) + T f((m + 1)(x —y)) = 2T f((m + Dz), 2[;
[T f(2m +1)(@ +y)) + T f(2m + 1) (x — y)) = 2T f(2m + Dz), 2[|}

< ay, max{h; ((m + 1), 2)ha((m + 1)y, 2); b1 ((2m + 1)z, 2)ha((2m + 1)y, 2)}
< aphi(z, 2)ha(y, 2) max{ A (m + 1) Ao (m + 1); A1 (2m + 1) Ao (2m + 1)}

= o hi (2, 2)ha(y, 2)

)
(

Thus, we have shown that (3.7) holds for every n € Ny. Letting n — oo in (3.7), we obtain, for
each m € U, that

Jm(x+y)+Jm(x_y):2Jm($)7 $,$+y,$—yexl-
In this way, we find a sequence {.J,, }mecy of a Cauchy-Jensen functions on X'’ such that

If(z) = (), 2] < sup{)\](m—i- DXa(m)al hi(z, 2)ha(z,2)}, x€ X',2€Y

It follows, with m — oo, that f is Cauchy-Jensen on X’. O

By similar method, we prove the following theorem.
Theorem 3.2. Let h : X' x Y — R, be a function such that
U:={neN:a,=max{\(n+1), A(n)} <1} # ¢,

where
A(n) :=inf{t € Ry : h(nz,z) < th(x,z), x € X', z€ Y}

for all n € N such that
lim A\(n) =0.

n—co
Suppose that f : X' — Y satisfies the inequality
If(z+y) + flz—y) = 2f(z), 2] < h(z,2) + h(y, 2), 3.8)

forall z,y € X' suchthatx+vy,x —y € X' and z €Y. Then [ is a Cauchy-Jensen on X'.
Proof. Replacing = by (m + 1)z and y by mz for m € N in (3.8), we get

12f((m + Dz) = f((2m + Dz) = f(z), 2| < h((m + D)z, 2) + h(mz, 2),  (3.9)
forallz € X’ and z € Y. For each m € U, we define the operator 7, : yX' S yX by

Ton(@) :=26((m+ Da) — &(2m+1)z), £eYX, ze X

Further, putting

em(,2) = h((m+ 1)z, 2) + h((m+ 1)z, 2) < (A(m+ 1) + A(m))h(z, 2), (3.10)
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forallz € X’ and z €Y, then the inequality (3.9) takes the form
| T f(z) — f(2),2]| <em(x,2), ze€X', z€Y.
For each m € U, the operator A, : RY *Y — RX*Y which is defined by
Amd(z) = max{6((m + 1)z, 2) , 6(mz,2)}, 6eRY Y ze X' zeY
has the form described in (H3) with £ = 2 and
filz)=(m+ Dz, falz) =mz, Li(z,2) = La(z,2z) =1
for all x € X’. Moreover, for every &, . € YyX' r € X' and 2 € Y, we have

[T () = Tmpa(x), 2|
= [12¢((m + 1)z) = £((2m + D) = 2u((m + 1)z
< max {2[[{((m + Dz, 2) — p((m + Dz, 2)[ , [|€
< max {[[¢((m + Dz, 2) — p((m + Dz, 2)[|, [15(

)+ u((2m + ). 2]
(@m+ Dz, 2) — u((2m + 1, 2)]}
2m -+ Dz, 2) — u((2m + D, 2)]}.

N

So, (H2) is valid. Also, by using mathematical induction on n € Ny, we will show , for each
z € X' and z € Y, that

Al em(z,2) < ()\(m +1)+ )\(m))a%h(m,Z)7 (3.11)

where v, := max {\(m + 1) , A(m)} for all m € Y. From (3.10), we obtain that the inequality
(3.11) holds for n = 0. Next, we will assume that (3.11) holds for n = k, where k£ € N. Then
we have

AbHen (2,2) =Ap (A e (2, 2)) = max {Af e, (m+ 1)z, 2) | AR e (ma, 2)}
< (AMm+ 1)+ Am))ak, max {o((m+ 1)z, 2) , ¢(maz,2)}

< (AMm+1)+ )\(m)) oz, 2), veX), zeY.

This shows that (3.11) holds for n = k + 1. Now we can conclude that the inequality (3.11)
holds for all n € Ny. From (3.11), we obtain

lim A”e,,(z,2) =0,

n—oo

forallz € X', z € Y and all m € U. Hence, according to Theorem 2.1, there exists, for each
m € U, a unique solution J,,, : X’ — Y of the equation

I (x) = Tp((m + D) = 2J,,(2m + Dz), xe X/, (3.12)

such that

1f(z) = Jm(z), 2] < sup {( (m+1)+A(m))am(:¢,z)}, reX', zey. (3.13)

neNy

Moreover,
Jm(x) == lim (T2 f)(x)

n—o0

for all z € X’. Now, we show that
[T f(z +y) + T fle —y) = 2T f(2), 2] < ap, (h(z,2) + h(y, 2)) (3.14)

forevery z € Y ,z,y € X'suchthatz + vy, 2 —y € X' and n € Ny. Since the case n = 0 is
just (3.8), take k£ € N and assume that (3.14) holds for n = k, where k € N and every z,y € X’
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such that z + y,z — y € X'. Then

[T f @+ ) + Tt (2 —y) = 2T f (@), 2

= |7 (Tt @+ 9)) + T (Tt 2 = ) = 2T (TS (@) 2
= 1270 f ((m + 1) (@ +y)) = T f(2m + 1)(z +y)) + 2T f((m + 1) (z — y))

= T f(@m+1)(z —y)) = 4T f((m+ Do) + 275 £ (2m + 1)z), 2

<max {2||T5f((m+1)(z+y)) + T f((m+1)(x—y)) = 2T 5 f((m+ 1)), 2| ,
(T f(2m+1)(z+y) + T f(2m+ 1) (z —y)) =275 f((2m + Dz), 2|
<max {|| T f((m+ D)(z+y) + TEf((m+ 1)(z —y) =275 f((m + D), 2
| Tk f(2m+1)(z+y) + Tk f(2m+1)(z — y)) = 27,5 fF((2m + D)z), 2|
Smax{ ( ((m+ )z, 2) + ((m+1)y,z)),afn(h((2m+1)x,z)+h((2m+1)y,z))}
< o* max {)\(m F1), A2m+ 1)} (h(ac,z) + h(y,z))

= okl (h(m, z)+ h(y,z)).

K

Thus, by induction we have shown that (3.14) holds for every n € Ny. Letting n — oo in (3.14),
we obtain that

In(@+y) + In(r —y) = 2Jn(2),

for all z,y € X’ such that z + y,x — y € X’. In this way, we obtain a sequence {.J,;, }mey of
Cauchy-Jensen functions on X’ such that

1 () = Jm(2), 2] <ns;1£0{()\(m+l)-l—A(Zm—i—l))a%h(x,z)}, reX zeY.

It implies that
1) = Jon(@). 2l < (Am+ 1)+ A2m + 1) )alyh(a,2), w€ X, z€Y,

It follows, with m — oo, that f is a Cauchy-Jensen on X'.

4 Consequences

In this section, we assume that X’ = X, = X \ {0}. According the Theorem 3.1 and Theorem
3.2, we derive the following two corollaries.

Corollary 4.1. Let (X, ||.|| x) be a normed space and (Y, ||., .||) be a non-Archimedean 2-Banach
space, s be a fixed element in'Y andletc > 0, r > 0,p,q € R such that p+ q < 0. Suppose that
[ X' = Y is a function satisfying the inequality
If(z+y) + fz—y) =2 (), 2] < cllalk lullk Nz sl .1
forall v,y € X' suchthatx +vy,x —y € X' and z €Y. Then f is a Cauchy-Jensen on X'.
Proof. The proof follows from Theorem 3.1 by taking hi, h, : X' x Y — R, as follows:
hi(z,2) = erllz|l |z, s||™

and
ha(y, z) = eyl NIz, s[|™
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forallz,y € X’ andall z € Y, where ¢c;,c; € Ry, 71,7 € Rand p,q € R suchthat,r; 4+, >0
and p+¢ < 0.
For each m € N, we define \;(m) as in Theorem 3.1

A(m) =inf{t € Ry : hy(mx,2) <t hi(z,2)}, z€ X', 2,s€Y
=inf{t € Ry : eymP|jz|% ||z, 8| < ter|lz|% ||z, 8]}, 2 € X, 2,s€Y

= mbP.
Also, for m € N, we have \y(m) = m?. Therefore,

lim A\j(m+ DX(m) = lim (m+1)?(m)? = lim (m+ 1)P"7 = 0.

m—roo m—r 00 m—r oo

Furthermore, we get

Qo :max{/\l(er 1)/\2(m+ 1) , )\1(2m+ 1)/\2(2m+ 1)}
=max {(m+ 1)""?, 2m+ 1)P*7}
= (m+ 1)P*a,
Then U is a non empty set. According to Theorem 3.1, f is a Cauchy-Jensen on X'. O

By a similar method, we can prove the following corollary as a particular case of Theorem
3.2 where h(z, z) = ¢ ||z|/% ]z, s||” withe >0, p <0, and r > 0.

Corollary 4.2. Let (X, ||.||x) be a normed space and (Y, ||., .||) be a non-Archimedeen 2-Banach
space, s be a fixed element inY andletc>0,p<0,r>0and f : X' = Y satisfy

If(z+y) + fle—y) = 2f(2), 2] < e (=% + lyl%) Iz 8],
forall x,y € X' suchthatz +vy,o —y e X andz €Y. Then f isa Cauchy-Jensen on X'.

In the following two corollaries, we discuss the hyperstability of the inhomogeneous Cauchy-
Jensen functional equation.

Corollary 4.3. Let (X, ||.|| x) be a normed space and (Y, ||., .||) be a non-Archimedean 2-Banach
space, s be a fixed element in Y and let G : X'> — Y such that G(xo,y0) # O for some
x0, 10 € X' and

|G (@), 2|| < cll=ll Iyl NIz 8] (4.2)

Sforallx,y € X' suchthat x+vy,x—y € X' and z € Y where ¢ > 0, p, q € R such that p+q < 0.
Then the functional equation

9(x +y) +g(x —y) =29(x) + G(z,y), 4.3)
Jorall x,y € X' withx +y,x —y € X', has no solution in the class of functions g : X — Y.

Proof. Suppose that f : X — Y is a solution to (4.3). Then

|f@+v)+ f@=v) ~20(). 2| = |2r@) + Glay) 20 (), 2

= G@y) =]
<clzl% Iyl Iz sl @,y.€ X', 2€Y.

Consequently, by Theorem 3.1, f is a Cauchy-Jensen on X', whence

G (z0,90) = f(zo +w0) + f(zo — o) — 2f(x0) = 0,

which is a contradiction. O
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Corollary 4.4. Let (X, ||.|| x) be a normed space and (Y, ||., .||) be a non-Archimedean 2-Banach
space, s be a fixed element in Y and p,q € R such that p + q < 0. Assume that G : X'> — Y
and [ : X' =Y satisfy the inequality

[f(@+y) + fl@—y) = 2f(2) = Gla.y), 2| < cllzlk lyl% =], (4.4)
forall z,y € X' withx +y,xr —y € X' and z € Y. If the functional equation
flx+y) + flx —y) =2f(z) + G(x,y), z,y€ X, 4.5)

has a solution fo: X' — 'Y, then [ is a solution of functional equation 4.5 on X'.

Proof. From (4.4), we get that the function K : X’ — Y defined by K := f — f satisfies (4.1).
Consequently, Corollary 4.1 implies that K is a Cauchy-Jensen on X’. Therefore,

flx+y)+ flz—y) = 2f(z) - G(z,y) = K(z +y) + folz +y) + K(z —y) + folz — y)
—2K(z) —2fo(z) — G(z,y)

=0.
forall z,y € X’ with x + y, 2 —y € X’. Which means f is a solution of functional equation 4.5
on X'. |
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