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Abstract This paper concerns the study of a class of fractional functional differential equa-
tions (FFDEs) involving Hilfer-Hadamard fractional derivative. The existence, uniqueness, and
Ulam-Hyers-Mittag-Leffler (UHLM) stability of solutions to the problem at hand are investi-
gated. Our discussion is based upon a known fixed point theorem of Banach, Picard operator
technique, and Gronwall inequality. An example is also given to show the applicability of our
results.

1 Introduction

The theme of fractional calculus (FC) deals with derivatives and integrals of any non-integer
order whether a real or complex, it has acquired great attention and increasingly of many math-
ematicians during the past decades, due mainly to its applications in many fields of applied
science, and engineering, etc. For recent developments in this area, we refer to monographs of
R. Hilfer (2000, [11]), Kilbas, et al. (2006, [14]), and references therein. In the same framework,
the original contribution of the stability of functional equations has been developed by Ulam in
[26]). Then follow it, Hyers in [13]. Next, the Ulam-Hyers stability was improved by Rassias in
[24].

Over the past few years, considerable attention has widely been given to the existence and
stability of solutions for various categories of FDEs, and has been studied by distinct types of
fractional derivatives such as Hilfer, Hadamard, Hilfer-Hadamard, and «-Hilfer, we refer to the
papers [2,4, 5,6, 12, 15, 16, 23, 27, 25, 28, 32], and the references therein.

Functional differential equations of fractional order have extensively been deliberated by
many researchers. Very briefly, interesting topics in this field are the investigation of some
qualitative properties of solutions e.g., existence, uniqueness, and stability, through fixed point
techniques. Although there are some articles on the stability results of FDEs in the Ulam—Hyers
sense (see to name a few [3, 9, 17, 18, 21, 22]). However, there are a few authors have expanded
some of the stability results studied in the Ulam—Hyers concept to another concept so-called
Ulam-Hyers- Mittag-Leffler, for further details see [7, 8, 19, 20, 30, 31]. For instance, J. Wang
and Y. Zhang in [31] established the Ulam-Hyers-Mittag-Leffler (UHML) stability of delayed
FDE:s of the form

CD&a(t) = N(t,o(t),0(v(t), O0<u<l, tel0?],
a(t) o(t), te[-r0],r>0,

where “Df, is the Caputo-type fractional derivative of order y, and X : [0,b] x RxR — R,
v : [0,b] — [—r,b]) are continuous functions with v(t) < ¢.

Unfortunately, UHML stability of FDEs with Hadamard and Hilfer-Hadamard derivatives is
still not studied until now. Spurred by the aforementioned works, we will concentrate our atten-
tion on the more general problem so-called here Hilfer-Hadamard type for fractional functional
differential equation (for short, Hilfer-Hadamard FFDE) containing the initial condition and the
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initial functional:

uDlo(t) = R(t,o(t),0(y(t), O<p<l, 0<v<l te(lye, (1D
uliPo(l) = o, p<p=p+v(l—p), (1.2)
a(t) = (), te][-rl], 0<r< oo, (1.3)

where HD is the fractional derivative of order 1 and parameter v in the Hilfer-Hadamard

sense, HI . 7 is fractional integral of order 1 — p in the Hadamard sense, X : (1,¢] x R? - R,

v:(l,e] = [ r,e], ¢ : [-r, 1] = R are continuous with v(¢) < ¢, and o] € R.

The focus of the paper is the generalization of some results on FFDEs that have been studied
in the literature [20, 30, 31], in this work, we obtain the existence, uniqueness and UHML
stability of solutions for Hilfer-Hadamard FFDE (1.1)-(1.3). Our discussion mainly depends on
the famous fixed point theorem of Banach, the Picard operator technique, and the inequalities
of Gronwall. The obtained results can be considered as a contribution to developing UHML
stability results for FFDEs involving Hilfer- Hadamard fractional derivative. In this concept and
as far as we know, it is the first work concerning FFDEs involving Hilfer-Hadamard fractional
derivative.

Besides the aforementioned in the introduction section, the rest distribution of the work is
as follows: In Sect. 2, we rendering some needful definitions and results which are applied
throughout this work. Sect. 3 studies the existence, uniqueness and UHML stability of solu-
tions to Hilfer-Hadamard FFDE (1.1)-(1.3). In Sect. 4, we give an illustrating example of the
applicability of the results obtained. The last Sect. includes the conclusion of the work.

2 Preliminaries

In this segment, we insert some notations and key findings concerning with Hilfer-Hadamard
fractional derivative that assist in proving our theories for this work. Let us fix I = [1, ¢ and
let C[I, R] is a Banach space endorsed with the norm |||, = sup{|o(¢)|;t € I}, o € C[I,R].
Denote by L![I, R] be the space of Lebesgue integrable function o on I, endowed with the norm
ol = [; lo(t)]dt < oco. As usual, AC[I, R] is the space of functions from I into R which are
absolutely continuous, and the spaces AC™[I, R] and AC'[I, R] are defined by

AC™[I,R)={o:I— R:6" V() € AC|I, R]}:

d
ACPI,Rl={o:1— R: 0" Vo(t) € AC[I,R], 0 = to}

Further, let p € (0,1] by Cy_, 10¢[I, R] and C} [I, R] we denote the weighted spaces of

continuous functions defined by

Ci—pogll, Rl ={o:(l,e] = R: [log(t)]'~?a(t) € C[I, R]}, and

1—p,log

Cl_ 10l Rl := {0 € C[I,R] : o'V € C\_,100[I, R]}

endowed with the norms

lollc, e = [|llog(®)]' = o (t)]|, = max{[[log(t)]'~"o(1)|;

1
loller_ . = llollc + 1ollc

respectively. Decidedly, Ci_ 0g[1, R] and Clog

110> and ||'Hcllipy]o respectively. Furthermore, C?

[I, R] are Banach spaces with the norms || -

1— plog[I’ R] = Ol—p,log[Iv R]

Definition 2.1. [1] The left-sided Hadamard fractional integral of order > 0 for a function
o : I — R is defined by

alfiolt) = o [ (ot —logry o)

)
T

© _w—1

exists, where ['(w) = [~ 7¥~'e"dr; w > 0 is called the Gamma

) 0
g, ().

on condition that 71} (-
function, and log(-) = lo
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Definition 2.2. [32] Letn — 1 < p < n(n € Ny) and o : I — R. The left-sided Hadamard
fractional derivative of order y for a function o : I — R is defined by

dr

u D o(t) = -

e to —log )" P lg(r
Fe | (togt o) 1a(r)

n
where o" = (tjt) and n = [u] + 1, here [u] denotes the integer part of u.

Definition 2.3. [32] Letn — 1 < p < nand o € AC} [1, R]. The left-sided Caputo-Hadamard
fractional derivative of order . of o is defined by

n—1
D" o(t) = yD" o(t)—zgka(l)(lo t —logr)*
CHL 1+ HL+ A g g :
k=0

Moreover, if ;o ¢ Ny, then ¢ D} o(t) can be represented by

1 dr

t
— _ n—p—1 n =
o | ot —tor) o

cnDlo(t) -

While if p € N, then we have ¢y Di.o(t) = o"o(t).
Definition 2.4.[15] Let n — 1 < u < n, 0 < v < 1, and 0 € AC"[I, R]. The left-sided

Hilfer-Hadamard fractional derivative of order p of a function o is defined by

aDI o (t) = (1" o (I M) (1), Q.1

One has

uD o (t) = (11" (uDfo)) (1), p=p+nw— v,
aDy. = o" Hffi_yxn_#) = o™yl ".
Remark 2.5.

(1) If v = 0, then Hilfer-Hadamard fractional derivative HD{‘;”() decay to Hadamard frac-
tional derivative DY’ (-).

(ii) If v = 1, then Hilfer-Hadamard fractional derivative 5 D/;"(-) decay to Caputo-Hadamard
fractional derivative ¢ D1’ (-).

(iii) In a special case, if 0 < p < 1 and 0 < v < 1, then Hilfer-Hadamard fractional derivative
aD12”(+) also can be rewritten as

pDy = g o g = T (DE), p= v — o,

where y D, = o (Hllq_”)(l_”)) =0 Hfll:p-

Lemma 2.6. [15] If n > 0, v > 0, then we have

Lt oz )11 = 0 los() ™

and

[ D1 (log 7)"1](1) = r(gf)m(logm)”“l

In exceptional condition, if v = 1, then gy D'" of a constant is not equal to zero, i.e.

(#DY1)(t) = logt) ™",  0<p<l.

1
F(l—u)(
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Lemma 2.7. [15] Let 1 > 0,v > 0and 0 < p < 1. Then forallt € (1,e] and o € C\_,10¢[I, R},

ull wIlo(t) = gl o(t), (2.2)
and
u DY Il o(t) = o(t). (2.3)

Remark 2.8. In particular, if o € C[I, R], then the relations (2.2) and (2.3) hold at ¢ € I.

LetO << 1,0<p<1.1fo € Ci_pugll, Rl and y I} o€ Cl_ | [I, R], then
(a1, "o)(1)
I(p)

Now, we are going to present the Picard operator definition, the abstract Gronwall lemma, and
the generalized Gronwall inequality in the Hadamard fractional integral sense that be important
tools in our subsequent analysis.

all gDl o(t) = o(t) — (logt)*~!, vt e (1,¢].

Definition 2.9. [31] Let (U, d) be a metric space. We say that the operator T': U — U is a Picard
if there exists u* € U such that:

(i) Y7 = u* is the fixed points set of the operator T', where Y7 = {u € U : T'(u) = u}.
(ii) For all ug € U the sequence {77 (ug) }nen is a converges to u*.

Lemma 2.10. [31] Let (U, d, <) be an ordered metric space, and the Picard operatorT : U — U
be an increasing with Yo = {u%.}. Then for u € U,

u<T(u)=u<up while w>T(u) = u> up.

Lemma 2.11. [32] Let 0 < p < 1, and p,0 : I — [1,4+00) be continuous functions. If v is
nondecreasing function and there exist a constant h > 0 such that

dr
I
T

p(t) <0(t) + ﬁ/t(logt — logT)“_lp(T) tel,

then

ZW(logtlogﬂwlw(ﬂ dT.T’ tel

olt) <00+ t

In particular, if the function ()(¢) be a nondecreasing on I, then we have

p(t) < D(¢)E, (AL(u)(log)").

Here the symbol E,,(-) means Mittag-Leffler function defined by

k
z

Now we will introduce some concepts of UHML stability analysis.
Let be a positive real number ¢ > 0. Then for X € C\_, 100[I, R] and 6 € C ([—r, €], R), we
consider the Hilfer-Hadamard FFDE (1.1)-(1.3) associated with the following inequality:

|a DY 0(t) — N(¢,0(t),0(7(t)))] < eE,(logt)". (2.4)

Definition 2.12. Hilfer-Hadamard FFDE (1.1)-(1.3) is UHML stable with respect to E,, (log ¢ )* if
there exists a real number cg, > 0 such that, for each € > 0 and each solution § € C ([, €], R)
satisfying inequality (2.4), there exist a solution o € C ([—r, €], R) of problem (1.1)-(1.3) toe the
line

10(t) — o(t)] < cg,eE,(logt)”, te[-re]
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Remark 2.13. A function 6 € C)_, 0[], R] is a solution of inequality (2.4) if and only if there
ex1sts a function depends on 6, let it be h( ) €Ci- plog[I R] such that |h(t)| < €E,,(logt)*, for

& (1.¢]and 5 DI"0(t) = N(t.0(1). 0(+(1))) + h(i). 1 < (1,¢].

Lemma 2.14. Let X : (1, ¢] x R X R — R be a continuous function. Then the problem (1.1)-(1.2)
is equivalent to

dr

ogt)r~! t
(log?) o1+ F(l,u) /1 (logt — IOgT)NilN(’D0’(7’)70'(’}/(7')))7, te(lel.

L(p)

Lemma 2.15. Let 0 < pp < 1, p = p+v(l — ), and 0 € Ci_,10¢[I, R] satisfying inequality
(2.4). Then 0 is a solution of the following integral inequality

o(t) =

(logt)r—! 1 /t . dr
o(t) — 0, — logt —log7)* ' R(7,0(7),0(v(7))) —
< ¢E,(logt)*.
Proof. Thanks to Remark 2.13, we have
u D27 0(t) = R(¢,0(t),0(4(1)) + h(t), t € (1,e].
The Lemma 2 and the condition g I };p 6(1) = 6, lead us to
(logt)P—! 1 /t o dr
0(t) = 0, + logt —log )"~ "R(7,0(7),0(y(7)))—
() = CED—0+ s [ (logt —log ) N 6(r).003(7)) %
1 t dr
+—/ logt — log 7)* i (r te(l,el.
T J, (gt —logn)""h(r) =, € (l,e]
From the last equation and using Remark 2.13 again, we get
(logt)r—! 1 /f‘ O dr
0(t) — 0, — logt —log 7)*~'R(7,0(7),0(y(7)))—
o) - LED gy - s [ togt o 8(r0(7). 000 (1)

1 /t i,y dT
< — logt —log7)* =" |h(T)| —.
< g J, Cogt —logm)*[(r)]
< /t(logt log 7)"~'E, (log )“dT

_logr T

RO g

€ (log 7)k* dr
< logt — log7)*~! =
_T(u)/(g s Zl"ku+)

> 1 1 / . dr
€ —_— | =—— logt — log 7)*~ ! (log 7)*H) =
gmwn[r(m , (gt —logn)™ log )T

= (logt)tktDr
- GZ I'((k+Dp+1)

o~ (logt)™
62 T((np + 1)

IN

|
The proof of the following lemma is similar to proofs presented in the literature [20, 22, 31].

w4+ v(1 — p) and assume that X : (1,e] x R x R — R be

Lemma 2.16. Let 0 < p < 1, p =
a(7(.)) € Ci—pi0gll, R]. Then a function o € C\_, 1001, R] is a

a function such that X(.,o(.),
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solution of Hilfer-Hadamard FFDE (1.1) with the initial condition Hlll;po(l) = oy and initial
Sunctional o(t) = p(t), t € [—r, 1] if and only if o satisfies the following integral equation

p(t), tel-rl,

o(t) = (lolfg_f)) o +r [{(logt —log 7)*~"N(7,0(7),a(y())) 4, te (1,e].

3 Existence and uniqueness results

This section gives some sufficient condition to warranty the existence, uniqueness and UHML
stability of solutions for the Hilfer Hadamard FFDE (1.1)-(1.3) in C([—r, €], R)NC_,105([I, R).
Let us insert the following hypotheses to aid in proving our main results:

(H;) N:(1,e] x R x R — R be afunction such that X(.,c(.),o(y(.))) € Ci—p10¢[I, R], for any
o€ Ci_pogll, Rl and vy € C([1,€], [—r,e]) withy(t) < tand 0 < r < co.

(H,) There exists a constant Ky > 0 such that
2

|N(t7p17p2)_N(t7QI,QZ)|SKNZM%_%LVtE(LeL p’mqlER ’L:1,2
i=1

(H3) The following inequality holds:
2KxI(p)

SR L
L+ p)

Theorem 3.1. Assume that hypotheses (H,) — (H3) are satisfied. Then
(i) problem (1.1)-(1.3) has a unique solution in C'([—r,e], R) N Ci_,10([1, R);
(ii) Hilfer-Hadamard type FFDE (1.1) is UHML stable.

Proof. Thanks to Lemma (2.16), the problem (1.1)-(1.3) can be converted into its equivalent
integral model, which takes the form

p(t),  tel-rl],

3.1)

0 ) o1+ F fl (logt —log 7)*~"IX(7,0(7),0(v(7))) L, te(l,e].

To demonstrate our first part, we just show the existence of solution for the model (3.1)
which can be transformed into a fixed point problem in the space C([—r, ], R) with respect to
an operator Ry : C([—r, ¢, R) — C([—r, €], R) defined by

p(t),  tel-rd],

Rn(o)(t) = (lol“if)) o1+ r fl logt —log 7)*~"X(7,0(7),0(v(7))) %, te(l,e].

3.2)
Now, we confirm that Ry, is well-define. It is clear that, for any continuous function X(-, o(-), o (7(+))),
an operator Ry is continuous too. In fact,
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Case 1. Forall¢t,t +¢ € (1,¢e] (¢ > 0) and 0 € C([—r, €], R), we have

Ry (0)(t +€) — Ru(o)(?)]

= (logt+€)”_1 ! v o) g) —log T)* (7, 0 (1), o (v(T dr
= | ot [ (or(t+2) o) N(ro(r). o (4(7)
(togty~! 1 - dr
- R~ i [ Gegt —togyN(ro(r). o4 (7)) %
— 0, ast+e—t.

Case 2. Fort,t +¢ € [-r,1] and 0 € C([—r, €], R), we have
[Ru(o)(t+¢e) — Ru(o)(t)| = |t +¢) —@(t)| = 0, ast+e—t.
Next, we just need to prove that Ry : C([—r, €], R) — C([—r, €], R) given by (3.2) is a contrac-

tion mapping on C([—7,¢], R) w. . t. |l.|lc,_, iz, Indeed, the case ¢ € [—r, 1] is trivial. For
eacht € (1,¢], and for any 0,5 € C([-r, €], R), we have

R (o )() Ru(0)(1)]
/ (logt — log 1)~ IN(r, (7). o(3(7))) — R(r.5(r),5(+(r)))|

T

logt—logr VA l(logr)” 1{(10g7’)1_”

Udﬂ&hﬂ+h@h»ﬂ%ﬂm}f
< o [ (tog 10y tog )¢ [ ma tog ) 7Io(r) ~ )

+ max (og7)!7la2() - 50| &

- 1 t _ _dr
< 2KN||0' - UHCI_‘)’IOg[I’R]W/I (logt — IOgT)/“‘ 1(10g T)P 17

_ 2KyT(p)(logt) 4!

T+ p) lo—allo,_, 1Rl (3.3)
which implies
IRa() = Re@ler i < 208 o e,
e
Due to (H3), Ry is contraction mapping via the norm || - [l¢,_ 1,5 00 C1—p10¢([I, R). Hence,

we infer that Ry has a unique fixed point according to the outstanding fixed point theorem of
Banach. Claim (1) was substantiated.

Now, we demonstrate the claim (2). Assume that solution § € C([—r,e], R)NCi_,105([I, R)
satisfying inequality (2.4). We denote by o € C'([—r, e], R) N C1_, 10¢([1, R) the unique solution
of the following problem

D o(t) = N(t o(t) o(v(t), O0<pu<l, 0<v<I1,te(le,
Il_ o(1) = P0(1), p<p=p+rv(l-p),
o(t) = 0(t), te[ r 1.
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It follows from Lemma 2.16 that

O(t) ) te [773 1];
o(t) = o 3.4)
D=9 towirmp o gt~ tog )= N(r,o(r), 0 (M) 22, € (1,e],
where we used the fact
wl7Po(1) =g I,7°6(1) which implies o1 = 6;.
In light of Lemma 2.15, we have
(logt)r~! 1 /t . dr
o(t) — 0, — logt —log 7)*~ " R(7,0(7),0(y(7)))—
(1)~ SE 0~ t | ozt —log ) N(r.(r).6:(1)
< eE,(logt)*, t € (1,e]. (3.5)

Note that |o(t) — (t)| = 0 fort € [—r, 1]. For all ¢ € (1, ¢], we have from (H;), (3.5) and (3.4)
that

(1) (1)
_(logt)p_l . 1 ! 0ot — log )= IR(7. 0(+ - dl
< Jot) - B0~ s [ gt~ log ) N(r.0(0), 601
+ 507 /| ozt —log )™ I(r0(7).01(7) = R(r.o(r).o(a(r)|
< ek, (logt)*
o | ozt~ 1oy lo(r) = o) + 2 - o T GO

According to the last inequality for w € C'([—r, €], RT), we consider the operator R; : C([—r,¢e], R) —

C([-r, €], R") defined by

0, tel-rl],
Ry (w)(t) = eE, (logt)* + ¢ { [l (logt —log 7)1~ w(r) 4z
+ [ (logt — logT)““w(y(T))d:]’ te(l,e.

Here we have to prove that R is Picard operator. For each ¢ € (1, e] with the same arguments in
the relationship (3.3), one obtain

2KxI(p)(logt)rtr—!
Raw)() - R (0] < 2N e s € Ol
This implies that
2RKxI(p
IR1(w) = R < 3 L = 2l ir s 05 € Crmpagl LR

Assumption (Hz) shows that R is a contraction mapping in C([~r,e], R") w. r. t. |.ll¢,_, .i1,r*)-
By applying the contractive theorem of Banach, R, is a Picard operator and Yz, = {w*}. Then,
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forall t € (1, e, we have

w*(t) = R (w") (1)

K ¢ d
= e, (logt)" + F(:) {/1 (logt — logT)"’lw*(T)g
t d
+/l (logt—logr)”_]wx‘(’Y(T))TT} (3.7

By the following assumption

m = Trerl[ilfle][w*(T) +w(y(7))] €RT

with some straightforward computations, we infer that, for all 1 < t; <, <ee,
U)*(tz) > w*(tl),

which indicating that w* is an increasing, since v(t) < t, we get w*(y(t)) < w*(t), it follows
from (3.7) that

2KN/t . dr
w*(t) < ek, (logt)* + logt — log7)*'w* (1) —.
(1) = ey (logt)” + ey | (logt —logm)*w™(7) =

By taking advantage of Lemma 2.11 and Remark 2, then for ¢ € (1, ¢], we obtain

w*(t) < eE,(logt)"E,(2Kx(logt)")
< eE,(logt)"E,(2Ky)
= cg, €€, (logt)",
where cg, = E,(2Ky). So, in short, if w = |0 — o, it follows from (3.6) that w < Rjw. Due

to the increasing property of the Picard operator R; , Lemma 2.10 shows that w < w*. As a
conclusion, we can see that

10(t) — o(t)| < cg, eEyu(logt)”, te[-re]
Hence the equation (1.1) is UHML stable. The results are proved completely.[] O
Theorem 3.2. Assume that the hypotheses (Hy) and (H,) are satisfied. If

2Kxe*T(p)

<1, A>0. (3.8)
C(p+p)

then

(i) problem (1.1)-(1.3) has a unique solution in C'([—r,e], R) N C1_, 10¢([1, €], R).
(i1) Hilfer-Hadamard FFDE (1.1) is UHML stable.

Proof: As in Theorem (3.1), we need only show that Ry defined by (3.2) is a contraction
mapping on the space C'([—7, €], R) w. r. t. the norm ||.|| 5, where

lolls = max |[log(t)]' 7o (t)| e~ =@ X > 0.
te(l,e

Le]

Since the technique of proof will be identical to the previous parts in Theorem (3.1), here we
will give the main difference represented in the following. For each ¢ € (1,¢] and 0,0 €
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C([-r, €], R), we have
R (0)(t) = R () (#)]

< F(lu)/l (logt—10g7’)#*1|N(T,U(T),U(v(r)))—N(T,&(T),&(W(T))ﬂd?’r
< fo [ ot —t0gr o) - 50|+ 1or(r)) - ()|
KN t = P— og(7
< F(M)/1(10gt_10gT) "(log 7)P~"eMoe(7)
| mas (o) =00 (Io(r) = 5(0)| + () ~ 722 )| &
< ZKNHUCNTHBF(lM)/1 (logt — log 7)*~ ! (log )P~ M loelr )‘f
< 2qu||0—5||B€M°g<e>r(lu)/1 (logt—logT)“_l(logT)p‘ldg
2Tl
C(p+p) ’
which results in MK T()
~ NE P .
[Rx(0) = Rx(9)ll5 < WHU — || (3.9)

The assumption (3.8) shows that Ry is contraction mapping via the norm ||| g on C_, 10¢([I, R).
So, we drow that Ry has a unique fixed point according to the fixed point theorem of Banach.
This proves the first allegation.

The proof of the second allegation which deals with UHML stability is similar to the proof
of the Theorem 3.1, so we skip it here. [J

Example 3.3. Consider the following Hilfer-Hadamard FFDE

HD1+ o(t) = 55 log(Vt) + §sin(20(t)) + 2ot —3), t € (1,¢],
HEE (1) =1, (3.10)
o(t)=t, tel-1,1].

Here,u:% B=0,p=1 Nt 0(t),o0(y(t) = % log(Vt)+4sin(20(t))+ o (t—3), t € (1,€],
and (t) = t — 3. Note that forallo € Rand ¢ € (1,€],

Cy 1ogll, Bl = {h: (1,¢] = R : [log(t)] h(t) € C[I, R]}.

Clearly, the function R(¢,0(t),o(y(t)) € C%;logt(LR) due to [log(t)]2R(t,o(t), o ((t)) €
C([I, R]. In addition, let 0,0 € R and t € (1,¢], it is easy to see that y(¢t) = ¢ — 3 < ¢ and

|N(tv 0—70(7) - N(ta 9, 0(7)| HU - 9‘ + |0( ) 0(’7)H :

-N'—‘

Hence the hypotheses (H;) and (H,) hold with Ky = 1. Through straightforward computa-

tions, the condition
2Kxl(p) _ VT _

Llp+p) 2
is satisfied. Therefore, the whole suppositions in Theorem 3.1 are satisfied. It follows from
Theorem 3.1 part (1) that the problem (3.10) has a unique solution in C([—1, €], R).
Further, as shown in Theorem 3.1 part (2), for every e = > 0if 6 € C%;logt([l , R]) satisfies

|D170(t) = N(8,6(1), 0(v(1))] < lEM(logt)“, te[-1,¢l,

[\
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there exists a unique solution o € C'1 4, ([1, R]) comply with

0() — o(t)] < %chEuaogm tel-1,e.

where
1 | 1
C]E“ :]EH(ZBN):E%(E):eZ |:1+e7"f (2)} 22>0

Hence the problem (3.10) is UHML stable.

Remark 3.4. The formula provided for the solution to the Hilfer-Hadamard FFDE (1.1)-(1.3) in-
cludes other formulas containing some operator’s fractional derivatives, among them Hadamard
(v — 0), and Caputo-Hadamard (v — 1).

Conclusion

This paper mainly investigated some existence, uniqueness, and UHML stability results of a
class of initial value problems for Hilfer-Hadamard type FFDE with initial and functional con-
ditions. The main key findings to our analysis included the fixed point theorem of Banach, the
Picard operator technique and the generalized inequality of Gronwall. We are confident that the
aforementioned results will have positive effects on the growth fractional nonlinear analysis and
development of further applications in engineering and applied sciences.
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