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Abstract Ali, Dinu, and Petrescu (M. U. Ali, S. Dinu, and L. Petrescu, Existence of fixed
points of set-valued maps on modular b-gauge spaces, U.P.B. Sci. Bull., Series A, Vol. 82, Iss.
4, 2020, ISSN 1223-7027) introduced the notion of modular b-gauge spaces induced through the
family of pseudomodular b-metrics and showed the existence of fixed point on this space.

In this paper, we employ the notion of modular b—gauge spaces to prove the existence of common
fixed points of set-valued maps. Precisely, we formulate and prove two different theorems. Also,
we state some corollaries. Moreover, we give an example to illustrate the validity of our results.

1 Introduction

The Banach fixed point theorem [1] is the first fixed point in the context of fixed point theory.
After than, many authors established many fixed point theorems see [2]-[15]. The notion of a
b-metric space was presented by Bakhtin [16] in 1989 as a generalization of a metric space. After
four years, Czerwik [17] stated a formula that defined the exact definition of a b-metric space
and studied some generalizations of Banach contraction theorems [1] in the context of b—metric
spaces. Recently, many authors obtained many results on the context b—metric spaces as exam-
ples see [18]-[28].

In 2010, Chistyakov [29] introduced a new space, called a modular metric space, in such a way
that he added a positive parameter on the definition of metric space. Then after, the researchers
covered many fixed point theorems on this new space, for examples see ([30]-[32]).

In 2017, Ali [33] expanded the notion of modular metric spaces to modular b-metric spaces.
While, Frigon [34] studied the fixed point on gauge spaces. Later on, several researchers ex-
tended their study of fixed point theory on gauge spaces, for examples look that ([35]-[37]).
Posteriorly, Ali et al [38] presented the notion of modular gauge spaces induced through the
family of preudo modular metrics. In 2020, Ali et al [39] defined the concept of modular b-
gauge spaces induced through the family of pseudomodular b-metrics and proved the existence
of fixed points of set-valued maps on modular b- gauge spaces. In this article, we used the space
presented by Ali et al [39] and we proved the existence of a common fixed point for multivalued
maps on modular b-gauge space. Precisely, we formulate two theorems, many corollaries and
we introduce an example to show the validity our of results.

2 Preliminaries
In this section, we present the most important definitions that will be used in our work.

Definition 2.1. [29] A modular metric on a non empty set X is a function w : (0,00) x X x X —
[0, c0) that will be written as w,, (z,y) = w(v, z,y); for all z,y, 2 € X and for all v > 0, satisfies
the following three conditions:

(i) wy(z,y) =0ifandonly ifz =y, Vv > 0and z,y € X.
(i) wy(z,y) = w,(y,z), Vv >0and z,y € X.
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(i) wyto(z,y) <wy(x,2) + wo(z,y); forallv,c > 0and z,y,z € X.

Ali [33] enhanced the notion of the modular metric space to the notion of the modular b-
metric space as follows:

Definition 2.2. [33] A modular b-metric on a non empty set X is a functionw : (0, 00) x X x X —
[0, 00) that will be written as w, (x,y) = w(v, x,y); forall z,y, z € X and for all v > 0, satisfies
the following three conditions:

(i) wy(z,y) =0ifandonly ifz =y, Vv > 0and z,y € X.
(i) wy(z,y) = w,(y,z), Vv >0and z,y € X.

(iii) wyto(r,y) < we(z,2) +we(z,y); forall v,o > 0and z,y,2z € X, here s > 1 is a fixed
real number.

the couple (X, w,) is said to be the modular b-metric space.

Example 2.3. [33] Consider X = [0, 00) and wy, (z,y) = M Then (X, w,) is a modular
b-metric space with s = 2 but not a modular metric space.

Definition 2.4. [33] A regular modular b-metric on a non empty set X is a function w : (0, 00) X
X X X — [0,00) that will be written as w, (z,y) = w(v,z,y); for all z,y,z € X and for all
v > 0, satisfies the following three conditions:

(i) wy(z,y) = 0if and only if z = y, for some v > 0.
(i) wy(z,y) = w,(y,z), Vv >0and z,y € X.

(iil) wyio(2,y) < we(x,2) +we(z,y); forall v,o0 > 0and z,y,2 € X, here s > 1 is a fixed
real number.

A pseudomodular b-metric on X is obtained by replacing axiom (1) of a modular b-metric
with the following condition:
(4): Foreachz € X, w,(z,z) =0,yv > 0.

Remark 2.5. Let w, be a modular b-metric on a set X. Then for given x,y € X, the function
0 < v — w,(z,y) is non increasing on (0, co).
In factif 0 < Z < o, then by above definition

wo (2,y) < wow (2, 7) +we (2,y) = we (2,y)
forall z,y € X.

Khamsi [40] defined the concept of w,-convergent sequences, w,-Cauchy sequences, w,,-
closed sets and w,,-complete sets in modular b-metric spaces as follows:

Definition 2.6. [40] Given a modular b-metric w, on X, let {x,, }nen in X, and x € X,.
Then:

(i) The sequence {z,} is said to be w,-convergent to x if lim,_, wy(z,,z) = 0, for some
v>0.

(ii) The sequence {z,,} is said to be w,-Cauchy if lim,, ;00 Wy (Z1, T, ) = 0, for some v > 0.

(iii) A subset A of X, is said to w,-complete if each w, -Cauchy sequence in A is w, -convergent
in A.

(iv) A subset A of X, is said to be w, -closed if it contains the limit point of each w, -convergent
sequence contained in A.

(v) A subset A of X, is said to be w,-bounded if we have
0w, (A) = sup{wi(z,y) : z,y € A} < 0

The Ay-condition and Fatou property are given in a modular b—metric space as follows:
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Definition 2.7. [33] A modular b-metric w, on X satisfies:

(i) The Ap-condition, if the following axioms hold:

a. for each {z,,} in X satisfying w,(z,,zn+1) < t"K for some v > 0 and for each
n € N, where t € [0, %) and K > 0 is some fixed real numbers, then we have
Wo (Tn, Tnt1) < " K for each o > 0 and for each n € N, and

b. for each {z,} in X and x € X with lim,,_, c w, (7, z) = 0, for some v > 0 implies
that lim,,—, oo Wy (T, ) = 0, for all o > 0.

(i) The Fatou property if for each {x, } w,-convergent to x and {y, } w,-convergent to y, we
have w (z,y) < liminf, o wi (zn, yn) = 0.

Definition 2.8. [39] Let w, be a pseudomodular b-metric on X. Then the w,-ball having the
radius o > 0 with x € X as a center is the set

Blz,w,,0] ={2z€ X : W > 0,w,(x,y) < o}

Example 2.9. [39] Consider X = [0, co) with the pseudomodular b-metric w, (z,y) = %V_zxy

for each z,y € X and o > 0, where s = 2. Then
Blzo,0,1] = {2 € X : Vo > 0,25 + 2* — 2202 < 0} = {xp}.

Definition 2.10. [39] A collection 7 = {w,,, with s, > 1 : 7 € A} of pseudomodular b-metrics
on X is called separating if for every pair (z,y) with x # y, we have atleast one w, € 7 with
wy(x,y) #0,Vv > 0.

Definition 2.11. [39] Take a collection 7 = {w,, with s, > 1 : € A} of pseudomodular
b-metrics on X # () . The topology ¢(7) with a collection of subbases

B(t) = {Bl[z,w,,0]: 2 € X,w, € Tand ¢ > 0}
of the balls is a modular topology induced by the collection 7 of pseudomodular b-metrics.

The pair (X, s(7)) is said to be a modular b-gauge space.
Note that X, = {z € X : Vn € A, w,(z0,2) — 0 as v — oo}, where o is fixed in X.

Definition 2.12. [39] Take a modular b-gauge space (X, ¢(7)) with respect to the collection
7 ={w,, with s, > 1:n€ A}

of pseudomodular b-metrics on X and let {z,, },cn in X, and z € X.
Then:

(i) The sequence {x,, } is said to be w,-convergent to z if for every n € A, we have lim,,_, oo wy, (T, z) =

0 for some v > 0. We denote it as x,, — .

(ii) The sequence {z,, } is said to be w,-Cauchy if for every n € A, we have lim,, 15,00 Wy (T, T) =
0 for some v > 0.

(iii) X is said to be w,-complete if each w,-Cauchy sequence in X is w,-convergent in X..

(iv) A subset F' of X is said to be w, -closed if it contains the limit point of each w, -convergent
sequence of its elements.

(v) A subset F' of X is said to be w,-bounded if we have
6:(F) := sup{wi(z,y) : z,y € F,n € A} < o0.

Take a separating modular b-gauge space induced through the collection of pseudomodular
b-metrics 7 = {w,,, with s, > 1:n € A} on X # () and {z, } is w,-convergent in X, then {x,, }
is w, -convergent to a unique limit point.

Assume not; that is (x,) converges to different elements, say =, — a and =, — b. Then for
every n € A, there are o, 0, > 0 such that
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lim,,— 00 Wo, (T, @) = 0 and lim,,—, oo we, (x5, b) = 0. By the triangular axiom, we obtain
Wsyo1+s,02 <a7 b) < Wg, <a7 xn) + Wo, (xvu b)

Vn € N and n € A. Thus lim,, oo W, 5, +5,0,(a,0) = 0. Since 7 = {w,, with s, > 1 : 1 € A}is
separating, hence we get a = b.

In the rest of this paper, we let A be an indexed set and (X, (7)) be a modular b-gauge space
and 7 = {w,, with 5, > 1 : ) € A} satisfies the Fatou property and A,-condition. Also, we let
A be an w,,-bounded set which is w,-complete of X, with respect to ¢(7). Also, 3 denoted to a
mapping from A x A into [0, 0o). We denote the collection of nonempty w, -closed subsets of A
under the above modular b-gauge space by CL(A).

Notation:
Consider the following:

+ @, to be the family of all functions ¢ : [0, +00) — [0, +00) such that:
¢ is continuous, nondecreasing and ¢(¢) < ¢ for all ¢ > 0.

+ @, to be the family of all functions ¢ : [0, +00) — [0, +-00) such that:
1 is continuous, nondecreasing and v(¢) = 0 if and only if ¢ = 0.

3 Mains results

Theorem 3.1. Let T, S : A — CL(A) be two maps. Suppose that for all x,y € A with 3(z,y) >
1:

If u € Tz, there exists v € Sy, or if u € Sx, there exists v € Ty such that:

() < Cmax {6 (,). 0 (). 6 3 ), (22 LAV g

forall C €0, é), Vn € A, where (¢,1) € (P1,D2), ¥(1) < ¢(1), VI > 0. Assume we have the
following hypotheses:

(i) There are three elements xy € A, x1 € Tz and x5 € Szy with B(xg, 1) > 1, B(z1,12) >
1.

(ii) Forx € A, y € Tx and z € Sy, we have 3(z,w) > 1, B(w, k) > 1, for each w € T2,
k € Sw.

(iii) If{x,} is a sequence in A, with z,, — x € Aand B(xy,xn+1) > 1Vn € N, then B(x,,x) >
1, vVn € N.

Then S and T have at least one common fixed point.

Proof. By hypothesis (i), there are three elements zyp € A, x; € Tz and z, € Sz with
B(zo, 1) > 1, B(z1,22) > 1. By (3.1) we have

W, (0, 22) + w1($1,$1))}

wi (71, 22) < C'max {¢(w1 (20, 1)), d(wi (w0, 1)), (w1 (21, 22)), ¢( 5

wi (o, 1) 42rw1(w1,afz))}.

Since v is a non decreasing function and ¥ (1) < ¢(1), VI > 0, we get

< Omax {9(w1(w0.21)). 6 (1 (w1,22)).

wi(z1,22) < Cmax{¢(wi(zo,21)), d(wi(z1,22))}- (3.2)

If we take max{qi)(w] (a?()7 X )), (]3((.01 (x] , 332))} = qi)(w] (331 , 332)), we obtain

wi(z1,x2) < Chlwi(z1,22)) < wi(T1,T2),
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a contradiction. Thus

max{p(wi (zo, 1)), p(wi(z1,22))} = d(wi(zo, x1)).
From (3.2), we have
wi(zy,22) < Cwi(zo, z1). (3.3)

Asxg € A, 1 € Txp and 2, € Sz with 8(zg, 1) > 1, B(x1,22) > 1. Then by hypothesis (i)
for z; € Txy and 2, € Sz, we have B(x,,x3) > 1, B(x3,14) > 1 for each z3 € Txy, T4 € Sx3.
From (3.1), for z; € Sz and z3 € Tx, we have

Was, (@1, 23) + wi (22, T/z))}

wi (72, 23) < C'max {(b(wl(xlaxz)), P(wi (w1, 22)), p(wi (22, 73)), 1/)( 5

By the same method, we get

wi (72, 23) < Cmax{p(wi(z1,12)), p(wi (22, 73))}

So
wl(IQ,I3) S Cwl(.r],l’z). (34)

From (3.3) and (3.4), we have

wi (22, 23) < C?wi (0, 71).

Continuing this process, we construct a sequence {z,} in € A such that 22,11 € Tz, and
Tonta € Sopy1 With f(xp 41, 2,) > 1 and

Wi (Tn, Tng1) < C"wi(o, 1) (3.5)

for each n € N and € A. By definition of A,-condition and (3.5), we get wy, (Tn, Tni1) <
C"wi(xg,x) forallv > 0andn € N . Foreach i,j € N, we get

itg—1 itj—1
wj(@, xigj) < Z w%(xk.,xk“) < Z C’kwl(xo,ml)
k=i 7 k=i

< ZCkwl(xO,xl) —0
k=i

as i — oo, Vn € A.

Hence {x,} is w,-cauchy sequence in A.
Since A is w,-complete, then there exist u* such that Vi € A we have lim,,_, o wy Ty, u*) =0
for some v > 0. By definition of Ay-condition on X, we get lim,,_, oo wy (zy, u*) = 0, for all
o> 0.
Hypothesis (i:7) yields 3(z,,u*) > 1,¥n € N. From (3.1), for 8(x,,v*) > 1 and 22,41 € Tx2n
there is v* € Su* such that

wi (T2n41,v*) < C'max {¢(w1(3€2mu’k))y (w1 (22n; Tan11)), P(wr (u*, U*))’w(%n(mzmv );wl(u ’xznm)}

(.(.)] (1:2717U*) + wl (U*a U*) + w] (U*7x2n+l)>}

< Cmax {Qs(wl(xZWU*))a ¢(W1(1‘2n,1‘2n+])), QS(wl(U*’U*))?w( 2

Vn e A.
Letting n — oco. Then Fatou property implies that

o, v7) < ¢

this occurs only if w;(u*,v*) = 0. Since the collection 7 = {w,, with s, > 1 : V5 € A} is
separating, then u* = v*. So v* € Tw*. Thus T and S have at least a common fixed point. O
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Theorem 3.2. Let T, S : A — CL(A) be two maps. Suppose that for all x,y € A with 3(z,y) >
1:
If u € Tz, there exists v € Sy, or if u € Sx, there exists v € Ty such that:

wi(u,v) < alwi (@, y))wi (2, y)+b(wi (2,9)) [wi (2, w) + wi (y, v)]+e(wi (2,9)) [was, (2,0) + wi (y, u)]
(3.6)

Vn € A, where a,b,c : R — [0,1) are functions, with b(t) + c(t) < 1, lim¢—b(t) # 0,

lim;_,o c(t) # 0, limsup,_,, % < 1, Vt > 0. Assume we have the following hypothe-

ses:

(i) There are three elements xo € A, x1 € Tz and x3 € Szy with B(xg,x1) > 1, B(z1,22) >

1.

(ii) Forxz € A, y € Tx and z € Sy, we have 5(z,w) > 1, B(w, k) > 1, for each w € Tz,
k € Sw.

(iii) if {xn} is a sequence in A, withx,, — x € Aand 3(xp, Tp+1) > 1Vn € N, then B(xy,, ) >
1, Vn e N.

Then S and T have at least one common fixed point.

Proof. By hypothesis (i), there are three elements xy € A, x; € Txo and 2, € Sz with
B(zg,x1) > 1, B(z1,22) > 1. By (3.6), we have

wi(z1,22) < alwi(zo, z1))wi (zo, 21) + b(wi (0, 21)) [wi (0, 1) + wi(z1, 22)]
+c(wi (o, 21)) [was, (20, 22) + wi (21, 21)]

vn € A.

< [a(wi(zo, 21)) + b(wi (zo, 1)) + c(wi(xo, 21))] wi (z0, 1)+ [b(wi (20, 1)) + c(wi(x0, 21))] wi (@1, 22)

a(wi(zo, 1)) + blwi(x, 1)) + c(wi(zo, x1))
1 — b(wi (o, 21)) — c(wi(xo, 21))

wi(z1,22) < wi (o, 1)-

Let
o = @@ ni1)) +b(wi (20, 2041)) + (Wi (@0, 2n11))
1- b(wl(xmfnﬂ)) - C(Wl (Inaxnﬂ))
foralln € N.
Then
wi(zy, 22) < Kwi(zo, 21), (3.7
here K < 1.

Since xy € A, x; € Twg and x5 € Sxy with 8(zg, z1) > 1, B(z1,22) > 1, then by hypothesis
(i) for zy € Tz and z, € Sy, we have B(x2,x3) > 1, B(x3,24) > 1 for each z3 € Taxs,
x4 € Sx3. From (3.6), for x, € Sxy and x5 € Tx> we have

wi (@2, 23) < [a(wi(z1,22)) + blwi(z1,22)) + c(wi (21, 22))] wi (21, 22)

+ [b(wi (21, 22)) + c(wi (21, 22))] wi (22, 73)

a(wi(z1,22)) + b(wi (71, 22)) + c(wi (21, 22))
1 —b(wi(z1,22)) — c(wi(z1,22))

wi (2, x3) < wi(zy, 22)

So
wi (w2, 73) < K?wi(z0,21)

Continuing this process, we get {x,,} € A such that z2,, 4| € T2, and 22,12 € Szt With
B(xna1,2n) > 1. and
W1 (T, Tng1) < K"wi(wo, 1) (3.8)
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foreachn € N,andn € A.
By defintion of A,-condition and (3.8), we get w, (zn, Tnt1) < k"wi(xg, 1), for all v > 0 and
n € N . Foreachi,j € N, we get

i+j—1 i+j—1
wi(@s i) < Y w1 (Tk, Th1) < > Krwi(a, 1)
k=i " k=i

< Zkal(l’(), (El) —0
k=i

asi — oo, Vn € A.

Hence {x,} is w,-cauchy sequence in A.
Since A is w,-complete, there exist u* such that Vn € A we have lim,,_, o wy, (z,,u*) = 0 for
some v > 0. Also, A,-condition on X implies that lim,, o W (25, w*) = 0 for all ¢ > 0.
Hypothesis (iii) yields 8(x,,u*) > 1Vn € N. From (3.6), for 3(z,,u*) > 1 and 22,41 € Tx2p
there is v* € Su* such that

wi (22041, v") < a(wi(T2n, u*))wi (220, u*) + b(wi (220, ©*)) [W1(T20, T2n11) + w1 (u*,0*)]

tc(wi (@20, u*)) [was, (@20, v*) + wi (W, T2511)]
Vn € A.
n — oo. Then Fatou property implies that

wi(u,v*) < (b(s) + c(s)) wi (u*,v").

The last inequality is true only if w;(u*,v*) = 0. Since the collection 7 = {w,, with s,, > 1 :
Vn € A} is separating, then u* = v*. So u* € Tu*. So, we conclude that 7" and .S have at least
one common fixed point.

|

If wetake T, S : A — A, B(z,y) = 1 in the above theorems we get the following corollaries:

Corollary 3.3. Let T, S : A — A be two maps. Suppose there exists C' € [0, ) such that have

Sn

1 (T, Sy) < Cmax { (e (7)), (e (7, ) e 3, 89) (222250 T Al T2y

holds for all x,y € A, Vn € A, where (¢,1) € (P, P,), ¥(I) < ¢(1), Vi > 0.
Then S and T have at least one common fixed point.

By taking a(t) = ¢, b(t) = c¢(t) = 4, ¢ € R*, and ¢ < } in Theorem (3.2), then we have:
Corollary 3.4. Let T, S : A — A be two maps. Suppose for all z,y € A, we have

W](IC,TI’) + wl(ya Sy) —i_WZ&7 (x,Sy) +wl(y7Tx)
2

wi(Tz,Sy) < q {wl(x,y) +

Vn € A. Then S and T have at least one common fixed point.

Example 3.5. Consider A the collection of real sequence with w, (z,y) = ﬁ |2, — yn|* for all

n€ Nandv > 0,suchthatz = {z,},y = {y,}. Take T, S : A — CL(A) the mappings defined
as follows:

Rt ) gl (0
{5} for {zn}nen C [0,00)

S nfn =
({enknen) { 0 otherwise
and 8 : A x A — [0, 00) such that:
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1 for T tnenN, {Un tnen C |0, 00
mm@%m@ﬁ%m—{o  {oadnen ey €[0.00)
otherwise

We have (3.1) satisfied for ¢(t) = ¢(t) = t, for all z,y € A with 8(z,y) = 1, where C =

1
6’
sy = 2. Also for zg = {n}nen € A, we get 11 = {5 }nen € T'wo, we have {27 = Z}uen €

6
w1(,0) =wn(5,2) = |2 — 2P = o — 22 < §|n— 212 = So(@(z.)).
w1(t,0) = wi(2,2) = dn— 2P < dn— 2 = Lp(wi (. u)).
LL)](U,U) = wl(%a %) = (rb(wl y,v))-
1
wiu,v) = gln = 3
1 _ﬁ|2
-9 3
1 ng 1.1 Ny
§§|n—§| _§(Z| 3|)
1.1 n ., w2sn (:l?,’l)) +OJ1 (yau)
< 303 = = gune) = v > )
Then
Wan(l',’U) +w1(y,u)
w1 (u,v) < € max {91 (2,)), 6 (i (@), 6w (3, 0), 5 )}
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