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Abstract Sumudu transform technique is implemented to study qualitative solution of non-
linear fractional differential equations. Economic models such as price adjustment equation
involving Caputo derivative, Caputo-Fabrizio derivative and Atangana-Balaenu-Caputo deriva-
tives under the assumption that market is in equilibrium are studied. These models are analyzed
through simulations for different fractional orders with suitable parameters.

1 Introduction

Mathematical language helps to express meaningful and reviewable in psychology, political sci-
ence, physics, chemistry and economics. Many economic models get explained using mathemat-
ical tools making it possible to solve a wide number of applications including optimization equi-
librium static analysis, comparative static and dynamic analysis are observed. A range of new
means in differential calculus are used in the matters to foreground economic models. Mathe-
matical economic models are being used by the economists which enable them to predict optimal
profit to view the link between demand and supply. The concept of price adjustment is deter-
mined by inefficient competitive company lower demand and different price. A market structure
in which price adjustment is free from individual behavior and satisfaction consists of a great
number of economic agents competing with each other can be referred for more information
about price adjustment. Every economic model targets maximum utility for buyers, maximum
profit for sellers and liberty of pricing restricted in an equilibrium model has its own elements
such as goods, companies, individuals etc. Economics provides the interactions between price,
supply and demand, the dependence of supply and demand on price and also how equilibrium
point is reached on supply and demand curves. The object of mathematical economics is to for-
mulate an economic process in mathematical form so that the above mentioned interactions can
be understood [9, 18].

qd(x) = d0 − d1w(x); qv(x) = −v0 + v1w(x)

where w the price of goods d0, v0, d1, v1 are positive constants.
For qd(x) = qv(x), where the demanded quantity and supplied quantity are equal, we obtain the
equilibrium price as w = d0+v0

d1+v1
. In such case, the price disposed to stay stable and in economics

there is no shortage and surplus.
Now consider the price adjustment equation as follows:

w′(x) = p(qd − qv)

where p > 0, is the speed of adjustment constant. That is,

w′(x) + p(d1 + v1)w(x) = p(d0 + v0)

The solution of linear differential equation is

w(x) =
(d0 + v0)

(d1 + v1)
+

[
w(0)− (d0 + v0)

(d1 + v1)

]
e−p(d1+v1)x
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where w(0) is the price at the time x = 0 and here we do not attention to the expectation of
agents in market.
From the above equation, if we consider the prospects of agents, the request and supply functions
involving additional factors d2 and v2 alters as:

qd(x) = d0 − d1w(x) + d2w
′(x); qv(x) = v0 − v1w(x)− v2w

′(x).

Equating qd(x) and qv(x), we obtain

w′(x)− (d1 + v1)

(d2 + v2)
w(x) =

(d0 + v0)

(d2 + v2)

The solution of above linear differential equation is

w(x) =
(d0 + v0)

(d2 + v2)
+

[
w(0)− (d0 + v0)

(d1 + v1)

]
e

(d1+v1)
(d2+v2)

x

If the price of goods raise, buyers itch to purchase more before price rises to break even and
accordingly vendors disposed to offer less in order to make a earn higher prices in later times.
The model under study has the condition qd(x) = qv(x). Furthermore, when w′(x) = 0 for all
x > 0, market is in a changing economy which means dynamic equilibrium.
In recent years considerable interest in fractional calculus has been stimulated by the applica-
tions in different fields of science, including numerical analysis, economics and finance, engi-
neering, physics, nanotechnology, bioengineering etc.[15] which is being used widely applied
by researchers such as Caputo[8], Baleanu et.al[4], Miller and Ross, Podlubny[15]. The inte-
gral transform method is an efficient method to solve the differential equations [14, 15]. Integral
transforms were extensively used in several works on the theory and application of integral trans-
forms such as Laplace, Sumudu, Fourier, Mellin [5, 6, 19, 21]. The Sumudu transform is one of
the best integral transform. Birajdar et al. [12] obtained analytical Solution of ψ fractional initial
value problems by using sumudu transform. The economic models with Caputo derivative [10],
Caputo-Fabrizio [17] and Atangana-Baleanu fractional derivatives [7, 20] have been presented
recently. The economic model such as price adjustment equation was studied by Acay et.al. us-
ing Laplace transform technique [2]. The Sumudu transform method to solve economic models
were studied [13, 19] by Goswami et.al. and Watagula. This motivates us to consider an eco-
nomic model with Caputo derivative, Caputo-Fabrizio (CFC) and Atangana-Baleanu derivatives
(ABC)for price adjustment equation associated with demand and supply in market. In this paper
we study economic models which involve Caputo, CFC, ABC type fractional derivatives using
Sumudu transform method.
We organize the paper as follows: Some fundamental definitions and theorems are presented in
section 2. In section 3 Caputo, CFC, and ABC economic models are solved by impact of the
non-local fractional operators. In section 4, comparative analysis and discussion. In section 5,
Graphics and finally results concluded some significant discussions.

2 Preliminaries

In this section we consider some definitions, theorems, properties and results required in further
sections.

Definition 2.1. The classical Mittag-Leffler function with one parameter Eα(v) is

Eα(v) =
∞∑
k=0

vk

Γ(αk + 1)
, α > 0

Definition 2.2. The classical Mittag-Leffler function with two parameter is Eα,β(v) is

Eα,β(v) =
∞∑
k=0

vk

Γ(αk + β)
, α, β ∈ C, Re(α) > 0
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Definition 2.3. The left-sided and right-sided Caputo-fractional derivatives of order α are defined
by

c
aD

αw(x) =
1

Γ(1− α)

∫ x

a

(x− τ)−αw′(τ)dτ

and
cDα

b w(x) =
(−1)

Γ(1− α)

∫ b

x

(τ − x)αw′(τ)dτ

where 0 < α < 1

Theorem 2.4. [6]The Sumudu transform of Caputo fractional derivative is defined by

S
[c

0D
αw(x)

]
(u) = u−αS[w(x)]− u−αw(0)

Definition 2.5. Let η, ψ : [0,∞)→ R, then classical convolution product is

(η ∗ ψ)(x) =
∫ x

0
η(x− s)ψ(s)ds

Proposition 2.6. Let η, ψ : [0,∞)→ R, then the following property is valid

S[(η ∗ ψ)(x)] = uS[η(x)]S[ψ(x)]

= uη(u).ψ(u)

Definition 2.7. The left-sided and right-sided Caputo-Fabrizio fractional derivatives in the Ca-
puto sense of order α are defined by

CFC
a Dαw(x) =

M(α)

(1− α)

∫ x

a

w′(τ)eµ(x−τ)dτ

and
CFCDα

b w(x) = −
M(α)

(1− α)

∫ b

x

w′(τ)eµ(τ−x)dτ

where 0 < α < 1,M(α) is normalization function and µ = − α
1−α

Theorem 2.8. [11] The Sumudu transform of CFC fractional derivative w(x) is

S

[CFC
0

Dα
xw(x)

]
=

M(α)

(1− α+ αu)

[
S[w(x)]− w(0)

]
Definition 2.9. The left-sided and right-sided Atangana-Baleanu fractional derivatives in the Ca-
puto sense of order α are defined by

ABC
a Dαw(x) =

B(α)

(1− α)

∫ x

a

w′(τ)Eα[µ(x− τ)]dτ

and
ABCDα

b w(x) = −
B(α)

(1− α)

∫ b

x

w′(τ)Eα[µ(τ − x)]dτ

where 0 < α < 1, B(α) is normalization function and µ = − α
1−α

Theorem 2.10. [3] The Sumudu transform of ABC fractional derivative is defined by

S

[ABC
0

Dα
xw(x)

]
=

B(α)

(1− α+ αuα)

[
S[w(x)− w(0)]

]
Lemma 2.11. The Sumudu transform of certain functions holds:
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(i) S
[
Eα(−axα)

]
= 1

1+auα

(ii) S
[
1− Eα(−axα)

]
= auα

1+auα

(iii) S
[
xα−1Eα,α(−axα)

]
= uα−1

1+auα

Proof. Since
∞∑
k=0

(k +m)!
k!

xk =
m!

(1− x)(m+1)

(i)

S[Eα(−axα)] =
∞∑
k=0

(k +m)!
k!

(−a)k. S[xαk]

Γ(αk + 1)

=
∞∑
k=0

(k +m)!
k!

(−a)k.Γ(αk + 1)
Γ(αk + 1)

.uαk

=
∞∑
k=0

(k +m)!
k!

(−a)k.uαk

∴ S[Eα(−axα)] =
1

1 + auα
(∵ m = 0)

(ii)

S[1− Eα(−axα)] = 1− 1
1 + auα

=
auα

1 + auα

(iii)

S[xα−1Eα,α(−axα)] =
∞∑
k=0

(k +m)!
k!

(−a)k.S[x
αk+α−1]

Γ(αp+ α)

=
∞∑
k=0

(k +m)!
k!

(−a)k.Γ(αk + α)

Γ(αk + α)
.uαk+α−1

= uα−1
∞∑
k=0

(k +m)!
k!

(−a)k.uαk

∴ S[xα−1Eα,α(−axα)] =
uα−1

1 + auα
(∵ m = 0)

3 Economic models

The purpose of this section is to obtain the solution for economic models involving Caputo
derivative, Caputo-Fabrizio in Caputo sense, Atangana-Baleanu in Caputo sense. In addition to
get solution of after-said models having non-local properties we also give the special importance
to condition when solving the constant coefficient linear differential equation with initial condi-
tion in frame of CFC or ABC. However we can find solution for Caputo derivative case.
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3.1 Economic model involving Caputo derivative

Case-I. The price adjustment equation by means of Caputo fractional derivative without consid-
ering the expectations of agents is as follows:

c
aD

αw(x) + p(d1 + v1)w(x) = p(d0 + v0), α ∈ (0, 1)

Applying the Sumudu transform on both sides, we obtain

S
[c
a
Dαw(x)

]
+ p(d1 + v1)S[w(x)] = pS[(d0 + v0)]

By Theorem 2.4, for a = 0, we obtain

u−αS[w(x)]− u−αw(0) + p(d1 + v1)S[w(x)] = p[(d0 + v0)]

S[w(x)] =
u−αw(0)

u−α + p(d1 + v1)
+

p(d0 + v0)

u−α + p(d1 + v1)

Taking inverse Sumudu transform of both sides

w(x) = S−1
[

u−α

u−α + p(d1 + v1)

]
w(0) + S−1

[
p(d0 + v0)

u−α + p(d1 + v1)

]
= S−1

[
1

1 + p(d1 + v1)uα

]
w(0) +

(d0 + v0)

(d1 + v1)
S−1

[
p(d1 + v1)uα

1 + p(d1 + v1)uα

]

By Lemma 2.11, we have

w(x) = w(0)Eα[−p(d1 + v1)x
α] +

(d0 + v0)

(d1 + v1)
[1− Eα[−p(d1 + v1)x

α]

where Eα(.) is the Mittag-Leffler function.

Case-II. If we consult the expectations of agent, the price adjustment equation with Caputo
fractional derivative is given by

c
aD

αw(x)− (d1 + v1)

(d2 + v2)
w(x) = −(d0 + v0)

(d2 + v2)

Applying the Sumudu transform of both sides, we obtain

S
[c

0D
αw(x)

]
− (d1 + v1)

(d2 + v2)
S[w(x)] = S

[
− (d0 + v0)

(d2 + v2)

]

By Theorem 2.4, for a = 0, we obtain

u−αS[w(x)]− u−αw(0)− (d1 + v1)

(d2 + v2)
S[w(x)] =

[
− (d0 + v0)

(d2 + v2)

]

S[w(x)] =

[
u−α[

u−α − (d1+v1)
(d2+v2)

]
w(0)−

[ − (d0+v0)
(d2+v2)

]
u−α[

u−α− (d1+v1)
(d2+v2)

]

=

[
1

1− (d1+v1)
(d2+v2)

uα

]
− (d0 + v0)

(d1 + v1)

[ (d1+v1)
(d2+v2)

1− (d1+v1)
(d2+v2)

uα

]
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Taking inverse Sumudu transform of both sides, we obtain

w(x) = S−1
[

1

1− (d1+v1)
(d2+v2)

uα

]
− (d0 + v0)

(d1 + v1)
S−1

[ (d1+v1)
(d2+v2)

1− (d1+v1)
(d2+v2)

uα

]
By Lemma 2.11, we have

w(x) = w(0)Eα
[
(d1 + v1)

(d2 + v2)
xα
]
− (d0 + v0)

(d1 + v1)

[
1− Eα

(
d1 + v1

d2 + v2
xα
)]

where w(0) = (d0+v0)
(d1+v1)

3.2 Economic model with the CFC

Case-I. The price adjustment equation by means of CFC without considering the expectations
of agents is as follows:

CFC
a Dαw(x) + p(d1 + v1)w(x) = p(d0 + v0)

Applying the Sumudu transform of both sides

S

[CFC
a

Dα
xw(x)

]
+ p(d1 + v1)S[w(x)] = pS[(d0 + v0)]

By Theorem 2.8, for a = 0, we obtain

M(α)

1− α
.
S[w(x)]

1 + αu
1−α
− M(α)

1− α
.
w(0)

1 + αu
1−α

+ p(d1 + v1)S[w(x)] = p[(d0 + v0)]

S[w(x)]

[
M(α)

1− α
.

1
1 + αu

1−α
+ p(d1 + v1)

]
= p(d0 + v0) +

M(α)

1− α
.

1
1 + αu

1−α
w(0)

S[w(x)] =

M(α)
1−α .

1
1+ αu

1−α
w(0)

M(α)
1−α .

1
1+ αu

1−α
+ p(d1 + v1)

+
p(d0 + v0)

M(α)
1−α .

1
1+ αu

1−α
+ p(d1 + v1)

Applying inverse Sumudu transform, we have

w(x) = S−1
[ M(α)

1−α .
1

1+ αu
1−α

w(0)
M(α)
1−α .

1
1+ αu

1−α
+ p(d1 + v1)

]
+ S−1

[
p(d0 + v0)

M(α)
1−α .

1
1+ αu

1−α
+ p(d1 + v1)

]

= S−1
[ M(α)w(0)

1−α+αu
M(α)−(α−1−αu)+p(d1+v1

1−α+αu

]
+ S−1

[
− p(d0 + v0)(α− 1− αu)
M(α)− (α− 1− αu) + p(d1 + v1)

]
By Lemma 2.11, we have

w(x) =
w(0)M(α)e

αp(d1+v1)x
−M(α)+(α−1)p(d1+v1)

M(α)− (α− 1)p(d1 + v1)

− (d0 + v0)(M(α)(−1 + e
αp(d1+v1)x

−M(α)+(α−1)p(d1+v1) + (α− 1)p(d1 + v1))

(d1 + v1)(−M(α) + (α− 1)p(d1 + v1))

= w(0)
[
M(α)

(
− 2e

αp(d1+v1)x
λ + 1

)
λ

− (α− 1)p(d1 + v1)

λ

]

= w(0)
[
M(α)

(
− 2e

αp(d1+v1)x
λ + 1

)
− (α− 1)p(d1 + v1)

λ

]
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where w(0) = d0+v0
d1+v1

, λ = −M(α) + (α− 1)p(d1 + v1)

Case-II. If we consider the expectations of agents the price adjustment equation with CFC is
given by [CFC

a

Dα
xw(x)

]
− (d1 + v1)

(d2 + v2)
w(x) = −(d0 + v0)

(d2 + v2)

Applying the Sumudu transform of both sides, we have

S

[CFC
a

Dα
xw(x)

]
− (d1 + v1)

(d2 + v2)
S[w(x)] = S

[
− (d0 + v0)

(d2 + v2)

]
By Theorem 2.8, for a = 0, we obtain

M(α)

1− α
.
S[w(x)]

1 + αu
1−α
− M(α)

1− α
.
w(0)

1 + αu
1−α
− (d1 + v1)

(d2 + v2)
S[w(x)] =

[
− (d0 + v0)

(d2 + v2)

]
S[w(x)]

[
M(α)

1− α
.

1
1 + αu

1−α
− (d1 + v1)

(d2 + v2)

]
=
M(α)

1− α
.
w(0)

1 + αu
1−α
− (d0 + v0)

(d2 + v2)

S[w(x)] =

[ M(α)
1−α

w(0)
1+ αu

1−α

M(α)
1−α

1
1+ αu

1−α
− (d1+v1)

(d2+v2)

]
+

[ − (d0+v0)
(d2+v2)

M(α)
1−α

1
1+ αu

1−α
− (d1+v1)

(d2+v2)

]
Applying inverse Sumudu transform of both sides

w(x) = S−1
[ M(α)

1−α
w(0)

1+ αu
1−α

M(α)
1−α

1
1+ αu

1−α
− (d1+v1)

(d2+v2)

]
+ S−1

[ − (d0+v0)
(d2+v2)

M(α)
1−α

1
1+ αu

1−α
− (d1+v1)

(d2+v2)

]
By Lemma 2.11, we have

w(x) =
w(0)M(α)e

α(d1+v1)x
(α−1)(d1+v1)+M(α)(d2+v2) (d2 + v2)

(α− 1)(d1 + v1) +M(α)(d2 + v2)

+
(d0 + v0)(α− 1)(d1 + v1)−M(α)(−1 + e

α(d1+v1)x
(α−1)(d1+v1)+M(α)(d2+v2) (d2 + v2))

(d1 + v1)((α− 1)(d1 + v1) +M(α)(d2 + v2))

= w(0)
[
M(α)e

α(d1+v1)x
σ (d2 + v2)

σ
+

(α− 1)(d1 + v1)

σ
+
M(α)

σ
− M(α)e

α(d1+v1)x
σ (d2+v2)

σ

]
= w(0)

[
(α− 1)(d1 + v1) +M(α)

σ

]

where w(0) = (d0+v0)
(d1+v1)

, σ = (α− 1)(d1 + v1) +M(α)

3.3 Economic model with the ABC

Case-I. The price of adjustment equation by means of ABC without considering the expectations
of agent is as follows [ABC

a

Dα
xw(x)

]
+ p(d1 + v1)w(x) = p(d0 + v0)

Applying Sumudu transform, we have

S

[ABC
a

Dα
xw(x)

]
+ p(d1 + v1)S[w(x)] = S[p(d0 + v0)]
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By Theorem 2.10, when a = 0 , we obtain

B(α)

1− α

[
S[w(x)]

1 + αuα

1−α
− w(0)

1 + αuα

1−α

]
+ p(d1 + v1)S[w(x)] = p(d0 + v0)

S[w(x)]

[
B(α)

1− α
1

1 + αuα

1−α
+ p(d1 + v1)

]
=

[
B(α)

1− α
w(0)

1 + αuα

1−α
+ p(d0 + v0)

]

S[w(x)] =

B(α)
1−α

w(0)
1+αuα

1−α

B(α)
1−α

1
1+αuα

1−α
+ p(d1 + v1)

+
p(d0 + v0)

B(α)
1−α

w(0)
1+αuα

1−α
+ p(d1 + v1)

=

B(α)w(0)
1−α+αuα

B(α)+p(d1+v1)(1−α+αuα)
1−α+αuα

+
p(d0 + v0)(1− α+ αuα)

B(α) + p(d1 + v1)(1− α+ αuα)

S[w(x)] =
B(α)w(0)

B(α) + p(d1 + v1)(1− α)
.

1(
1 + p(d1+v1)αuα

B(α)+p(d1+v1)(1−α)

)
+

p(d0 + v0)(1− α)
B(α) + p(d1 + v1)(1− α)

.
1(

1 + p(d1+v1)αuα

B(α)+p(d1+v1)(1−α)

)
+

(d0 + v0)α

B(α) + p(d1 + v1)(1− α)
.

uα(
1 + p(d1+v1)αuα

B(α)+p(d1+v1)(1−α)

)
Applying inverse Sumudu transform, we have

w(x) =
B(α)w(0)

B(α) + p(d1 + v1)(1− α)
S−1

[
1

1 + p(d1+v1)αuα

B(α)+p(d1+v1)(1−α)

]

+
p(d0 + v0)(1− α)

B(α) + p(d1 + v1)(1− α)
S−1

[
1

1 + p(d1+v1)αuα

B(α)+p(d1+v1)(1−α)

]

+
(d0 + v0)

(d1 + v1)
S−1

[ p(d1+v1)αu
α

B(α)+p(d1+v1)(1−α)

1 + p(d1+v1)αuα

B(α)+p(d1+v1)(1−α)

]
By Lemma 2.11, we have

w(x) =
B(α)w(0)

B(α) + p(d1 + v1)(1− α)
Eα

(
− p(d1 + v1)α

B(α) + p(d1 + v1)(1− α)
xα
)

+
p(d0 + v0)(1− α)

B(α) + p(d1 + v1)(1− α)
Eα

(
− p(d1 + v1)α

B(α) + p(d1 + v1)(1− α)
xα
)

+
(d0 + v0)

(d1 + v1)

[
1− Eα

(
− p(d1 + v1)α

B(α) + p(d1 + v1)(1− α)
xα
)]

=
B(α)w(0)

B(α) + p(d1 + v1)(1− α)
Eα

(
− δxα

)
+

p(d0 + v0)(1− α)
B(α) + p(d1 + v1)(1− α)

Eα

(
− δxα

)
+

(d0 + v0)

(d1 + v1)

[
1− Eα

(
− δxα

)]
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where w(0) = (d0+v0)
(d1+v1)

, δ = p(d1+v1)α
B(α)+p(d1+v1)(1−α)

Case-II. If we consider the expectations of agents the price adjustment equation with ABC
is as follows: [ABC

a

Dα
xw(x)

]
− (d1 + v1)

(d2 + v2)
w(x) = −(d0 + v0)

(d2 + v2)

Applying the Sumudu transform, we have

S

[ABC
a

Dα
xw(x)

]
− (d1 + v1)

(d2 + v2)
S[w(x)] = S

[
− (d0 + v0)

(d2 + v2)

]
By Theorem 2.10, when a = 0, we obtain

B(α)

1− α

[
S[w(x)]

1 + αuα

1−α
− w(0)

1 + αuα

1−α

]
− (d1 + v1)

(d2 + v2)
S[w(x)] = −(d0 + v0)

(d2 + v2)

S[w(x)]

[
B(α)

1− α
1

1 + αuα

1−α
− (d1 + v1)

(d2 + v2)

]
=

[
B(α)

1− α
w(0)

1 + αuα

1−α
− (d0 + v0)

(d2 + v2)

]

S[w(x)] =

[ B(α)
1−α

w(0)
1+αuα

1−α

B(α)
1−α

1
1+αuα

1−α
− (d1+v1)

(d2+v2)

]
−
[ (d0+v0)

(d2+v2)

B(α)
1−α

1
1+αuα

1−α
− (d1+v1)

(d2+v2)

]

=

[ B(α)w(0)
1−α+αuα

B(α)
1−α+αuα −

(d1+v1)
(d2+v2)

]
−
[ (d0+v0)

(d2+v2)

B(α)
1−α+αuα −

(d1+v1)
(d2+v2)

]

=

[
B(α)w(0)

B(α)− (d1+v1)
(d2+v2)

(1− α+ αuα)

]
−
[ (d0+v0)

(d2+v2)
(1− α+ αuα)

B(α)− (d1+v1)
(d2+v2)

(1− α+ αuα)

]

=

[ B(α)w(0)
1−α

B(α)
1−α −

(d1+v1)
(d2+v2)

− (d1+v1)
(d2+v2)

αuα

1−α

]
− (d0 + v0)

(d2 + v2)

[
1

B(α)
1−α −

(d1+v1)
(d2+v2)

− (d1+v1)
(d2+v2)

αuα

1−α

]

− (d0 + v0)

(d2 + v2)

[ αuα

1−α
B(α)
1−α −

(d1+v1)
(d2+v2)

− (d1+v1)
(d2+v2)

αuα

1−α

]

Applying inverse Sumudu transform, we have

w(x) =
B(α)w(0)(d2 + v2)

(α− 1)(d1 + v1) +B(α)(d2 + v2)
S−1

[
1

1 +
( −α(d1+v1)uα

(α−1)(d1+v1)+B(α)(d2+v2)

)]

− (α− 1)(d0 + v0)

(α− 1)(d1 + v1) +B(α)(d2 + v2)
S−1

[
1

1 +
( −α(d1+v1)uα

(α−1)(d1+v1)+B(α)(d2+v2)

)]

+
(α− 1)(d0 + v0)

α(d1 + v1)
S−1

[ α(d1+v1)
(α−1)(d1+v1)+B(α)(d2+v2)

1 +
( −α(d1+v1)uα

(α−1)(d1+v1)+B(α)(d2+v2)

)]
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By Lemma 2.11, we have

w(x) =
B(α)w(0)(d2 + v2)

(α− 1)(d1 + v1) +B(α)(d2 + v2)
Eα

(
α(d1 + v1)xα

(α− 1)(d1 + v1) +B(α)(d2 + v2)

)
− (α− 1)(d0 + v0)

(α− 1)(d1 + v1) +B(α)(d2 + v2)
Eα

(
α(d1 + v1)xα

(α− 1)(d1 + v1) +B(α)(d2 + v2)

)
+

(α− 1)(d0 + v0)

α(d1 + v1)

[
1− Eα

(
α(d1 + v1)xα

(α− 1)(d1 + v1) +B(α)(d2 + v2)

)]
=
B(α)w(0)(d2 + v2)− (α− 1)(d0 + v0)

(α− 1)(d1 + v1) +B(α)(d2 + v2)
Eα

(
∆xα

)
+
w(0)(α− 1)

α

[
1− Eα

(
∆xα

)]

where w(0) = (d0+v0)
(d1+v1)

,∆ = α(d1+v1)
(α−1)(d1+v1)+B(α)(d2+v2)

4 Comparative Analysis

We assign some values of constants d0, v0, d1, v1, d2, v2 influencing the market equilibrium as
d0 = 10, v0 = 100, d1 = 14, v1 = 97, d2 = 18, v2 = 94 and M(α) = 1 = B(α).

4.1 Economic Model with Caputo Derivative:

Case-I:

w(x) =
110
111

[
Eα[−111pxα] + [1− Eα(−111pxα)]

]
.

0 0.5 1 1.5 2 2.5

-0.5

0

0.5

1

1.5

2
Caputo derivative of case -I 

 for all values of 

Graphical representation of w(x) for α = 0.62, 0.76, 0.87

Case-II:

w(x) =
110
111

[
2Eα

(
111
112

)
xα − 1

]
.
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0 0.5 1 1.5 2 2.5 3

0

5

10

15

20

25

30

35

40

45

  = 0.62

 = 0.76

 = 0.87

Graphical representation of w(x) for α = 0.62, 0.76, 0.87

4.2 Economic Model with CFC Derivative:

Case-I:

w(x) =
110
111

[
M(α)

(
− 2e

111αpx
λ + 1

)
− 111(α− 1)p

λ

]

where λ = −M(α) + 111(α− 1)p.

0 0.5 1 1.5 2 2.5 3

-0.99

-0.985

-0.98

-0.975

-0.97

-0.965

-0.96

-0.955

  = 0.5

1.5 2 2.5 3 3.5 4

-0.605

-0.6

-0.595

-0.59

-0.585

-0.58

-0.575

-0.57

-0.565

 = 0.7

0 0.5 1 1.5 2 2.5 3

-0.41

-0.405

-0.4

-0.395

-0.39

-0.385

-0.38

-0.375

-0.37

 = 0.8

Graphical representation of w(x) for α = 0.5, 0.7, 0.8

Case-II:

w(x) =
110
111

[
(α− 1)(d1 + v1) +M(σ)

σ

]

where σ = 111(α− 1) + 112M(α).
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0 0.5 1 1.5 2 2.5 3

-0.5

0

0.5

1

1.5

2

For all values of 

Graphical representation of w(x) for α = 0.5, 0.7, 0.8

4.3 Economic Model with ABC Derivative:

Case-I:

w(x) =
110B(α)

111B(α) + 111(1− α)p
Eα
(
− δxα

)
+

110(1− α)p
B(α) + 111(1− α)p

Eα
(
− δxα

)
+

110
111

[
1− Eα

(
− δxα

)]

where δ = 111pα
B(α)+111(1−α)p .

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

-28

-27.9

-27.8

-27.7

-27.6

-27.5

-27.4

 = 0.65

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

-28

-27.9

-27.8

-27.7

-27.6

-27.5

-27.4

  = 0.75

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

-57.6

-57.4

-57.2

-57

-56.8

-56.6

-56.4

-56.2

 = 0.85

Graphical representation of w(x) for α = 0.65, 0.75, 0.85

Case-II:

w(x) =
110
111

112B(α)
111(α− 1) + 112B(α)

Eα
(
∆xα

)
− 110B(α− 1)

111(α− 1) + 112B(α)
Eα
(
∆xα

)
+

110
111

(α− 1)
α

[
1− Eα

(
∆xα

)]
where ∆ = 111α

111(α−1)+112B(α)
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0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

-28

-27.9

-27.8

-27.7

-27.6

-27.5

-27.4

 = 0.65

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

-57.6

-57.4

-57.2

-57

-56.8

-56.6

-56.4

-56.2

 = 0.75

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

-80.6

-80.4

-80.2

-80

-79.8

-79.6

-79.4

-79.2

-79

-78.8

-78.6

 = 0.85

Graphical representation of w(x) for α = 0.65, 0.75, 0.85

It is observed that the price of goods remains stable if we do not expect role of agent and expect
role of agent respectively in economic model with Caputo derivative and CFC derivative for
any choice of α. However price decreases in any case for all economic models except economic
model involving CFC derivative.

References
[1] T. Abdeljawad, Fractional Operators with Generalized Mittag-Leffler Kernels and their Iterated Differin-

tegrals, Chaos: Interdiscip J Nonlinear Sci 29(2), 023102 (2019).

[2] B. Acay, E. Bas,and T. Abdeljawad, Fractional Economic Models Based on Market Equilibrium in the
Frame of Different Type Kernels, Chaos Solitons Fractals 130, 109438 (2020).

[3] Ahmed Bokhari, Dumitru Baleanu, Rachid Belgacem: Application of Shehu transform to Atangana-
Baleanu Derivative, J. Math. Comput. Sci 20, 101–107 (2020).

[4] A. Atangana, D. Baleanu, New Fractional Derivatives with Non-Local and Non-Singular Kernel: Theory
and Application to Heat Transfer Model, Therm, Sci. 20(2), 763–769 (2016).

[5] M. Baloch, S. Iqbal, F. Sarwar, A. Rehman, The Relationship of Fractional Transform with Fractional
Fourier, Mellin and Sumudu Transforms,American Scientific Research Journal for Engineering, Technol-
ogy and Sciences,55(1), 11–16(2019).

[6] D. S. Bodkhe, S. K. Panchal, On Sumudu Transform of Fractional Dertivatives and Its Applications
to Fractional Differential Equations, Asian Journal Mathematics and Computer Research, 11(1) 69–
77,(2016).

[7] E. Bas, R. Ozarslan, Real World Applications of Fractional Models by Atangana-Baleanu Fractional
Derivative, Chaos, Solitons Fract, 116–121 (2018).

[8] M. Caputo, M. Fabrizio, A New Definition of Fractional Derivative without Singular Kernel, Prog. Fract.
Differ. Appl., 1(2) 1-–13 (2015).

[9] D. Cohen-Vernik, A. Pazgal, Price Adjustment Policy with Partial Refunds, J. Retail., 93(4), 507—26
(2017).

[10] L. Debnath, D. Bhatta, Integral Transforms and Their Applications, Chapman and Hall/CRC, Taylor and
Francis Group, New York, 2007.

[11] D. Baleanu, H. Mohammadi, S. Rezapour, A Fractional Differential Equation Model for the COVID-19
Transmission by Using the Caputo-Fabrizio Derivative,Advances in Difference Equations, 1–27 (2020).

[12] G. A. Birajdar, P. V. Dole and E. Franc Doungmo Goufo, Analytical Solution of ψ Fractional Initial Value
Problems,Progr. Fract. Differ. Appl, to appear in 9(4), 2023, 1–11.

[13] P. Goswami, F.B.M. Belgacem, Solving Special Fractional Differential Equations by the Sumudu Trans-
form, in Proceedings of the AIP Proceeding, Vienna,Austria,2012.

[14] J.A.Nanware, N.G.Patil, On Properties of α-Sumudu Transform and Applications, Punjab University
Journal of Mathematics, 26(5), 2021, 1011–1020.

[15] I. Podlubny, Fractional Differential Equations; Academic Press: San Diego, CA, USA, 1999.

[16] N. Sene, Mittag-Leffler Input Stability of Fractional Differential Equations and Its Applications, Discr
Contin Dyn Syst-S, 636-–43 (2019).

[17] J. Singh, D. Kumar, D. Baleanu, On the Analysis of Fractional Diabetes Model with Exponential Law,
Adv. Diff. Equat. 231, (2018).

[18] A. Takayama, Mathematical Economics, Cambridge University Press 1985.

[19] G.K.Watugula, Sumudu Transform-A New Integral Transform to Solve Differential Equations and Control
Engineering Problems, Int. J. Math. Educ. Sci. Technol., 24(1), 35–43, (1993).



Applications of Sumudu Transform to Economic Models 649

[20] M. Yavuz, N. Ozdemir, A different approach to the european option pricing model with new fractional
operator, Math Model Nat Phenom, 13(1) 12 (2018).

[21] S. Yonghong, C. Wei, Laplace Transform Method for The Ulam Stability of Linear Fractional Differential
Equations with Constant Coefficient, Mediterr. J. Math., 14, UNSP 25 (2017).

Author information
J.A.Nanware, Shrikrishna Mahavidyalaya, Gunjoti, Dist. Osmanabad - 413 613, India.
E-mail: jag−skmg91@rediffmail.com

N.G.Patil, Department of Applied Sciences, MBES College of Engineering, Ambajogai, Dist.Beed - 413 517,
India.
E-mail: ngpatil1608@gmail.com

Gunvant A. Birajdar, School of Rural Development, Tata Institute of Social Sciences, Tuljapur Dist. Osman-
abad - 413 601, India.
E-mail: gabirajdar11@gmail.com

Corresponding Author: Gunvant A. Birajdar

Received: June 24, 2021.

Accepted: September 28, 2021.


	1 Introduction
	2 Preliminaries
	3 Economic models
	3.1 Economic model involving Caputo derivative
	3.2 Economic model with the CFC
	3.3  Economic model with the ABC

	4 Comparative Analysis
	4.1 Economic Model with Caputo Derivative:
	4.2 Economic Model with CFC Derivative:
	4.3 Economic Model with ABC Derivative:


