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Abstract This paper deals with the global convergence of successive approximations as well
as the uniqueness of solutions for a class of hybrid Caputo fractional differential equations. We
prove a theorem on the global convergence of successive approximations to the unique solution
of our problem. In the last section, an illustrative example is given.

1 Introduction

The subject of fractional calculus (that is, calculus of integrals and derivatives of any arbitrary
real or complex order) has gained considerable popularity and importance during the past three
decades [22]. Fractional calculus has developed especially intensively since 1974 when first
international conference in the field took place [17]. It was organized by Bertram Ross [17],
several results on fractional calculus and fractional differential equations refer to the monographs
[3.4,22,24,31].

Hybrid Caputo fractional differential equations have aroused a lot of interest and attention
from several researchers, for some work on hybrid fractional differential equations, we refer to
[5, 11, 16, 25].

Recently, the global convergence of successive approximations has been studied in [1, 2].
Next, for some recent works on the stability and existence of the solutions of various fractional
and fractal equations with and without delay, we also refer readers to [18, 20, 21, 29].

In this paper we study uniformly convergence of successive approximations for the initial
value problem for hybrid Caputo fractional differential equation:

epe [0 | _ -
o [f(t,U(t))} =gltu®), te I=01] (1.1)

with initial condition
u(0) = ¢, (1.2)
where o € (0, 1),% Dg. is the Caputo fractional derivative, f € C(I x R,R*), g € C(I x R,R).

2 Preliminaries

First, we denote by C(I) := C(I,R), the Banach space of continuous functions from I into R
with the supremum (uniform) norm

[ulloo := Suprerlu(t)]-

As usual, L'(I) denotes the space of measurable functions v : I — R which are Lebesgue
integrable with the norm
T
ol = [ (olar
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Now,we will give some essentials definitions and lemmas of fractional calculus theory in this
work .

Definition 2.1. [22] Let « > 0, for a function  : [0, c0) — R. The Riemann-Liouville fractional
integral of order « of v is defined by

I8 u(t) = F(la) /O (t — $)°u(s)ds,

provided that the right-hand side is pointwise defined on (0, co).

Definition 2.2. [22] Let « > 0. The Caputo fractional derivative of order « of a function  :
(0,00) — R is given by

DG u(t) = I3 )(t) = F(n—a)/o (t—2s) L™ (s)ds,

where n = [a] 4 1, [ denotes the integer part of real number «, provided that the right-hand
side is pointwise defined on (0, o).

Lemma 2.3. [22] Let o, 3 > 0, and u € L' ([0, 1]). Then,
I 15 w(t) = I8 Pu(t),

and
DI u(t) = u(t),

forallt €[0,1].

Lemma 2.4. [22] Let o« > 0,n = [a] + 1, then
n—1
I D§u(t) = u(t) — Z at, o R
k=0

Lemma 2.5. Let f : I xR — R* g : I x R — R be continuous functions. Then the problem
(1.1) — (1.2) is equivalent to the integral equation

u(t) = f(t.ult)) {f((;% e | -9 et u(s))ds} . @1

3 Successive Approximations and Uniqueness Results

In this section, we will present the main result of the global convergence of successive approxi-
mation towards a unique solution of our problem.

Definition 3.1. By a solution of the problem (1.1) — (1.2) we mean a continuous function u €

C(I) that satisfies the equation (1.1) on I and initial condition (1.2).

Set I, := [0, 0T7; for any o € [0, 1]. Let us introduce the following hypotheses.
(H,) The functions f : I x R — R* and g : I x R — R are continuous,

(H;) There exist a constant p > 0 and a continuous function w : I x [0, p] — R such that w(¢, )
is nondecreasing for all ¢ € I, and the inequality

lg(t,u) — g(t, )| < wt, |u—1l), 3.1

holds for all ¢ € I and u, @ € R such that |u — a| < p,
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(H3) V = 0is the only function in C (I, [0, p]) satisfying the integral inequality

¢ £ (t— At)®
V(t)<2  sup  [f(tu) (“ +  osup g(t,u)| =
(t.u)€T5 x[0,6] FO.9)|  uyerxos] [(a+1)

+ su |f(t u)|/)\t Mw(s V(S))ds (3 2)
(t,u)e[})x 0,8 0 () ) ; )

witho < A < 1.

Define the successive approximations of the problem (1.1) — (1.2) as follows:

UO(t):d)’ tEI,

Unt1(t) = f(t un(t)) {f((?wqﬁ) + 1_,(10[)/0 (t— s)o‘_lg(s,un(s)ds} ;tel

Theorem 3.2. Assume that the hypotheses (H,)— (H3) hold. Then the successive approximations

un;n € N are well defined and converge to the unique solution of the problem (1.1) — (1.2)
uniformly on 1.

Proof. Since u,, is in C'(I), there exist 6 > 0 such that
1l o < &

From (H;); the successive approximations are defined. Now, for each ¢;,¢, € I with ¢; < t,,
and forall ¢t € I,

|un(t2) — un(t1)] <

F (122t (12)) {f((f’(b) e [ 9 s <s>ds}

70.6) " o)

=t {5 s [ = 9 (e (s)as)
+ f(t1, un—1(t1)) {f((()b,qb) + T‘(la)/o 2(tz —5)” 1g(s,un_1(s)d$}
= Fltrm (1)) { Ry MUEDE ‘g<s,un1<s>ds} ]

o 1 t2 .
Fog) Ty e s




Uniform Convergence - - - Fractional Differential Equations 653

Thus

¢
£(0,9)

i) = (1) < |02 100102)) = £ (0,01 (0) |

G -
+ @ /0 (ta —5)* g(s,un—1(s)ds

+ sup(t,u) € I x [0,8]|f (¢, u)] ‘/Otl ((tz — )t —(t — s)"“‘)g(&unl(s)ds

1
I'(a)
+/2(t2 —s)o‘flg(s,un_l(s)ds

t

<[t nmr()) - f(thunl(tl))’ (70 * 71 /. o " gl 131

(t2 = )" = (t1 = )7 lg(s, un—1(s)lds

+ sup(t,u) € I x [0’5”f(t’u)|F(la) (Atl

- " gl ta-1(5)1ds)

t)

= ‘f(tz’u”—l(h)) —f(thun—l(tl))’qf((i@’+( P Ig(t,u)/ot2 (tzlj(i))a_lds>

tau)elx

+ sup [f(t,u)|
(t,u)€1x[0,6]

(ta —s)* " = (t1 — 5)*!

x osup  g(t,u)l (/tI ds + /tz (tz—s)alds)
(twerx0.8 0 [(a) t [(a) '

From the continuity of the fonction f, we obtain

fn(t2) — (1)) < |f<tz,un1<tz>> - f(tl,um(tl))\

Ao+ s ol )

F0.80) | (tuyerxo.l a+1)

+ sup |f(t,u)]

(tu)€1x[0,3]

b |t =) = (tr — )"

< s gl [ s

(t,u)€1%[0,5] 0 ['(a)

(ta —t1)*
"Tarn

— 0, ast; — t;.
Hence
|un(t2) - un(tl)| — 0, as t; — tr.
The sup {u,(t); n € N} is equi-continuous on 1.
Let
7 := sup{o € [0, 1] : {u,(t)} converges uniformly on I, }.

If 7 = 1, then we have the global convergence of successive approximations. Suppose that
7 < 1, then this sequence is equi-continuous, so it converges uniformly to a continuous function
@(t). If we prove that there exists A € (7, 1] such that {u, (¢)} converges uniformly on Iy, this
will yield a contradiction.
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Put u(t) = a(¢); for ¢t € I,. From (H,), there exist a constant p > 0 and a continuous function
w: I x [0,p] — R, satisfying inequality (3.1). Also, there exist A € [r,1] and ny € N, such
that, for all ¢t € I, and n, m > ng, we have

[tn (t) = um ()] < p.
For any t € I, put
V("’m)(t) = sup|un (t) — um (1)),

Vi(t) = supmmzkv("’m) (t).

Since the sequence Vj(t) is non-increasing, it is convergent to a function V (¢) for each ¢ € I,.
From the equi-continuity of {Vj(¢)} it follows that Limy oo Vi (¢t) = V(¢) uniformly on I,.
Furthermore, for t € I, and n, m > k, we have

v (m) (t) = sup|un(t) — wm (t)]

< SUpse[O,t]|Un(5) — U (s)|

< [sttencr ) { 7+ s [ =9 ol (10

0
f(t,um_l(t)){f(((ﬁqﬁ) +1_,(1a)/0t(ts)alg(s,um_1(s)ds} ‘

Then,

V() = Jun (t) = um (t)]

= ‘f (f- 1)) {f((()b, 5+ T ¢ S>a_lg(8’““(s)d8}

+ Hltna ) { Fogy + e | (09 oo a(s)as

< ‘f(t,un_1(t))—f(t,um_l(t)Hf(ngS) _|_F(1a)/0(t—s)0‘lg(s,un_l(s)ds

+ £ (s um—1(t))]

1 - 1 -

X @/0 (t—s) g(s,un_1(s)ds—@/o (t—5)*""g(s, um—1(s)ds|.

Thus

VEOm0) = (1) — )

‘f(gf %) ‘ * 1"(104) /Ot(t - 3)“_1lg(s,un1(s)|ds>

(

g(svun—l(s) - g(svum—l(s)

< ]f(aunl(t)) (e (1)

|

<[t a) = st 0]

ds

+ 1 f (s um—1 (8))]

¢ Lt =) )
, V=5 4
f(0,¢) ‘ " (t,u)eSIIJFX[O,é] lo(t u)|/o T(a)

ds.

g(svun—l(s) - g(s7um—1(s)

| “}@2)

(t,u)eIx%[0,8]
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This gives
VI () = Jug (£) = wm(2)

<2 sup |f(¢ u)|(‘¢‘+ sup lg(t u)|//\t (t_s)a_lds)
T twelxos F0.8)]  wenxios Jo T(a)

At _ Ja—1
v i) [

ds.
(tu) €1 x[0,] 0 [(a)

g(S,un_l(S) - g(svum—l(s)

Next, by (3.1) we get

1 (= M)
V(n,m)(t) <2 sup |f(t, u)| (‘ (b‘ + sup ‘g(ﬂ U)|>
(t,u) €I x[0,0] F0.9)] " (twenxos Fla+1)

At (t _ S)a—l
+ su ft,u / (s, |up_1 — Um_1]|)ds
p 05]| ( )l ) F(Oz) ( | 1 ll)

(t,u)€Ix %[0,
o t* — (t — )
<2 sup ftau|<"+ sup lg(t,u)|————v—
(t,u) €1 x[0,3] 17tw) F0,0)| (1 wenxos) (t.) Fla+1)
M (- (t—s)! (n—1,m—1)
+ su ftu / s, V=M= (g))ds.
(t,u eI,\p><05] | F(a) ( ( ))
Hence
¢ o — (t — M)~
i<z s (el s SR
(t,u) €1 x[0,] FOO.0) | (tuyer x4 [(a+1)
0 Vi)
+ sup ftu / w(s, Vi_1(s))ds.
(t,u) €I>\><06] F(O‘)
By the Lebesgue dominated convergence theorem we get
b o — (t— At)®
visz s (reo(|qog| s SR S
(t,u)elr x[0,3] FO0) | (twyerxo.0 [(a+1)

+ s |f(tu) /M(t‘s)a_lw(s V(s))ds
(t,u) €15 x[0,8] ’ 0 [(a) 7 .

Then, by (H;) and (H3) we get V = 0 on I, which yields that Limy_,+ Vx(t) = 0 uniformly
on Iy. Thus {u(t)}?2, is a Cauchy sequence on Iy. Consequently {uy(¢)}7°, is uniformly
convergent on I, which yields the contradiction.

Thus {ux(t)}32, converges uniformly on I to a continuous function w,(t). By the Lebesgue
dominated convergence theorem, we get

Limp_oo f(t, uk(t)) {f((()bw + F(la) /o (t— S)O‘_lg(s,uk(s)ds}

o 1 /t —1 }
= ft,us(t —+ = t—s)” s,us(s)ds ¢,
ra O {5 + i | -9 ot
for each ¢ € I. This yields that u, is a solution of the problem (1.1)-(1.2).

Finally, we show the uniqueness of solutions of the problem (1.1)-(1.2). Let u; and u; be two
solutions of (2.1). Put

7= sup{o € [0,1] : u1(t) = ua(t) forte I},

and suppose that 7 < 1. There exist a constant p > 0 and a comparison function w : I x [0, p] —
R, satisfying inequality (2.1). We choose A € (o, 1) such that

lui(t) —wa(t)] < ps
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for ¢t € I,. Then for all ¢ € I, we obtain

¢
up(t) —up(t)| <2 sup f(t,u (‘ ‘
|u () — ua(t)] <t’u)em[mé]I (t,u)] 70.9)
At a—1
(t—s) )
+ sup g(t,u / ————ds
(t,u)ehx[o,a” (8w 0 ['(a)

At _ <)a—1
e s rel [ ot ua(e) ot (o)

(t,u)EI)\ X

o
<2 t, —_—
- (t,u)es}lf)x[(),&] 7t (‘ f(07¢)‘

+ sup |g(t7u)|ta_(t_)‘t)a>

(t,u)€1x x[0,3] Fla+1)
At a—1
(t—>s)
+ sup |f(t,u)] ————w(s, |up — u1])ds.
(t,u)€1x x[0,3] (t,u) 0 [(a) ( Y

Again, by (H;) and (H3) we get u; — up = 0 on I. This gives u; = wuy on I, which yields a
contradiction. Consequently, 7 = 1 and the solution of the problem (1.1)-(1.2) is unique on I.

4 An Example

Consider the following Hybrid Caputo fractional differential equation

ep? u(t) __ tet .
o [\/Hlu(t)] = oy ¢ € 01) 4.1)
u(0) = 3.

For each u, u € Rand ¢ € [0, 1] we have
lg(t, ) — g(t. )| < te' (ju — ).

This means that condition (3.1) holds with any ¢ € [0, 1], p > 0 and the comparison function
w: [0,1] x [0, p] = [0, 00) given by

w(t,u) = te'|ul.

Consequently, Theorem 3.2 implies that the successive approximations u,; n € N, defined
by
up(t) =35 t €0, 1],

Unr1(t) = f(t,un(t)) {3 + Fl)/o (t— s)alg(s,un(s)ds} ; te0,1],

£0,3) © Ia

converges uniformly on [0, 1] to the unique solution of the problem (4.1).
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