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Abstract This paper studies approximating properties of Stancu variant of Lupaş operators
using Korovkin approximation theorem. Some direct theorems are proved and Voronovskaja
type theorems for first and second order derivatives are established.

1 Introduction

Making use of the identity

1
(1− t)α

=
∞∑
k=0

(α)k
k!

tk, |t| < 1,

for (α)k = α(α+ 1)(α+ 2) . . . (α+ k − 1), k ≥ 1 and (α)0 = 1, A. Lupaş [16] introduced the
following sequence of positive linear operators

Tn(f ;x) = (1− a)nx
∞∑
k=0

(nx)k
k!

f

(
k

n

)
ak, x ≥ 0,

for the function f : [0,∞)→ R.
By considering a = 1

2 , O. Agratini [3] obtained the following operators

Tn(f ;x) = 2−nx
∞∑
k=0

(nx)k
k!

f

(
k

n

)
ak, x ≥ 0, (1.1)

and studied their approximation properties. Many researchers have examined various generaliza-
tions of these operators (see [1, 2, 5, 7, 10, 11, 12]). Very recently, Mursaleen et al. constructed
q-analogue of another generalization of these operators and investigated their approximation
properties [20]. The present paper introduces Stancu type generalization of the operators de-
fined in (1.1) and proves approximation results for them. Stancu type generalizations of various
operators have been constructed and investigated, e.g., in [9, 13, 18].

2 Construction of operators

We introduce Stancu type generalization of Lupaş operators in (1.1) as follows:

Tα,βn (f ;x) =
1

2nx

∞∑
k=0

(nx)k
2kk!

f

(
k + α

n+ β

)
, (2.1)

where
f : [0,∞)→ R, 0 ≤ α ≤ β.

When we take α = β = 0 in equation (2.1), operators (1.1) are immediate. Clearly, (2.1) is more
general than (1.1).
We denote by e0 = 1, e1 = x, e2 = x2 and prove the following useful lemma.
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Lemma 2.1. For the operators in (2.1), the followings are obtained

(i) Tα,βn (e0;x) = 1;

(ii) Tα,βn (e1;x) = x;

(iii) Tα,βn (e2;x) = n2

(n+β)2x
2 + 2n(1+α)

(n+β)2 x+
α

(n+β)2 .

Proof. With easy calculations, (i) and (ii) are obtained.

(iii)

Tα,βn (e2;x) =
1

2nx

∞∑
k=0

(nx)k
2kk!

(
k + α

n+ β

)2

=
1

2nx(n+ β)2

∞∑
k=0

(nx)k
2kk!

(k2 + 2kα+ α2)

=
1

2nx(n+ β)2

∞∑
k=0

(nx)k
2kk!

k2 +
2α

2nx(n+ β)2

∞∑
k=0

(nx)k
2kk!

k +
α2

(n+ β)2

=
nx

2nx+1(n+ β)2

∞∑
k=1

(nx+ 1)k−1

2k−1(k − 1)!
k +

αnx

2nx(n+ β)2

∞∑
k=1

(nx+ 1)k−1

2k−1(k − 1)!

+
α2

(n+ β)2

=
nx

2nx+1(n+ β)2

∞∑
k=1

(nx+ 1)k−1

2k−1(k − 1)!
((k − 1) + 1) +

2αnx
2nx(n+ β)2 2nx

+
α2

(n+ β)2

=
nx

2nx+1(n+ β)2

[ ∞∑
k=1

(nx+ 1)k−1

2k−1(k − 1)!
(k − 1) +

∞∑
k=1

(nx+ 1)k−1

2k−1(k − 1)!

]
+

2αnx
(n+ β)2

+
α2

(n+ β)2

=
nx

2nx+2(n+ β)2

[ ∞∑
k=2

(nx+ 1)(nx+ 2)k−2

2k−2(k − 2)!
+ 2nx+1

]
+

2αnx
(n+ β)2 +

α2

(n+ β)2

=
nx(nx+ 1)

2nx+2(n+ β)2

[ ∞∑
k=2

(nx+ 2)k−2

2k−2(k − 2)!
+ 2nx+1

]
+

2αnx
(n+ β)2 +

α2

(n+ β)2

=
nx(nx+ 1)
(n+ β)2 +

nx

(n+ β)2 +
2αnx

(n+ β)2 +
α2

(n+ β)2

=
n2

(n+ β)2x
2 +

2n(1 + α)

(n+ β)2 x+
α2

(n+ β)2 . �

We compute moments in the following.

Lemma 2.2. The first and the second moments for the operators (2.1) are given by

(i) Tα,βn ((t− x);x) = 0;

(ii) Tα,βn ((t− x)2;x) =
(

n2

(n+β)2 − 1
)
x2 + 2n(1+α)

(n+β)2 x+
α2

(n+β)2 .
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Proof. By linearity of operators, (i) is obvious.

(ii) Making use of Lemma 2.1 and linearity, we have

Tα,βn ((t− x)2;x) = Tα,βn (t2;x)− 2xTα,βn (t;x) + x2Tα,βn (1;x)

=

(
n2

(n+ β)2

)
x2 +

2n(1 + α)

(n+ β)2 x+
α2

(n+ β)2 − 2x2 + x2

=
( n2

(n+ β)2 − 1
)
x2 +

2n(1 + α)

(n+ β)2 x+
α2

(n+ β)2 . �

3 Korovkin approximation theorem

In this section, we prove the classical Korovkin theorem given in [14, 15, 17] for the operators
defined in (2.1). Korovkin theorem is a succinct result which guarantees the uniform conver-
gence of a sequence of linear positive operators on a certain function space provided that the
sequence converges uniformly for some functions er(x) = xr (x ≥ 0), r = 0, 1, 2.

We denote by C[0,∞) the set of all real valued continuous functions defined on [0,∞)
which is a Banach space under the norm

‖f‖ = sup
x∈[0,∞)

|f(x)|.

Theorem 3.1. For each f ∈ C[0,∞), the operators Tα,βn (.;x) converge uniformly to f on the
compact domain [0, a] (a > 0) as n→∞.

Proof. We have by Lemma 2.1,
lim
n→∞

Tα,βn (e0;x) = 1,

lim
n→∞

Tα,βn (e1;x) = x,

lim
n→∞

Tα,βn (e2;x) = x2.

Thus, the sequence of positive linear operators Tα,βn (.;x) converges uniformly to f, where f is
one of the functions 1, t, t2 on the compact interval [0, a], a > 0. Therefore, by the Korovkin
approximation theorem the result holds for every continuous function f on the compact interval
[0, a]. This proves the theorem. �

4 Convergence in weighted space

In this section, we investigate convergence of our operators in weighted space of functions.
Let φ(x) = e0 + e2 be a weight function. Let Bx2 [0,∞) be the linear space of all functions
h satisfying the condition |h(x)| ≤ Kh(1 + x2), where Kh is a constant associated with the
function h. We denote the subspace of all continuous functions ofBx2 [0,∞) by Cx2 [0,∞). Also,
we denote by C∗

x2 [0,∞), the subclass of Cx2 [0,∞) of those functions h for which lim
x→∞

h(x)
1+x2 is

finite. The norm on the space C∗
x2 [0,∞) is defined by

‖h‖x2 = sup
x∈[0,∞)

| h(x) |
1 + x2 .

We shall denote this space by Qφ(R+).

Lemma 4.1. Let Tα,βn (.;x) be operators defined by (2.1). Then for the weight function φ(x)
above, we obtain

‖Tα,βn (φ;x)‖x2 ≤M,

where M is a positive constant greater than 1.
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Proof. Using linearity and Lemma 2.1, we obtain

Tα,βn (φ;x) = Tα,βn (e0 + e2;x)

= Tα,βn (e0;x) + Tα,βn (e2;x)

= 1 +
n2

(n+ β)2x
2 +

2n(1 + α)

(n+ β)2 x+
α2

(n+ β)2 .

Then

‖Tα,βn (φ;x)‖x2

= sup
x≥0

{
1

1 + x2 +
n2

(n+ β)2
x2

1 + x2 +
2n(1 + α)

(n+ β)2
x

1 + x2 +
α2

(n+ β)2
1

1 + x2

}
< 1 +

n2

(n+ β)2 +
2n(1 + α)

(n+ β)2 +
α2

(n+ β)2 .

Noting that lim
n→∞

n2

(n+β)2 = 1, lim
n→∞

2n(1+α)
(n+β)2 = 0 = lim

n→∞
α2

(n+β)2 , we find that there exists a con-
stant M > 1 such that

‖Tα,βn (φ;x)‖x2 ≤M,

which proves the lemma. �

Remark: By the above lemma it is observed that the operators Tα,βn (.;x) act from the space
Cx2[0,∞) to the space Bx2[0,∞).

Theorem 4.2. Let Tα,βn (.;x) be operators defined by (2.1) and φ(x) = 1 + x2 be the weight
function. Then for each f ∈ C∗

x2 [0,∞), we have

lim
n→∞

‖Tα,βn (f ;x)− f(x)‖x2 = 0.

Proof. In view of Korovkin theorem (see [4]), it is sufficient to show that

lim
n→∞

‖Tα,βn (tj ;x)− xj‖x2 = 0, j = 0, 1, 2.

By Lemma 2.1 (i), obviously, we find

lim
n→∞

‖Tα,βn (1;x)− 1‖x2 = 0.

By Lemma 2.1 (ii), we get

lim
n→∞

‖Tα,βn (e1;x)− e1‖x2 = sup
x≥0

∣∣∣∣ x

1 + x2 −
x

1 + x2

∣∣∣∣ = 0.

In view of Lemma 2.1 (iii), one infers that

‖Tα,βn (e2;x)− e2‖x2

= sup
x≥0

∣∣∣∣( n2

(n+ β)2 − 1
)

x2

1 + x2 +
2n(1 + α)

(n+ β)2
x

1 + x2 +
α2

(n+ β)2
1

1 + x2

∣∣∣∣
≤

(
n2

(n+ β)2 − 1
)
+

2n(1 + α)

(n+ β)2 +
α2

(n+ β)2 → 0 as n→∞.

Hence, we obtain
lim
n→∞

‖Tα,βn (e2;x)− e2‖x2 = 0

and this completes the proof. �



704 Taqseer Khan and Shuzaat Ali Khan

5 Rate of convergence

Here, we compute the rate of convergence in terms of moduli of continuity defined in [8].
Let f ∈ C[a, b] and δ > 0. The first and the second moduli of continuity of f are given by

ω1(f ; δ) = sup{|f(x+ h)− f(x)|, 0 ≤ h ≤ δ, x, y ∈ [a, b]},

ω2(f ; δ) = sup{|f(x+ h) + f(x− h)− 2f(x)|, 0 ≤ h ≤ δ, x+ h, x, x− h ∈ [a, b]}

respectively. It is well known that lim
δ→0+

ω1(f ; δ) = 0 for any δ > 0 and

|f(y)− f(x)| ≤ ω1(f ; δ)
(
|y − x|
δ

+ 1
)
. (5.1)

Theorem 5.1. Let f ∈ C[0, a](a > 0) and Tα,βn (.;x) be the operators given in (2.1). Then
following holds ∣∣Tα,βn (f ;x)− f(x)

∣∣≤ (1 + a2)ω1

(
f ;

1√
(n+ β)

)
. (5.2)

If f is continuously differentiable on [0, a] then

∣∣Tα,βn (f ;x)− f(x)
∣∣≤ (1 + a)2√

(n+ β)
ω1

(
f ′;

1√
(n+ β)

)
. (5.3)

Proof. Using Inequality (5.1) together with the Cauchy-Schwarz inequality, one can obtain

∣∣Tα,βn (f ;x)− f(x)
∣∣ ≤ (

1 + δ Tα,βn (|t− x|;x)
)
ω1(f ; δ)

≤ 1 + δ
(
Tα,βn ((t− x)2;x

)) 1
2
ω1(f ; δ).

Let us choose δ = 1√
(n+β)

. Then in view of Lemma 2.2 (ii), (5.2) is obtained.

Next, suppose f has a continuous derivative on [0, a]. Then by the Mean Value Theorem, we can
write

f(x)− f(y) = (x− y)f ′(x) + (x− y)(f ′(t)− f ′(x),

where t is a point such that x < t < y. Writing (5.1) for f ′ and using the same argument as
exercised in the previous proof, one can write

∣∣Tα,βn (f ;x)− f(x)
∣∣ ≤ {

Tα,βn (|t− x|;x) + 1
δ
Tα,βn (|t− x|2;x)

}
ω1(f

′; δ)

≤
(
Tα,βn ((t− x)2;x)

) 1
2
(

1 +
1
δ

(
Tα,βn ((t− x)2;x)

) 1
2
)
ω1(f

′; δ).

Noting that x ∈ [0, a] and δ = 1√
(n+β)

, we conclude that Lemma 2.1 implies (5.3). �

In the sequel, we obtain an estimate involving the second order modulus of smoothness.

Theorem 5.2. Let Tα,βn (.;x) be the operators defined by (2.1) and f ∈ C[0, a](a > 0). Then the
following holds

∣∣Tα,βn (f ;x)− f(x)
∣∣≤ (3 + 2a max

{
1,

a

n+ β

})
ω2

(
f ;

1√
(n+ β)

)
.

Proof. This is easily obtained by using Lemma 2.1 and a theorem due to O. Agratini ([3],
Theorem 3, page 44). �
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6 Voronovskaja type theorems

In this section, we obtain couple of asymptotic formulas for our operators based on ([19], Theo-
rem 1, p. 2423).

Theorem 6.1. Let Tα,βn (.;x) be the operators in (2.1) and g ∈ C[a, b], x ∈ [a, b]. Suppose that
there exists a sequence {µn}n∈N such that µi ∈ (0,∞) for each 1 ≤ i < ∞ with lim

n→∞
µn = ∞

and there exists a 1 < p < ∞ such that the sequence
{
µpnT

α,β
n (|. − x|p;x)

}
n∈N

is bounded.

Then for any continuous function f : [a, b]→ R which is differentiable at x ∈ [a, b], we have

lim
n→∞

µn

[
Tα,βn (f ;x)− f(x)Tα,βn (1;x)− f ′(x)Tα,βn ((.− x);x)

]
= 0. (6.1)

Further, if

lim
n→∞

µn

[
Tα,βn (1;x)− 1

]
= P (x), lim

n→∞
µnT

α,β
n ((.− x);x) = Q(x), (6.2)

then
lim
n→∞

µn

[
Tα,βn (f ;x)− f(x)

]
= P (x)f(x) +Q(x)f ′(x).

Proof. We follow the technique given in ([6], Theorem 6.3.6, p. 117). By differentiability of f,
we have

f ′(x) = lim
t→x

f(t)− f(x)
t− x

.

We define the function g : [a, b]→ R by

g(t) =

{
f(t)−f(x)−f ′(x)(t−x)

t−x , t 6= x,
0, t = x.

Then g is continuous on [a, b] and f(t)−f(x)−f ′(x)(t−x) = (t−x)g(t), ∀t ∈ [a, b]. In C[a, b],
one can write

f − f(x).1− f ′(x).(.− x) = (.− x)g.

Operating by Tα,βn on both sides and using linearity we get

Tα,βn (f ;x)− f(x) Tα,βn (1;x)− f ′(x) Tα,βn ((.− x);x) = Tα,βn ((.− x);x)g(x).

Next, by the hypothesis, there exists a constantKp > 0 such that µpnTα,βn (|.−x|p;x) ≤ Kp,∀n ∈
N. For every h ∈ C[a, b], using Holder’s inequality, we write∣∣Tα,βn ((.− x);x)g

∣∣ ≤ Tα,βn (|(.− x);x)g|)

= Tα,βn

(
|(.− x);x)||g|

)
≤

[
Tα,βn

(
|(.− x)|p;x)

] 1
p
[
Tα,βn

(
|g|q;x)

] 1
q

≤ K
1
p
p

µn

[
Tα,βn

(
|g|q;x)

] 1
q

and then we obtain∣∣µn[Tα,βn (f ;x)− f(x) Tα,βn (1;x)− f ′(x) Tα,βn ((.− x);x)
]∣∣ ≤ K

1
p
p

[
Tα,βn

(
|g|q;x)

] 1
q .

By Korovkin theorem we know that Tα,βn (.;x) converges uniformly on C[a, b], so that for g ∈
C[a, b], we have

lim
n→∞

Tα,βn

(
|g|q;x

)
= |g(x)|q = 0.
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Employing the Squeeze theorem, (6.1) is obtained.
Next, we write

µn[T
α,β
n (f ;x)− f(x)] = µn

[
Tα,βn (f ;x)− f(x) Tα,βn (1;x)− f ′(x) Tα,βn ((.− x);x)

]
+ f(x) µn [Tα,βn (1;x)− 1] + f ′(x) µn T

α,β
n ((.− x);x).

Then

lim
n→∞

µn[Tα,βn (f ;x)− f(x)]

= lim
n→∞

µn
[
Tα,βn (f ;x)− f(x) Tα,βn (1;x)− f ′(x) Tα,βn ((.− x);x)

]
+ lim

n→∞
f(x) µn [Tα,βn (1;x)− 1] + f ′(x) µn T

α,β
n ((.− x);x)

= lim
n→∞

f(x) µn [Tα,βn (1;x)− 1] + f ′(x) µn T
α,β
n ((.− x);x)

= P (x) f(x) +Q(x)f ′(x)

and this completes the proof. �

Theorem 6.2. Let Tα,βn (.;x) be the operators in (2.1) and g ∈ C[0,∞) and x ∈ [0,∞) be a
point at which g′ is continuously differentiable. Further, assume that g(t) = O(t2) as t → ∞.
Then the following holds

lim
n→∞

n(Tα,βn (g;x)− g(x)) = Ψ(x)2

2
g′′(x)

where Ψ(x) =
(

n2

(n+β)2 − 1
)
x2 + 2n(1+α)

(n+β)2 x+
α2

(n+β)2 .

Proof. We write Taylor’s expansion

g(k/n)− g(x) = (k/n− x)g′(x) + (k/n− x)2
(

1
2
g′′(x) + ε(k/n− x)

)
, (6.3)

where ε is bounded and lim
t→0

ε(t) = 0. Operating by Tα,βn on both sides of (6.3), one obtains

Tα,βn (g;x)− g(x) = Tα,βn ((t− x);x)g′(x) + 1
2
Tα,βn ((t− x)2;x)g′′(x) + Tα,βn (`x;x), (6.4)

where `x(t) = (t − x)2ε(t − x). It is clear that Tα,βn ((t − x);x) = 0. By Cauchy-Schwarz
inequality and Lemma 2.2 (ii), we get

[Tα,βn (`x;x)] ≤ [Tα,βn ((t− x)2;x)][Tα,βn (ε2(t− x)2;x)]

≤ ‖ε2‖∞[Tα,βn ((t− x)2;x)]2

= ‖ε2‖∞
[(

n2

(n+ β)2 − 1
)
x2 +

2n(1 + α)

(n+ β)2 x+
α2

(n+ β)2

]2

.

Then it is easily seen that lim
n→∞

n(Tα,βn (`x;x)) = 0 and, therefore, on using Lemma 2.2 (ii), by
(6.4), we arrive at the desired result.

7 Conclusion

In this paper Stancu variant of Lupaş operators has been constructed and its approximating prop-
erties have been investigated. The rate of convergence is studied and Voronovskaja type theorems
are established. These operators exhibit interesting and more flexible character with regard to
approximation of functions.
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