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Abstract This paper studies approximating properties of Stancu variant of Lupag operators
using Korovkin approximation theorem. Some direct theorems are proved and Voronovskaja
type theorems for first and second order derivatives are established.

1 Introduction

Making use of the identity

1 - (g
T => ot <1,
k=0

for (o) = a(a+1)(a+2)...(a+k—1),k>1and (a)g = 1, A. Lupas [16] introduced the
following sequence of positive linear operators

n(n) = -y S e (B o s

k=0

for the function f : [0,00) — R.
By considering a = %, O. Agratini [3] obtained the following operators

To(fiz) =273 (”x)kf(fb)a’“, >0, (1.1)

k!
k=0

and studied their approximation properties. Many researchers have examined various generaliza-
tions of these operators (see [1, 2, 5, 7, 10, 11, 12]). Very recently, Mursaleen et al. constructed
g-analogue of another generalization of these operators and investigated their approximation
properties [20]. The present paper introduces Stancu type generalization of the operators de-
fined in (1.1) and proves approximation results for them. Stancu type generalizations of various
operators have been constructed and investigated, e.g., in [9, 13, 18].

2 Construction of operators

We introduce Stancu type generalization of Lupas operators in (1.1) as follows:

1 & k
T = 5 ) g (A2, e

where
f:[0,00) 2R, 0<a<p.

When we take @ = 5 = 0 in equation (2.1), operators (1.1) are immediate. Clearly, (2.1) is more
general than (1.1).
We denote by eg = 1,e) = x,e; = 2% and prove the following useful lemma.
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Lemma 2.1. For the operators in (2.1), the followings are obtained
(i) T3P (egsz) = 1;
(ii) TP (er;n) = x;
2

o . n 2n(l4+a
(iii) TP (enia) = pigma? + 2taly 4 o

n+p)2"

Proof. With easy calculations, (i) and (i) are obtained.
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We compute moments in the following.

Lemma 2.2. The first and the second moments for the operators (2.1) are given by

(i) TP ((t - x);2) = 0;

.. - . o n? 2n(l+a a?
(ii) T3P ((t = 2)s0) = (e — D)2 + Tagie + gl
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Proof. By linearity of operators, (7) is obvious.

(i) Making use of Lemma 2.1 and linearity, we have

TOP((t—x)%2) = TPt x) — 22TP(t ) + 2° TP (1;2)
B n? 5 2n(l+«) a? 22
= (o) et a2
B n? 5 2n(1 + «) a?
a7 T o ot mrar -

3 Korovkin approximation theorem

In this section, we prove the classical Korovkin theorem given in [14, 15, 17] for the operators
defined in (2.1). Korovkin theorem is a succinct result which guarantees the uniform conver-
gence of a sequence of linear positive operators on a certain function space provided that the
sequence converges uniformly for some functions e,.(z) = 2" (z > 0), r =0, 1,2.

We denote by C0, c0) the set of all real valued continuous functions defined on [0, co)
which is a Banach space under the norm

Ifl =" sup [f(z)].

z€[0,00)

Theorem 3.1. For each f € C|0,c), the operators TP (.;x) converge uniformly to f on the
compact domain [0,a] (a > 0) as n — oc.

Proof. We have by Lemma 2.1,
lim 7% (ep; ) = 1,

n— oo

lim Taﬁ(e], x) =um,
n— oo
lim TP (epi0) = .

Thus, the sequence of positive linear operators T*?(.; z) converges uniformly to f, where f is
one of the functions 1,¢,> on the compact interval [0, a], @ > 0. Therefore, by the Korovkin
approximation theorem the result holds for every continuous function f on the compact interval
[0, a]. This proves the theorem. [J

4 Convergence in weighted space

In this section, we investigate convergence of our operators in weighted space of functions.
Let ¢(z) = eo + e be a weight function. Let B,2[0,c0) be the linear space of all functions
h satisfying the condition |h(z)| < Kj,(1 + 2?), where K}, is a constant associated with the
function h. We denote the subspace of all continuous functions of B, [0, c0) by C,2[0, o). Also,

we denote by C*,[0, 00), the subclass of C,2[0, c0) of those functions % for which hm 1h+(r)2 is

finite. The norm on the space C*, [0, 00) is defined by

= sup | A(x) |
‘ z€[0,00) 1+ z?

We shall denote this space by Q4 (R™).

Lemma 4.1. Let T?(.;x) be operators defined by (2.1). Then for the weight function ¢(x)
above, we obtain
1T (s 2) |2 < M,

where M is a positive constant greater than 1.
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Proof. Using linearity and Lemma 2.1, we obtain

TP (gsx) = T3P (eo + exs)
= TF(ep;x) + TP (e2;2)
n2 2n(1 4 «) a?
= 14 2 )
R N R N O
Then
1578 (¢ ) |2
1 n? z? 2n(l14+a) = a? 1
= SupyTT At 2 7+ 2 2 2 2
230 + (n+p8)21+4+=x (n+p5)? 14z (n+p8)2 1+
n? 2n(1 + ) a?
< 1+ + + .
(n+p8)> (n+p)?  (n+p)>
Noting that nlggo % =1, nll)r{.lo 2& t;;;) =0= nlgrolo ﬁ, we find that there exists a con-

stant M > 1 such that

TP (¢ )22 < M,

which proves the lemma. [

Remark: By the above lemma it is observed that the operators 7.%°%(.; ) act from the space
C12)0,00) to the space By2(g oc)-

Theorem 4.2. Let T?(.;x) be operators defined by (2.1) and ¢(x) = 1 + x> be the weight
function. Then for each f € C*,[0,00), we have

Tim T3P (fr2) — ()2 = 0.
Proof. In view of Korovkin theorem (see [4]), it is sufficient to show that
lim |78 (t);2) — 29]|,. =0, j=0,1,2.
n—oo
By Lemma 2.1 (i), obviously, we find
: a,B(1. _ —
Jim (| T35 (152) = 12 = 0.

By Lemma 2.1 (ii), we get

li TQ’B . . L = xT . x _
Jim ([T (ers ) — enl2 e e s
In view of Lemma 2.1 (iii), one infers that
1T (€25 ) — eal|2
n? z? 2n(l4+a) = o? 1
= Sup 5 — 1 2 2 7 T 2 2
2>0|\ (n+5) I+a2 (n4+p) 1422 (n+p)P1+z

n? 2n(1 4 «) o?
< ((n+5)2_1>+ (n+ B +(n+ﬁ)2_>0 as n — oo.

Hence, we obtain
lim HTS"B(ez;x) — 62”12 =0
n— oo

and this completes the proof. [J
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5 Rate of convergence

Here, we compute the rate of convergence in terms of moduli of continuity defined in [8].
Let f € Cl[a,b] and 6 > 0. The first and the second moduli of continuity of f are given by

wi(f:0) = sup{|f(x +h) = f(z)], 0<h<d, z,y€[ab]},

wa(f38) =sup{|f(x+h)+ f(x —h) —=2f(z)], 0<h <& z+h,z,x—h€[a,b]}

respectively. It is well known that 61ir{)1+ wi(f;6) = 0forany ¢ > 0 and
—

|f(y)_f($)|Swl(f§5)<|y;x| +1). (5.1)

Theorem 5.1. Let f € C[0,a](a > 0) and TSP(.;x) be the operators given in (2.1). Then
following holds

1
. ix) — fx 1 Dw e — 52
[T 752) ~ Sl (1 e (s 52)
If f is continuously differentiable on [0, a] then
wB(p. ) < LFa)? (/. ! )
TP (fr ) — fla)|< (n-l-ﬁ)m I ) (5.3)

Proof. Using Inequality (5.1) together with the Cauchy-Schwarz inequality, one can obtain

TP (fe) = f@)] < (L4 TR = wl @) (/39)

L 5122t - 0%0)) w20,

IN

1
(n+8)
Next, suppose f has a continuous derivative on [0, a]. Then by the Mean Value Theorem, we can
write

Let us choose § = . Then in view of Lemma 2.2 (ii), (5.2) is obtained.

f@) = fy) = (@ =) f'(2) + (x = y)(f (1) = f'(2),

where ¢ is a point such that z < ¢ < y. Writing (5.1) for f’ and using the same argument as
exercised in the previous proof, one can write

A

12250 - 1@ < {7800 el + T - o) faa(750)

1

(T2 - x)z;w)% (145 (o= 00)) ) (30,

IN

Noting that 2z € [0,a] and § = \/(rtTB)’ we conclude that Lemma 2.1 implies (5.3). O

In the sequel, we obtain an estimate involving the second order modulus of smoothness.

Theorem 5.2. Let A (.; x) be the operators defined by (2.1) and f € C[0,a](a > 0). Then the
following holds

T3P (f32) — fla)|< <3+2a max{lwﬁbiﬁ})wz(ﬁm)

Proof. This is easily obtained by using Lemma 2.1 and a theorem due to O. Agratini ([3],
Theorem 3, page 44). U
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6 Voronovskaja type theorems

In this section, we obtain couple of asymptotic formulas for our operators based on ([19], Theo-
rem 1, p. 2423).

Theorem 6.1. Let T (.; ) be the operators in (2.1) and g € Cla,b], = € [a,b]. Suppose that
there exists a sequence { i, }nen such that ji; € (0,00) for each 1 < i < oo with lim p, = co
n—oo

and there exists a 1 < p < oo such that the sequence { pP TP (| — z|P; x)} is bounded.
neN

Then for any continuous function f : [a,b] — R which is differentiable at x € [a,b], we have

Jim o T30 (i) = F@)TR0 (L) = [/ @TRA(( = a)ia)| =0, 6D
Further, if
Jim o, [T27(132) = 1] = P@), lim pn T20((~ i) = Q). (62)
then
Tim pu, [T (f32) = f(2)] = P(2)f(2) + Q@) f ().

Proof. We follow the technique given in ([6], Theorem 6.3.6, p. 117). By differentiability of f,
we have

t—x t—=x

We define the function g : [a,b] — R by

Then g is continuous on [a, b] and f(¢) — f(z) — f'(z)(t —z) = (t—x)g(¢), Vt € [a,b]. In C[a, b],
one can write

f=f@) 1= f(x).(—z)=(-2)g.
Operating by 7.%°# on both sides and using linearity we get
T3P (fia) = f(a) TP (Lix) — f'(2) TP (- 2)s2) = TH2((. — )i 2)g(x).

Next, by the hypothesis, there exists a constant K, > 0 such that 2T (|. —z|P; 2) < K, Vn €
N. For every h € C|a, b], using Holder’s inequality, we write

IT8(( —z)ia)g] < TOP(( - 2)iz)g))
= T28(|(.— 2);2)]lg])
< [TEF(I( = @) 73 2)] P (TP (9| 2)] ©
< B2 (708 (g9 )]

and then we obtain

i [TP(Fr2) = fla) TP (L) — f'(2) TP (( = a)s2)] | < K7 (157 (19l 2)]

By Korovkin theorem we know that 7%?(.; x) converges uniformly on C|a, b], so that for g €
Cla, b], we have
lim T (|g|% 2) = |g(x)|? = 0.

n—oo
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Employing the Squeeze theorem, (6.1) is obtained.
Next, we write

pa[Te (f32) = f(2)]

pn [TOP (fr2) — fla) TOP (L) — f/(2) TSP (. — )3 )]
+ (@) pn [T2P (L) = 1]+ /(@) o T3P (- = 2)5 ).

Then

lim i, [T37(f32) — f ()]

n—

= lim p, [T3P(fr2) — f(2) TP (iz) — f/(2) TeP (- — ) )]

n—oo

+ lim f(@) p (TP (L2) = 1]+ f'(@) o T3 (( = 2)12)

n— oo

= lim f(2) po [T70 (1) = 1]+ f/(2) pn TP (- = 2)5.2)

n— oo
= P(2) f{z) + Q) f'(x)
and this completes the proof. [

Theorem 6.2. Let TP (.; ) be the operators in (2.1) and g € C[0,00) and x € [0,00) be a
point at which ¢’ is continuously differentiable. Further, assume that g(t) = O(t*) as t — oc.
Then the following holds

lim (73 (g5 2) = g(w)) = — ¢ (x)

n—oo

where ¥(a) = (s — )2 + Hiffo + 53

Proof. We write Taylor’s expansion
1
ol /) o) = K/~ 2)g (a) + (k0 (3 0" @) + /=), 63

where € is bounded and lin(l) e(t) = 0. Operating by T.># on both sides of (6.3), one obtains

t—

T3P (g ) — gla) = T3P ((t — x)s2)g (x) + % T3P((t— o) 2)g" () + TP (s ), (6.4)

where £, (t) = (t — x)%e(t — z). It is clear that T2?((t — x);x) = 0. By Cauchy-Schwarz
inequality and Lemma 2.2 (ii), we get

T ()] < (TP (= 25T — )]

< [ PlolT (¢ — 2 2)P
_ n? 2n(1 + ) 2 1?
- ”62“[(<n+m2‘1>m2+ mr B2 "t BRl

Then it is easily seen that li_>m n(T%#(L,;x)) = 0 and, therefore, on using Lemma 2.2 (ii), by
(6.4), we arrive at the desired result.

7 Conclusion

In this paper Stancu variant of Lupas operators has been constructed and its approximating prop-
erties have been investigated. The rate of convergence is studied and Voronovskaja type theorems
are established. These operators exhibit interesting and more flexible character with regard to
approximation of functions.
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