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Abstract A class of implicit Hilfer-Katugampola-type fractional pantograph differential equa-
tion with nonlocal katugampola fractional integral conditions is considered in this paper. By us-
ing Schaefer’s fixed point theorem and Banach contraction principle, the existence and unique-
ness solutions for the considered problem are proved. Ulam-Hyers stability for the considered
problem is established. Finally, an example is presented to illustrate our main results.

1 Introduction.

Fractional differential equations have been widely applied in the field of science and engineer-
ing. Recently, Hilfer fractional differential equations have attracted the attention of many authors
([1]-[8]). Nowadays, the generalized fractional derivative introduced by U.N. Katugampola ([9],
[10]) is unified with Hilfer fractional derivative by Oliveira and E. Capelas de Oliveira in ([11])
is named as Hilfer-Katugampola fractional derivative. This formulation interpolates the well-
known fractional derivatives of Hilfer, Hilfer-Hadamard, Riemann-Liouville, Hadamard, Ca-
puto, Caputo-Hadamard, Liouville, Weyl, Caputo-type fractional derivatives. Thus, the Hilfer-
Katugampola fractional derivative proposed in this paper is a generalization of the classical
fractional derivatives. Few authors studied Hilfer-Katugampola fractional differential equations
([11]-[13]).

The pantograph is a device in electric trains to collect electric currents from the overload lines
and play an important role in physics, pure and applied mathematics, such as control systems,
number theory, quantum mechanics and electrodynamics. This equation is a special class of
delay differential equation arising in deterministic situations and was modeled by Ockendon
and Tayler ([14]). Motivated by their importance, a lot of scientists generalized these equations
into various types and introduced the solvability aspect of such problems both theoretically and
numerically ([15]-[20]).

To the best of our Knowledge, there are no results of implicit pantograph Hilfer-Katugampola
fractional differential equation with nonlocal Katugampola fractional integral conditions. Moti-
vated by the above discussion, the aim of this paper is to study the implicit pantograph Hilfer-
Katugampola-type fractional differential equations with nonlocal katugampola fractional integral
conditions of the form:

ρDα,β
0+ u(t) = f(t, u(t), u(λt), ρDα,β

0+ u(λt)), t ∈ J := (0, T ], 0 < λ < 1(
ρJ 1−ν

0+ u
)
(0) =

m∑
i=1

ζi
ρJ r0+u(τi), ν = α+ β(1− α). (1.1)

where ρDα,β
0+ is Hilfer-Katugampola fractional derivative of order α and type β(0 ≤ β ≤ 1),

ρJ r0+, ρJ 1−ν
0+ are Katugampola fractional integral of order 1− ν(ν = α+ β(1−α)), 0 < α < 1,

r, ρ > 0 and ζi ∈ R, τi, i = 1, 2, 3, · · · ,m are prefixed points satisfying 0 < τ1 ≤ τ2 ≤ · · · ≤
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τm < T . Here we let X is a Banach space, f : J × X × X × X → X is a given continuous
function. In addition, the nonlocal Katugampola fractional integral condition

(
ρJ 1−ν

0+ u
)
(0) =∑m

i=1 ζi
ρJ r0+u(τi) generalized the following initial condition:

• If r → 0, the initial condition reduces to multi-point nonlocal condition.

and in physics problems yields better effect than the initial conditions
(
ρJ 1−ν

0+ u
)
(0) = u0, (see,

([21])).

The outline of this paper is organized as follows: In section 2 recalls some basic definitions
and lemmas. In section 3, the existence and uniqueness of solutions for equation (1.1) are estab-
lished. stability analysis results are discussed in section 4. The last section contains an example
to illustrate our main results.

2 Preliminary.

Let ρ > 0 and 0 ≤ ν < 1.

(i) Let C(J,X) be a Banach space of all continuous functions u from J into X.

(ii) Let C1−ν,ρ(J,X) is a weighted space defined by

C1−ν,ρ(J,X) :=

{
u : J → X :

(
tρ

ρ

)1−ν

u(t) ∈ C(J,X)

}
.

with the norm

‖u‖C1−ν,ρ
:=

∥∥∥∥∥
(
tρ

ρ

)1−ν

u(t)

∥∥∥∥∥
C

= sup
t∈J

∣∣∣∣∣
(
tρ

ρ

)1−ν

u(t)

∣∣∣∣∣ .
Definition 2.1. ([9]) Let α, c ∈ R with α > 0 and ϕ ∈ Xp

c (a, b), where ϕ ∈ Xp
c (a, b) consists

of those complex-valued Lebesgue measurable functions. The generalized left-sided fractional
integral is defined by

(ρJ α0+ϕ) (t) =
ρ1−α

Γ(α)

∫ t

0

sρ−1ϕ(s)

(tρ − sρ)1−α ds, t > 0.

where Γ(·) is the gamma function and the corresponding generalized (Katugampola) left-sided
fractional derivative ρDα

0+ is defined by

(ρDα
0+ϕ) (t) =

ρα−n+1

Γ(n− α)

(
t1−ρ

d

dt

)n ∫ t

0

sρ−1ϕ(s)

(tρ − sρ)α−n+1 ds, t > 0.

Lemma 2.2. ([22]) Let X be a Banach space and $ : X → X is a continuous and compact
mapping. If,

E = {u ∈ X : u = γ$(u) for some γ ∈ [0, 1]}

is a bounded set, then $ has a fixed point.

Lemma 2.3. ([11]) For the generalized (Katugampola) left-sided fractional integral and deriva-
tive, the following properties are satisfied:

(i) The semigroup property (
ρJ α0+ρJ

β
0+ϕ

)
(t) =

(
ρJ α+β0+ ϕ

)
(t).

(ii) For α > 0, ρJ α0+ maps C(J,X) into C(J,X).

(iii) Let α > 0, and 0 ≤ ν < 1, then ρJ α0+ is bounded from Cν,ρ(J,X) into Cν,ρ(J,X).
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(iv) Let α > 0, and 0 ≤ ν < 1, and ϕ ∈ Cν(J,X). Then

(ρDα
0+
ρJ α0+ϕ) (t) = ϕ(t)

(v) Let 0 < α < 1, and 0 ≤ ν < 1. If ϕ ∈ Cν(J,X) and ρJ 1−α
0+ ϕ ∈ C1

ν(J,X), then

(ρJ α0+ρDα
0+ϕ) (t) = ϕ(t)−

ρJ 1−α
0+ ϕ(0)
Γ(α)

(
tρ

ρ

)α−1

.

Definition 2.4 ([11],[12]). The Hilfer-Katugampola fractional derivative with respect to t, with
ρ > 0, is defined by (

ρDα,β
0± u

)
(t) =

(
±ρJ β(1−α)0± δρ

ρJ (1−β)(1−α)
0±

)
(t) (2.1)

where δρ =
(
tρ−1 d

dt

)
.

(i) The operator ρDα,β
0+ can be written as

ρDα,β
0+ = ρJ β(1−α)0+ δρ

ρJ 1−ν
0+ = ρJ β(1−α)0+

ρDν
0+

where ν = α+ β(1− α).

In order to solve our problem, the following spaces are presented:

Cα,β1−ν,ρ(J,X) := {u(t) ∈ C1−ν,ρ(J,X),
ρDα,β

0+ u(·) ∈ C1−ν,ρ(J,X)}.

and
Cν1−ν,ρ(J,X) := {u(t) ∈ C1−ν,ρ(J,X),

ρDν
0+u(·) ∈ C1−ν,ρ(J,X)}.

It is obvious that
Cν1−ν,ρ(J,X) ⊂ C

α,β
1−ν,ρ(J,X).

Lemma 2.5. ([11]) Let 0 < α < 1, 0 ≤ β ≤ 1, 0 ≤ ν < 1 and ν = α + β(1 − α). If
u ∈ Cν,ρ(J,X), then

ρJ ν0+ρDν
0+u(·) = ρJ α0+ρD

α,β
0+ u(·).

ρDν
0+
ρJ α0+u(·) = ρD

β(1−α)
0+ u(·).

Lemma 2.6. ([11]) Assume that α > 0, 0 ≤ ν < 1, ρ > 0 and u ∈ Cν,ρ(J,X)). If ν < α, then

(ρJ α0+u) (0) = lim
t→0+

(ρJ α0+u) (t) = 0.

Lemma 2.7 ([11],[12]). Let 0 < α < 1, 0 ≤ β ≤ 1, 0 ≤ ν < 1, ν = α+ β(1 − α), and assume
that f(t, u(t)) ∈ C1−ν,ρ(J,X) for any u ∈ C1−ν,ρ(J,X). A function u ∈ Cν1−ν,ρ(J,X) is a solution
of fractional IVP

ρDα,β
0+ u(t) = f(t, u(t)), 0 < α < 1, 0 ≤ β ≤ 1,(

ρJ 1−ν
0+ u

)
(0) = c, γ = α+ β(1− α), c ∈ R.

if and only if u satisfies the following second kind Volterra fractional integral equation:

u(t) =
c

Γ(ν)

(
tρ

ρ

)ν−1

+
1

Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1f(s, u(s))ds, t > 0.

Lemma 2.8. ([11]) Let t > 0 , ρJ α0+ and ρDα
0+ as defined in Definitions (2.1, 2.4). Then for

α ≥ 0 , β > 0, we have(
ρJ α0+

(
tρ

ρ

)β−1
)
(t) =

Γ(β)

Γ(α+ β)

(
tρ

ρ

)α+β−1

and for 0 < α < 1, (
ρDα

0+

(
tρ

ρ

)α−1
)
(t) = 0.
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Lemma 2.9. Let 0 < α < 1, 0 ≤ β ≤ 1, 0 ≤ ν < 1, and assume that f(t, u(t), u(λt), ρDα,β
0+ u(λt)) ∈

C1−ν,ρ(J,X) for any u ∈ C1−ν,ρ(J,X). If u ∈ Cν1−ν,ρ(J,X) then u satisfies the problem (1.1) if
and only if u satisfies the following mixed-type Volterra fractional integral equation:

u(t) =
ΨΓ(ν + r)

Γ(ν)Γ(α+ r)

(
tρ

ρ

)ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − sρ

ρ

)α+r−1

sρ−1Ku(s)ds

+
1

Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1Ku(s)ds. (2.2)

Where

Ψ :=
1

Γ(ν + r)−
∑m
i=1 ζi

(
τρi
ρ

)r+ν−1 , Γ(ν + r) 6=
m∑
i=1

ζi

(
τρi
ρ

)r+ν−1

.

and for simplicity, we take

Ku(t) := ρDα,β
0+ u(t) = f(t, u(t), u(λt),Ku(t)).

Proof. Firstly, we will prove the necessary condition. According to Lemma 2.3 and Lemma 2.7,
a solution of the problem (1.1) can be expressed by

u(t) =

(
ρJ 1−ν

0+ u
)
(0)

Γ(ν)

(
tρ

ρ

)ν−1

+
1

Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1f(s, u(s), u(λs),Ku(s))ds (2.3)

Next, we substitute t = τi and multiply both sides by ζi, we can write

ζiu(τi) =

(
ρJ 1−ν

0+ u
)
(0)

Γ(ν)
ζi

(
τρi
ρ

)ν−1

+
1

Γ(α)
ζi

∫ τi

0

(
τρi − sρ

ρ

)α−1

sρ−1f(s, u(s), u(λs),Ku(s))ds (2.4)

Now, applying ρJ r0+ to both sides of Equation (2.4) and using Lemma 2.3 and Lemma 2.8, we
have

ρJ r0+ζiu(τi) =

(
ρJ 1−ν

0+ u
)
(0)

Γ(ν + r)
ζi

(
τρi
ρ

)r+ν−1

+
1

Γ(α+ r)
ζi

∫ τi

0

(
τρi − sρ

ρ

)α+r−1

sρ−1Ku(s)ds.

which implies that

m∑
i=1

ρJ r0+ζiu(τi) =

(
ρJ 1−ν

0+ u
)
(0)

Γ(ν + r)

m∑
i=1

ζi

(
τρi
ρ

)r+ν−1

+
1

Γ(α+ r)

m∑
i=1

ζi

∫ τi

0

(
τρi − sρ

ρ

)α+r−1

sρ−1Ku(s)ds.

thus, we get

(
ρJ 1−ν

0+ u
)
(0) =

(
ρJ 1−ν

0+ u
)
(0)

Γ(ν + r)

m∑
i=1

ζi

(
τρi
ρ

)r+ν−1

+
1

Γ(α+ r)

m∑
i=1

ζi

∫ τi

0

(
τρi − sρ

ρ

)α+r−1

sρ−1Ku(s)ds.
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which implies that

1
Γ(α+ r)

m∑
i=1

ζi

∫ τi

0

(
τρi − sρ

ρ

)α+r−1

sρ−1Ku(s)ds.

=

(
1− 1

Γ(ν + r)

m∑
i=1

ζi

(
τρi
ρ

)r+ν−1
)(

ρJ 1−ν
0+ u

)
(0)

=
1

ΨΓ(ν + r)

thus,(
ρJ 1−ν

0+ u
)
(0) =

ΨΓ(ν + r)

Γ(ν)Γ(α+ r)

(
tρ

ρ

)ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − sρ

ρ

)α+r−1

sρ−1Ku(s)ds (2.5)

Substituting (2.5) in (2.3), we obtain (2.2). Secondly, let u ∈ Cν1−ν,ρ(J,X) satisfies the mixed-
type integral equation (2.2), then we prove that u satisfies (1.1). By applying ρDν

0+ on both sides
of (2.2) and using Lemma 2.3 and Lemma 2.8, we get

ρDν
0+u(t) = ρDν

0+

(
ΨΓ(ν + r)

Γ(ν)Γ(α+ r)

(
tρ

ρ

)ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1Ku(s)ds

)

+ρDν
0+

(
1

Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1Ku(s)ds

)
= ρD

β(1−α)
0+ f(t, u(t), u(λt), ρDα,β

0+ u(λt)). (2.6)

Since ρDα,β
0+ u ∈ C1−ν,ρ(J,X), then by definition of Cν1−ν,ρ(J,X) and by using Equation (2.6), we have

ρD
β(1−α)
0+ f = δρ

ρJ 1−β(1−α)
0+ f ∈ C1−ν,ρ(J,X). (2.7)

For every f ∈ C1−ν,ρ(J,X) it is clear that ρJ 1−β(1−α)
0+ f ∈ C1−ν,ρ(J,X), which implies that ρJ 1−β(1−α)

0+ f ∈
C1

1−ν,ρ(J,X). Therefore f and ρJ 1−β(1−α)
0+ f satisfy conditions of Lemma 2.3. Applying ρJ β(1−α)0+ on both

sides of Equation (2.6), we can obtain

ρJ β(1−α)0+
ρDν

0+f = ρJ β(1−α)0+
ρD

β(1−α)
0+ Ku(t)

= Ku(t)−

(
ρJ 1−β(1−α)

0+ Ku
)
(0)

Γ(β(1− α))

(
tρ

ρ

)β(1−α)−1

= f(t, u(t), u(λt), ρDα,β
0+ u(λt)).

By applying ρJ 1−ν
0+ on both sides of the Equation (2.2), we get

(
ρJ 1−ν

0+ u
)
(t) = ρJ 1−ν

0+

(
ΨΓ(ν + r)

Γ(ν)Γ(α+ r)

(
tρ

ρ

)ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1Ku(s)ds

)

+ρJ 1−ν
0+

(
1

Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1Ku(s)ds

)
.

since, 1− ν < 1− β(1− α), then(
ρJ 1−ν

0+ u
)
(t) =

ΨΓ(ν + r)

Γ(α+ r)

m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1Ku(s)ds

+ρJ 1−β(1−α)
0+ Ku(t).

taking the limit as t→ 0+ yields(
ρJ 1−ν

0+ u
)
(0) =

ΨΓ(ν + r)

Γ(α+ r)

m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1Ku(s)ds
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Using the substitution t = τi and multiplying through by ζi in (2.2), we have

ζiu(τi) =
ΨΓ(ν + r)

Γ(ν)Γ(α+ r)
ζi

(
τρi
ρ

)ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1Ku(s)ds

+
1

Γ(α)
ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α−1

sρ−1Ku(s)ds. (2.8)

Applying ρJ r0+ to both sides of (2.8), we get

ρJ r0+ζiu(τi) =
Ψ

Γ(α+ r)
ζi

(
τρi
ρ

)r+ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1Ku(s)ds

+
1

Γ(α+ r)
ζi

∫ τi

0

(
τρi − s

ρ

ρ

)r+α−1

sρ−1Ku(s)ds.

which implies

m∑
i=1

ρJ r0+ζiu(τi) =
Ψ

Γ(α+ r)

m∑
i=1

ζi

(
τρi
ρ

)r+ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1Ku(s)ds

+
1

Γ(α+ r)

m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)r+α−1

sρ−1Ku(s)ds.

=

(
Ψ

m∑
i=1

ζi

(
τρi
ρ

)r+ν−1

+ 1

)
1

Γ(α+ r)

m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1Ku(s)ds.

and then we can easily see that (
ρJ 1−ν

0+ u
)
(0) =

m∑
i=1

ρJ r0+ζiu(τi).

3 Existence and Uniqueness.

In order to prove our main results, we need the following assumptions:

H1. Let f : J×X×X×X→ X be a function such that f ∈ C1−ν,ρ(J,X) for any u ∈ C1−ν,ρ(J,X),
and for t ∈ J , u, v, ω ∈ X, there exist %, p, q, χ ∈ C1−ν,ρ(J,X) such that

‖f(t, u, v, ω)‖ ≤ %(t) + p(t) ‖u(t)‖+ q(t) ‖v(t)‖+ χ(t) ‖ω(t)‖ .

with

%∗ = sup
t∈J

%(t), p∗ = sup
t∈J

p(t), q∗ = sup
t∈J

q(t), and χ∗ = sup
t∈J

χ(t) < 1.

H2. There exist constants K > 0, 0 < K∗ < 1 such that

‖f(t, u1, v1, ω1)− f(t, u2, v2, ω2)‖ ≤ K (‖u1 − u2‖+ ‖v1 − v2‖) +K∗1 ‖ω1 − ω2‖ .

for any u1, v1, u2, v2, ω1, ω2 ∈ X.

H3. Suppose that the constant Λ satisfies the following estimate

Λ :=
2K

1−K∗

(
| Ψ | Γ(ν + r)B(ν, α+ r)

Γ(ν)Γ(α+ r)

m∑
i=1

ζi

(
τρi
ρ

)α+r+ν−1

+
B(ν, α)

Γ(α)

(
T ρ

ρ

)α)
< 1.

Theorem 3.1. Assume that [H1] is satisfied. Then problem (1.1) has at least one solution in
Cν1−ν,ρ(J,X) ⊂ C

α,β
1−ν,ρ(J,X).
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Proof. Consider the well-defined operator N : C1−ν,ρ(J,X)→ C1−ν,ρ(J,X) defined by

N(u)(t) =
ΨΓ(ν + r)

Γ(ν)Γ(α+ r)

(
tρ

ρ

)ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1Ku(s)ds

+
1

Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1Ku(s)ds. (3.1)

We will present the proof into several steps.
Step.1: The operator N is continuous.

Let um be a sequence such that um → u in C1−ν,ρ(J,X). Then for each t ∈ J , we have∣∣∣((Num)(t)− (Nu)(t)) (tρ/ρ)1−ν
∣∣∣ ≤ V1 + V2,

where

V1 =
| Ψ | Γ(ν + r)

Γ(ν)Γ(α+ r)

m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1 | Kum(s)−Ku(s) | ds.

and

V2 =
1

Γ(α)

(
tρ

ρ

)1−ν ∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1 | Kum(s)−Ku(s) | ds.

hence,

V1 ≤
| Ψ | Γ(ν + r)

Γ(ν)Γ(α+ r)
‖Kum(·)−Ku(·)‖C1−ν,ρ

m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1
(
sρ

ρ

)ν−1

ds.

and

V2 ≤
1

Γ(α)

(
tρ

ρ

)1−ν

‖Kum(·)−Ku(·)‖C1−ν,ρ

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1
(
sρ

ρ

)ν−1

ds.

therefore, ∣∣∣((Num)(t)− (Nu)(t)) (tρ/ρ)1−ν
∣∣∣ ≤ Φ1 ‖Kum(·)−Ku(·)‖C1−ν,ρ

where B(·, ·) is the Beta function and

Φ1 =

(
| Ψ | Γ(ν + r)B(ν, α+ r)

Γ(ν)Γ(α+ r)

m∑
i=1

ζi

(
τρi
ρ

)α+r+ν−1

+
B(ν, α)

Γ(α)

(
T ρ

ρ

)α)
Since f is continuous, this implies that Ku(·) is also continuous. Then we get

‖Num −Nu‖C1−ν,ρ
→ 0 ,m→∞.

Step.2: The operator N maps bounded sets into bounded sets in C1−ν,ρ(J,X).
Assume that Θκ = {u ∈ C1−ν,ρ(J,X) : ‖u‖C1−ν,ρ

}. Actually, it is suffices to show that for any κ > 0,
there exists ϑ > 0 such that for any u ∈ Θκ, we have ‖Nu‖C1−ν,ρ

≤ ϑ

∣∣∣((Nu)(t)) (tρ/ρ)1−ν
∣∣∣ ≤ | Ψ | Γ(ν + r)

Γ(ν)Γ(α+ r)

m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1 | Ku(s) | ds.

+
1

Γ(α)

(
tρ

ρ

)1−ν ∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1 | Ku(s) | ds.

For simplicity, we put

A =
| Ψ | Γ(ν + r)

Γ(ν)Γ(α+ r)

m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1 | Ku(s) | ds,

B =
1

Γ(α)

(
tρ

ρ

)1−ν ∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1 | Ku(s) | ds.

Now, by assumption [H1], we get

| Ku(t) | = | f(t, u(t), u(λt),Ku(t)) |
≤ %(t) + p(t) | u | +q(t) | u | +χ(t) | Ku(t) |

≤ %∗ + (p∗ + q∗) | u |
1− χ∗
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then,

A ≤ | Ψ | Γ(ν + r)

Γ(ν)Γ(α+ r)

m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1
(
%∗ + (p∗ + q∗) | u |

1− χ∗

)
ds,

=
| Ψ | Γ(ν + r)

Γ(ν)(1− χ∗)

 %∗
(
τ
ρ
i
ρ

)α+r
Γ(α+ r + 1)

+
(p∗ + q∗)

(
τ
ρ
i
ρ

)α+r+ν−1
B(ν, α+ r) ‖u‖C1−ν,ρ

Γ(α+ r)

 .

and

B ≤ 1
Γ(α)

(
tρ

ρ

)1−ν ∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1
(
%∗ + (p∗ + q∗) | u |

1− χ∗

)
ds.

thus,∣∣∣((Nu)(t)) (tρ/ρ)1−ν
∣∣∣ ≤ %∗

1− χ∗

(
| Ψ | Γ(ν + r)

Γ(ν)Γ(α+ r + 1)

m∑
i=1

ζi

(
τρi
ρ

)α+r
+

1
Γ(α+ 1)

(
T ρ

ρ

)α−ν+1
)

+
(p∗ + q∗)

1− χ∗ Φ1 ‖u‖C1−ν,ρ
:= ϑ.

Step.3: The operator N maps bounded sets into equicontinuous set of C1−ν,ρ(J,X).
Let t1, t2 ∈ J such that t1 ≥ t2. Let u ∈ Θκ, then∣∣∣((Nu)(t1)− (Nu)(t2)) (t

ρ/ρ)1−ν
∣∣∣ ≤ | 1

Γ(α)

(
tρ1
ρ

)1−ν ∫ t1

0

(
tρ1 − s

ρ

ρ

)α−1

sρ−1Ku(s)ds

− 1
Γ(α)

(
tρ2
ρ

)1−ν ∫ t2

0

(
tρ2 − s

ρ

ρ

)α−1

sρ−1Ku(s)ds |

,∣∣∣((Nu)(t1)− (Nu)(t2)) (t
ρ/ρ)1−ν

∣∣∣ ≤ ∣∣∣∣ 1
Γ(α)

∫ t1

0
Φ2s

ρ−1Ku(s)ds
∣∣∣∣

+

∣∣∣∣∣ 1
Γ(α)

(
tρ2
ρ

)1−ν ∫ t2

t1

(
tρ2 − s

ρ

ρ

)α−1

sρ−1Ku(s)ds

∣∣∣∣∣
where

Φ2 =

((
tρ1
ρ

)1−ν ( tρ1 − sρ
ρ

)α−1

−
(
tρ2
ρ

)1−ν ( tρ2 − sρ
ρ

)α−1
)

The right-hand side of the previous inequality tends to zero, as t1 → t2. Consequently, from Step.1-
Step.3, together with Arzela-Ascoli theorem, we can deduce that

N : C1−ν,ρ(J,X)→ C1−ν,ρ(J,X)

is a completely continuous.
Step.4: The set

Ω = {u ∈ C1−ν,ρ(J,X) : u = $(Nu), 0 ≤ $ ≤ 1}
is a bounded set.
Let u ∈ Ω, u = $(Nu) for some 0 ≤ $ ≤ 1. Then, for each t ∈ J , we have

u(t) = $(
ΨΓ(ν + r)

Γ(ν)Γ(α+ r)

(
tρ

ρ

)ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1Ku(s)ds

+
1

Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1Ku(s)ds.)

It follows from assumption [H1], that∣∣∣∣∣u(t)
(
tρ

ρ

)1−ν
∣∣∣∣∣ ≤

∣∣∣∣∣(Nu)(t)
(
tρ

ρ

)1−ν
∣∣∣∣∣

≤ %∗

1− χ∗

(
| Ψ | Γ(ν + r)

Γ(ν)Γ(α+ r + 1)

m∑
i=1

ζi

(
τρi
ρ

)α+r
+

1
Γ(α+ 1)

(
T ρ

ρ

)α−ν+1
)

+
(p∗ + q∗)

1− χ∗ Φ1 ‖u‖C1−ν,ρ

<∞.
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Therefore, the set Ω is bounded.
Consequently, by Schaefer’s fixed point theorem we conclude that N has a fixed point which is a solution of
problem (1.1).

Theorem 3.2. Assume that [H1]− [H3] hold. Then the problem (1.1) has a unique solution.

Proof. Consider the well-defined operator N : C1−ν,ρ(J,X) → C1−ν,ρ(J,X), defined in (3.1).
Clearly, by Lemma 2.9 and Theorem 3.1, the fixed points of the operator N are solutions of the
problem (1.1). Now it remains to show that the solution is unique. Let u, v ∈ C1−ν,ρ(J,X), then
we get∣∣∣((Nu)(t)− (Nv)(t)) (tρ/ρ)1−ν

∣∣∣ ≤
| Ψ | Γ(ν + r)

Γ(ν)Γ(α + r)

m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1 | Ku(s)− Kv(s) | ds.

+
1

Γ(α)

(
tρ

ρ

)1−ν ∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1 | Ku(s)− Kv(s) | ds. (3.2)

, and by using assumption [H2], we can estimate

| Ku(s)− Kv(s) |≤
2K | u− v |

1−K∗
. (3.3)

By substituting (3.3) into inequalities (3.2) and using [H2] we get∣∣∣(Nu)(t)− (Nv)(t) (tρ/ρ)1−ν
∣∣∣ ≤ 2K

1−K∗
Φ1 ‖u− v‖C1−ν,ρ

.

then, ∣∣∣(Nu)(t)− (Nv)(t) (tρ/ρ)1−ν
∣∣∣ ≤ Λ ‖u− v‖C1−ν,ρ

.

It follows from assumption [H3], that the operator N is a contraction map. By well known Banach contraction principle, we
can deduce that N has a unique fixed point which is the solution of the problem (1.1).

4 Ulam’s Stability Results.

In this section, We will prove the Ulam stability result for the problem (1.1). Now, we will give
definitions of Ulam-Hyers stable (U.H.S.) for the implicit pantograph Hilfer-Katugampola-type
fractional differential equations (1.1).
For ε > 0 and ψ : J → [0,∞) is a continuous function, we consider the following inequality:

| ρDα,β
0+ Z(t)− f(t, Z(t), Z(λt), ρDα,β

0+ Z(λt)) |≤ ε. (4.1)

Definition 4.1. The problem (1.1) is said to be U.H.S. if there exists the real number Cu > 0
such that for all ε > 0 and for each solution Z ∈ Cν1−ν,ρ(J,X) of the inequality (4.1) there exists
the solution u ∈ Cν1−ν,ρ(J,X) of the problem (1.1) with

| Z(t)− u(t) |≤ Cuε, t ∈ J.

Remark 4.2. The function Z ∈ Cν1−ν,ρ(J,X) is a solution of the inequality (4.1), if and only if,
there exists the function g ∈ Cν1−ν,ρ(J,X)) such that

(a). | g(t) |≤ ε, t ∈ J .

(b). ρDα,β
0+ Z(t) = f(t, Z(t), Z(λt), ρDα,β

0+ Z(λt)) + g(t), t ∈ J .

Lemma 4.3. Let ρ > 0, 0 < α < 1, and 0 ≤ β ≤ 1. If the function Z ∈ Cν1−ν,ρ(J,X) is the
solution of the inequality (4.1), then Z is the solution of the following integral inequality∣∣∣∣∣Z(t)− ΞZ −

1
Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1KZ(s)ds

∣∣∣∣∣ ≤ ϒε

where

ΞZ =
ΨΓ(ν + r)

Γ(ν)Γ(α+ r)

(
tρ

ρ

)ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − sρ

ρ

)α+r−1

sρ−1KZ(s)ds

ϒ =
| Ψ | Γ(ν + r)

(
Tρ

ρ

)α+r+ν−1
mζ

Γ(ν)Γ(α+ r + 1)
+

1
Γ(α+ 1)

(
T ρ

ρ

)α
.
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Proof. In view of Remark (4.2), we have
ρDα,β

0+ Z(t) = f(t, Z(t), Z(λt), ρDα,β
0+ Z(λt)) + g(t),

= KZ(t) + g(t).

Then

Z(t) =
ΨΓ(ν + r)

Γ(ν)Γ(α + r)

(
tρ

ρ

)ν−1 m∑
i=1

ζi

(∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1KZ(s)ds +
∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1g(s)ds

)

+
1

Γ(α)

(∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1KZ(s)ds +
∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1g(s)ds

)
.

From this we get the following:∣∣∣∣∣Z(t)− ΞZ −
1

Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1KZ(s)ds

∣∣∣∣∣
=

∣∣∣∣∣ ΨΓ(ν + r)

Γ(ν)Γ(α + r)

(
tρ

ρ

)ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1g(s)ds +
1

Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1g(s)ds

∣∣∣∣∣
≤
| Ψ | Γ(ν + r)

Γ(ν)Γ(α + r)

(
tρ

ρ

)ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1 | g(s) | ds +
1

Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1 | g(s) | ds

≤
| Ψ | Γ(ν + r)

Γ(ν)Γ(α + r)

(
tρ

ρ

)ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1εds +
1

Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1εds

≤

 | Ψ | Γ(ν + r)
(
Tρ

ρ

)α+r+ν−1
mζ

Γ(ν)Γ(α + r + 1)
+

1
Γ(α + 1)

(
T ρ

ρ

)α ε

= ϒε

Lemma 4.4. ([23]) Assume that φ : [0, T ]→ [0,∞) is a real function and ψ(·) is a non-negative
locally integrable function on [0, T ]. Let there exists k > 0, θ > 0, and 0 < α < 1, such that

φ(t) ≤ ψ(t) + θ

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1φ(s)ds

Then, there exist a constant C = C(α) such that for t ∈ [0, T ], we have

φ(t) ≤ ψ(t) + Cθ

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1ψ(s)ds

Theorem 4.5. Assume that the hypotheses [H2], [H3] are satisfied. Then, the problem (1.1) is
U.H.S..

Proof. Let ε > 0 and let for any t ∈ J the function Z ∈ Cν1−ν,ρ(J,X) satisfies the inequality
(4.1). In the light of Theorem 3.2, u ∈ Cν1−ν,ρ(J,X) is the unique solution of the problem (1.1).
By using Lemma 2.9, we have

u(t) = Ξu +
1

Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1Ku(s)ds.

where

Ξu =
ΨΓ(ν + r)

Γ(ν)Γ(α+ r)

(
tρ

ρ

)ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − sρ

ρ

)α+r−1

sρ−1Ku(s)ds.

Now, if u(τi) = Z(τi) and ρJ 1−ν
0+ u(0) = ρJ 1−ν

0+ Z(0), then Ξu = ΞZ , and that

| Ξu − ΞZ | ≤
ΨΓ(ν + r)

Γ(ν)Γ(α + r)

(
tρ

ρ

)ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1 | Ku(s)KZ(s) | ds,

≤
ΨΓ(ν + r)

Γ(ν)Γ(α + r)

(
tρ

ρ

)ν−1 m∑
i=1

ζi

∫ τi

0

(
τρi − s

ρ

ρ

)α+r−1

sρ−1
(

2K
1−K∗

)
| u(s)− Z(s) | ds,

≤
ΨΓ(ν + r)

Γ(ν)Γ(α + r)

(
tρ

ρ

)ν−1 ( 2K
1−K∗

) m∑
i=1

ζi
ρJ α+r0+ | u(τi)− Z(τi) |= 0.
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Then we have,

u(t) = ΞZ +
1

Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1Ku(s)ds.

By applying Lemma 4.3 and integration of inequality (4.1) for any t ∈ J , we have

|Z(t)− u(t)| ≤

∣∣∣∣∣Z(t)− ΞZ −
1

Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1KZ(s)ds

∣∣∣∣∣
+

1
Γ(α)

∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1 | KZ(s)− Ku(s) | ds

and by using inequality (3.3), we can obtain that

| Z(t)− u(t) |≤ ϒε +
1

Γ(α)
(

2K
1−K∗

) ∫ t

0

(
tρ − sρ

ρ

)α−1

sρ−1 | Z(s)− u(s) | ds

Now, applying Lemma 4.4, we get

| Z(t)− u(t) |≤ ϒε

(
1 +

(
2K

(1−K∗)Γ(α + 1)

)(
T ρ

ρ

)α)
:= Cuε

Therefore, the problem (1.1) is U.H.S.

5 Applications.

In this section, we give an example to illustrate our main results.

Example 5.1. We consider the following implicit pantograph Hilfer-Katugampola-type frac-
tional differential equation

1/2D
2
3 ,

1
2

0+ u(t) =
1

35e2t+1
(

1+ | u(t) | + | u( 1
2 t) | + | 1/2D

2
3 ,

1
2

0+ u( 1
2 t) |

) t ∈ (0, 1],

(
1/2J

1
6

0+u
)
(0) = 31/2J

1
2

0+u(3/2) , ν = α+ β(1− α). (5.1)

Here, ρDα,β
1+ is the Hilfer-Katugampola fractional derivative, ρ = 1/2, α = 2/3, β = 1/2,

ν = 5/6, ζ1 = 3 and τ1 = 3/2. Let

f(t, u, v, ω) =
1

35e2t+1 (1+ | u | + | v | + | ω |)

Clearly, for u, v, ω, ū, v̄, ω̄ ∈ R+ and t ∈ (0, 1], the functions f is continuous and the hypotheses
[H2], [H3] are satisfied with K = K∗ = 1

35e . Therefore, by simple calculations, we get | Ψ |=
0.3935 and Λ ≈ 0.097813 < 1. Hence, from Theorem 3.2, it follows that the problem (5.1) has
a unique solution. Furthermore, it implies from Theorem 4.5, that the problem (5.1) is U.H.S.

6 Conclusion

The existence and uniqueness theorems of solutions to a class of implicit Hilfer-Katugampola-
type fractional pantograph differential equation with nonlocal katugampola fractional integral
conditions have been studied. For the mentioned theorems, the obtained results have been
derived by different methods of analysis like Schaefer’s fixed point theorem and Banach con-
traction principle. Also, some convenient results about (U.H.) stability have been established.
The acquired results have been justified by one pertinent example. In the future, the above re-
sults and analysis can be extended to stochastic fractional differential equation involving Hilfer-
Katugampola fractional derivative.

References
[1] K.M. Furati, M.D. Kassim and N. Tatar, Existence and uniqueness for a problem involving Hilfer factional

derivative, Comput. Math. Appl. 64(2012), 1616-1626.



Hilfer-Katugampula-Type Fractional Pantograph Equations 85

[2] J. Wang and Y. Zhang, Nonlocal initial value problems for differential equations with Hilfer fractional
derivative, Appl. Math. Comput. 266(2015), 850-859.

[3] R. Hilfer, Y. Luchko and Z. Tomovski, Operational method for the solution of fractional differential
equations with generalized Riemann-Liouville fractional derivatives, Fract. Calc. Appl. Anal. 12 (3)(2009)
299-318.

[4] S. Abbas, M. Benchohra, J. Lazreg and Y. Zhou, A survey on Hadamard and Hilfer fractional differential
equations: analysis and stability, Chaos Solitons Fractals, 102(2017), 47-71.

[5] H. Gu and J.J. Trujillo, Existence of mild solution for evolution equation with Hilfer fractional derivative,
Appl. Math. Comput., 257(2015), 344-354

[6] Z.Y. Gao and X.L. Yu, Existence results for BVP of a class of Hilfer fractional differential equations, J.
Appl. Math. Comput., 56(2018), 217-233.

[7] Mohammed S. Abdo, Kamal Shah, Satish K. Panchal and Hanan A. Wahash, Existence and Ulam stability
results of a coupled system for terminal value problems involving ψ-Hilfer fractional operator, Advances
in Difference Equations, 316(2020).

[8] Hamdy M. Ahmed, Mahmoud M. El-Borai, Hassan.M. El-Owaidy and Ahmed S. Ghanem, Impulsive
Hilfer fractional differential equations, Adv. Differ. Equ., (2018).

[9] U.N. Katugampola, New approach to a generalized fractional integral, Appl. Math. Comput., 218(2011)
860-865.

[10] U.N. Katugampola, A new approach to generalized fractional derivatives, Bull. Math. Anal. Appl.,
6(2014), 1-15.

[11] D.S. Oliveira and E. Capelas de Oliveira, Hilfer-Katugampola fractional derivatives, Comput. Appl.
Math., 37(2018), 3672-3690.

[12] S. Harikrishnan, K. Kanagarajan and E.M. Elsayed, Existence of solutions of nonlocal initial value prob-
lems for differential equations with Hilfer-Katugampola fractional derivative, Rev. R. Acad. Cienc. Exac-
tas Fís. Nat., Ser. A Mat., 113(2019).

[13] Haide Gou and Yongxiang Li., Study on Hilfer-Katugampola fractional implicit differential equations
with nonlocal conditions, Bull. Sci. math., 167(2021).

[14] J.R. Ockendon and A.B. Tayler, The dynamics of a current collection system for an electric locomotive.
Proc. R. Soc. London. Math. Phys. Sci. 322(1971), 447-468.

[15] K. Balachandran, S. Kiruthika and J. Trujillo, Existence of solutions of nonlinear fractional pantograph
equations, Acta Math. Sci. 33(2013), 712-720.

[16] Choukri Derbazi, Zidane Baitiche, Mohammed S. Abdo and Thabet Abdeljawad, Qualitative analysis of
fractional relaxation equation and coupled system with-Caputo fractional derivative in Banach spaces,
AIMS Mathematics, 6(3), (2020),2486-2509.

[17] D. Vivek, K. Kanagarajan and S. Sivasundaram, Theory and analysis of nonlinear neutral pantograph
equations via Hilfer fractional derivative, Nonlinear Stud. 24(2017), 699-712.

[18] A. Anguraj, A. Vinodkumar and K. Malar, Existence and stability results for random impulsive fractional
pantograph equations, Filomat 30(2016), 3839-3854.

[19] K. Shah, D. Vivek and K. Kanagarajan, Dynamics and Stability of -fractional Pantograph Equations with
Boundary Conditions, Boletim da Sociedade Paranaense de Matemática 22(2018), 1-13.

[20] E.M. Elsayed, S. Harikrishnan and K. Kanagarajan, Analysis of nonlinear neutral pantograph differential
equations with Hilfer fractional derivative, MathLAB 1(2018), 231-240.

[21] L. Byszewski and V. Lakshmikantham., Theorem about the existence and uniqueness of a solution of a
nonlocal abstract Cauchy problem in a Banach space, Appl. Anal., 40(1991), 11-19.

[22] A. Granas and J. Dugundji, Fixed Point Theory, Springer, New York, NY., (2003)
[23] S.Harikrishnan, Rabha W. Ibrahim and K. Kanagarajan, Fractional Ulam-stability of fractional impulsive

differential equation involving Hilfer-Katugampola fractional differential operator, Universal Journal of
Mathematics and Applications, 1(2)(2018), 106-112.

[24] Hanan A. Wahash, Satish K. Panchal and Mohammed S. Abdo , Existence and stability of a nonlinear
fractional differential equation involving a ψ Caputo operator, Advances in the Theory of Nonlinear
Analysis and its Applications, 4 (2020) No.4, 266-278.

Author information
A.M. Sayed Ahmed, Department of mathematics and computer Science, Faculty of Sciences, Alexandria
university, Alexandria., Egypt.
E-mail: ahmed.sibrahim@alexu.edu.eg

Received: March 12, 2021

Accepted: August 30, 2021


	1  Introduction.
	2 Preliminary.
	3 Existence and Uniqueness.
	4 Ulam's Stability Results.
	5 Applications.
	6 Conclusion

