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Abstract Let G = (V, E) be a simple connected graph with vertex set V and edge set E.
The vertex induced 2-edge coloring number 1/ ,,(G) is the maximum number of colors used
in coloring the edges of a graph G such that for each vertex v € V, at most two edges in the
induced subgraph (N [v]), generated by the closed neighborhood N [v], receive different colors.
The vertex incident 2-edge coloring number ¢/, ,(G) of graph G is the maximum number of
colors required to color the edges of G such that at most two edges incident to a vertex v in G
receive different colors. In this paper, the vertex induced 2-edge coloring number and vertex
incident 2-edge coloring number of some graph products such as Cartesian product and strong
product are discussed. The ¢/ ,(G) and ¢!, ,(G) number in the rooted product of a general
connected graphs with some graph classes are also discussed in this paper.

1 Introduction

Graph coloring problems usually aim at minimizing the number of colors. But there is another
fast-growing area of the literature where the number of colors used in a graph coloring problem
can be maximized under certain conditions as seen in the articles such as the 3-consecutive ver-
tex coloring number [9], 3-consecutive edge coloring number [2], 3-successive c-edge coloring
number[1] and worm coloring [3]. This article focuses on two types of edge coloring problems
where the number of colors used is maximized under certain conditions.

Let G = (V,E) be a simple connected graph with V(G) and E(G) as its vertex set and
edge set respectively. For each vertex v € V(G), the closed neighborhood of v is given as
Nlv] = {v} U{u:wv € E(G)} and (N[v]) represents the induced subgraph generated by N{[v].
A vertex induced 2-edge coloring of a graph G is an edge coloring of a graph G such that for
each vertex v € V(G), at most two edges in (N[v]) are differently colored. The vertex induced
2-edge coloring number, denoted as ¢/ ., (G), is the maximum number of colors required to color
the edges of a given graph. Similarly, the edges incident at a vertex v € V(&) or in other words
a star at vertex v is a subgraph of graph G containing all edges incident at vertex v. Thus vertex
incident 2-edge coloring of a graph G is a coloring of the edges of G such that at most two dif-
ferent colors are used to color the edges incident to a vertex v in G. The vertex incident 2-edge
coloring number, denoted as ¢/, ,(G) gives the maximum number of colors required to color

vin2
the edges of a given graph. This concept is the same as the edge coloring condition discussed in

[8].

The above-mentioned parameters are likely to be anticipated in warfare where the number of
soldiers has to be deployed. Consider G = (V, E) to be a network of lanes in an affected area
where the security personnel has to be deputed. |V (G)| gives the total number of junctions in
the area whereas |E(G)| gives the total number of lanes. Assume that for some reasons at most
two guards are allowed to secure the houses or civilians on the lanes at the subgraph induced
by each junction v € V. Under such conditions, one may be interested to know the maximum

number of security personnel that can be deputed in the network G. This is ¢/ ,,(G). Similarly,
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the maximum number of guards required to secure the civilians in at most two lanes at each
junction is ¢/, - (G) [8].

We use the following definitions and notations for the further development of this article. For
more definitions of graph theory, we refer book [6].

 The Cartesian product of graphs G} and G5, denoted as G10G>, is the graph with vertex set
V(G10G,) = V(Gy) x V(G,) and two vertices u = (uy,us) and v = (vy,v,) are adjacent
in G10G; if u; = vy and uy adjacent to v, in G, or w; adjacent to v; in G| and up; = v; (see

[7D.

« The strong product of graphs G| = (Vi, E}) and G, = (V4, E»), denoted as G| X G5, is the
graph with vertex set V; x V5 in which vertices (u;,u;) and (v, v;) are adjacent whenever
u; = up and vivy, € En, or vy = vy and ujuy € Ey, or ujuy € Ey and viv, € E; (see [5]).

» Graph G () H is called the rooted product of G by H if G is a labelled graph on n vertices
and H is a sequence of n rooted graphs, say Hi, H,, ..., Hy, such that the graph G (O H is
obtained by identifying the root vertex of H; with the i* vertex of G foralli € {1,2,...,n}
(see [4]).

/ ’

wvinZ(G)' The equalil‘y holds

Theorem 1.1 ([8]). Let G be a connected graph, then 1)
for triangle free graphs.

(@) <

vi2

’

Theorem 1.2 ([8]). For a graph G = (p,q) withq > 2,2 < ¢;i2(G), Ypina(G) < q.

Remark 1.3. For a triangle-free graph G, 1, ,(G) = .. ,(G). Therefore, in most of the theo-
rems, we find the vertex induced 2-edge coloring number unless otherwise mentioned.

In this paper, we study the vertex induced 2-edge coloring number and vertex incident 2-edge
coloring number of some graph products such as Cartesian product, strong product, and rooted
product.

2 Results on Cartesian and Strong Graph Products

In this section, we determine the exact values of ¢, ., and ¢, ; , of some Cartesian products such
as P,0P, P,0F,, C,0C,, P,0K, ,. Also we find the exact values of 1/’;;1‘2 and 1/);“712 of the
Hypercube, the strong product P,, X P,,,, m,n > 3 and P, X P;.

Theorem 2.1. If G is the Cartesian product of P,0P;, then

n+2, 2<n<3

/ !/
me(G) - wvznZ(G) - {TL + 3, n>3
Proof. Let G = P,,0P;. Since the Cartesian product P, 0P, is obtained by taking two copies of
P, therefore we denote the vertex set corresponding to the first copy of P, in G by {vq, va, ..., v, }
and the vertex set of the second copy by {v},v3,..., v, } and {v;vs1} U {vjvl, } U {v;v;} where
1 <14 < n—1,be the edge set of the graph G.
Case-1: Assume that n = 2. In this case G = P,0OP; is a cycle graph on 4 vertices and hence
Uyin(G) =4 =2+2.
Case-2: Assume that n = 3, that is, G = P;0P,. Consider the edges incident at the vertices
vy U vj. It can be noted that these five edges can be given a maximum of three colors. If we use
four colors to color the edges incident at v> U v5, then we get a contradiction to the definition of
vertex induced 2-edge coloring. Now color the remaining edges vv| and v3v5 with two different
colors. Thus ¢/ ,(G) =3 +2=5.
Case-3: Let G = P, 0P, where n > 3. We define the ay— sets as the set of non-adjacent vertices
in the vertex set V(G).
Sub-case 3.1: Assume that » is odd. In this case, we consider {v;,v},..., v/, ,,v,} as the ap—
set. The edges of the subgraph (N[v;] U N[v}]) can be colored by four different colors. It is
to be noted that, at most one new color can be given to the edges of the subgraph obtained by
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the addition of the new vertex v3 from the ap—set, where | N(v5) N N(v3) |# ¢. Continuing
in this manner one can see that the edges of subgraph (N[v;] U N[v5] U N[v3]U...UN[v/,_,])
cab be assigned with n + 1 distinct colors such that the edge v,,_jv],_, is given the same color
as that of edge v,,_,v/,_, while the edge v/, _,v/, is colored by (n + 1) color. The remaining
two uncolored edges can be assigned with two new colors. Noted that the above coloring pattern
gives the maximum vertex induced 2-edge coloring number of G. Hence the vertex induced
2-edge coloring number of G is n + 3.
Sub-case 3.2: Assume that n is even. In this case, we consider {v, v}, ..., v,_1,0v,} as the
ap— set. Then one can use at most four colors to color the edges in subgraph (N[vi] U N[v}]).
Continuing in this manner, one requires n + 1 colors to color the edges in subgraph (N[v;] U
NS].. .UN[v,—1]) such that the edge v,,_ v/, _, is given the same color as that of edge v,,_»v/, ,
whereas the edge v,,_1v,, is assigned with (n + 1)** color. The remaining two uncolored edges
are given two new colors. Thus the maximum vertex induced 2-edge coloring number of G is
n+ 3.

Therefore, from above two sub-cases we can conclude that ¢ ,(G) =n+1+2 =n+3 for
n > 3. O

Next, we consider the more general case. That is, we study the vertex induced 2-edge coloring
number of the rectangular grid graph (G,,,, = P, 0F,). The graph G,, ,, is also known as the
grid graph is a graph of order mn and size (2mn —m —n). We use the following lemma to prove
the next proposition.

Lemma 2.2. Consider the graph G,, = Pp,0P, as the rectangular grid graph such that
m,n > 4 and m < n. Let Gy, be the graph obtained by removing (2n + 2m — 4) outer

edges from the graph G, ,, and removing the isolated vertices after the removal of the outer
edges. Then

2n+ (m—4) 2] -3, when n is even
w;zZ(G;kn,n) = wginZ(Grn,n) =42n + (m - 4) L%J + m%ll, when m & n are odd
2n+ (m—4) 2]+ 259, miseven & nis odd

Proof. Consider the graph G, ,, = P,,0F, such that m,n > 4 and m < n. Let G}, ,, be a graph

m,n
obtained from graph G,,, ,, after removing (2n + 2m — 4) edges from its boundary.

1 1 1 1
V3 V3 Vn-2  Vp_q
2 2 2 2
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3 3 3 3
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Figure 1. Vertex labeling of Graph G

Thus G, ,, is a graph of order (mn — 4) and size 2mn —3m —3n + 4). Let V(Gpn) =

{v],v],...,v},}, where 1 < j < m, be the vertex set of graph Gy, ,. Then VH(Grn) =
V(Gmn) \ {v], vy, v]", v} is the vertex set of graph G}, ., refer figure 1.

To maximize the number of colors we initiate the coloring procedure by giving distinct colors
to the pendant edges of the graph G7,, ,,. Case-1 explains the reason for assigning 2m + 2n — 11

distinct colors to the 2m + 2n — 8 pendant edges of the graph G~

m,n*
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Case 1: Assume the case when m = 4 and n > 4. In order to maximize the number of colors
in the given coloring procedure, the pendant edges of the graph G ,, can be given 2n distinct
colors, say {c1,¢a, ..., ¢, }, refer figure 2. The remaining uncolored edges of the graph G, are
incident at the vertex v§ with degree 4, where 2 < j <n—1land2 <i<m—1.

Consider the edges incident to the vertex v3. Since there are exactly two uncolored edges
v3v3 and v3v3 incident at v3, so these edges can be given either the color ¢; or the color cy,.
Here it can be noticed that, by coloring the edge v2v2 with one of the above two mentioned
colors, the vertex induced 2-edge colorlng conditions fails at the vertex v3. So the edge vjv3 is
given same color as that of edge v3v5. Similarly, at the vertex v3 | the vertex induced 2—edge
colorlng condltlon falls if the edge vn_lv;ﬂ’k1 is colored by ¢y, ¢,—2, ¢,—1 OF ¢, Hence the
edges v2_ v2 and v3 | v* | are given c,_, and ¢, colors respectively. Therefore, the maximum

number of colors needed to color the pendant edges of the graph G ,, can be given 2n — 3 colors.

[} [} q [}
C1 C2 Cn-3 | Cn-2
Cn—1
Can-1 _
Cn
Con-2 | C2n-3 Cniz |cppn
[} [} o [}

Figure 2. Coloring of Pendant edges of Graph G,

Assume that the pendant edges of the graph G ,, are assigned 2n — 3 colors. Again, consider the

edges incident at the vertices v3 U v3. Since there are exactly two edges that are incident at the
vertex v% receives two different colors thus, the other four uncolored edges which are incident
at vertices v3 U v% has to be either colored by ¢;,—3 or ¢;. Let the remaining edges incident
at the vertices v3 U v3 be colored by cy,—3. It can be seen that by the addition of any number
of adjacent vertices of degree 4 to the vertices v3 U v3 there is no further increase in the vertex
induced 2-edge coloring number of the graph G ,,. Therefore, ¥, (G5, ) = 2n — 3.
In the cases discussed below we consider n,m > 5 and m < n. 7

Case-2: Assume when n is even and m is either odd or even. As discussed in Case-1, the
pendant edges of graph the G, ,, can be given 2(m — 4) 4+ 2(n — 2) + 1 colors such that the

edges v2_ v2, 0" o™ | and vm 'yi"~1 receives the same color as that of edges v! v?

n—1°
v llvm I and vy 11)5" respectively. Let C = {c1,¢,. .., am+an—11} be the set of colors re-

quired to color the pendant edges of the graph G7, ,,. Consider the subgraph H with the ver-

— 2,2 2 3 m—1 , m—1 m—1 , m—2 3
tex set V(H) = {v3,05, ..., U _1,Up sy Up Um0y 037, >} and the edge

set E(H) = {vizvinrl’U?]zflvitll’ ”Z‘H_IU?}J] ) U%U%H URUjs Uy o Uy VL 2“17: 1 ,v3v3}, where
2<i<n—-2;2<ji<m—-2;3<k<n-2;3<[<m-2,ofthegraph G, . It can be verified
that these colorless edges of the subgraph H have to be either colored by ¢y or Com+an—11. For
if one of the edge of the subgraph H, say edge v%v%, receives a different color Cln ¢ C, then the
vertex induced 2-edge condition fails at the vertex v3 as the edges incident at vertex v3 receives

three different colors. Let H* be the caterpillar subgraphs of the graph G, ,, with V(H*) =
{vk vk, ... 0% .} as the vertex set and E(H") = {v§vl, of ~Tok oo okl o0k ok

m,n

vF ok ok Tl R uk 1 as the edge set such that 3 < k < m — 2. Consider the un-
colored edges of the caterpillar subgraph H>. The uncolored edges of the subgraph H?> can be
given an 4J new colors such that each alternative horizontal edges are assigned with a new edge
color while the other edges of H?> are assigned with either color ¢; or ¢y, 42n—11. Similarly,
the uncolored edges of each caterpillar subgraph H* of the graph G Where3 <k <m —2
can be assigned with | 25*| distinct colors. Thus, (m — 4) x | 2% | new colors are required
to color all the uncolored edges of the subgraph G, ,—> of the graph G, ;. Therefore,

1i2(Grn) =2(n=2) +2(m —4)+ |22 | (m—4)+ 1 =2n+ (m—4) | 5] - 3.
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Case-3: Assume when m and n are odd. As discussed in Case-1 and Case-2, the pendant edges
and the colorless edges of the subgraph H of the graph G, ,, can be colored with 2m + 2n — 11

colors. Let Gy = v _,u* ,...v™? be the path subgraph and H kfor3 <k <m-—2be

the caterpillar subgraphs of the graph G:, .- Let V(G)) = {vn 2y Up gy 2} be the ver-
tex set and E(G) = {vi_zvi_z,vﬁ_zv;’;_z, U™ be the edge set of the subgraph
G1. Refer Case-2 for the vertex set and the edges set of the caterpillar subgraphs H* where

m—>5

3 < k < m — 2. The edges of the subgraph G| can be given ™3> distinct colors in such a way
that each alternative vertical edges are assigned with a new edge color while the other edges are
colored with either ¢; or ¢,,,42,—11.- Since n is odd so the uncolored edges of the caterpillar
subgraph H? can be given L"T*SJ more new colors such that each alternative horizontal edges
are assigned with a new edge color while the other edges of H? are assigned with either color
€1 OF Copmi2n—11. Similarly, the uncolored edges of each subgraph H*, where 3 < k < m — 2,
can be assigned with | 25> | new colors. Therefore, (m — 4) x |%2| + ™ new colors are
required to color the uncolored edges of the subgraph G, .2 of the graph G, . Hence

vi2(Grn) =20 =2) +2(m —4) + 22| (m —4) + 22 + 1 =2+ (m — 4) [ 5] + 25
Case-4: Assume when n is odd and m is even. The pendant edges and the colorless edges of the
subgraph H of the graph G, ,, can be given 2m +2n — 11 distinct colors, refer Case-1 and Case-
2. As discussed in Case-3, the edges of each caterpillar subgraph H*, where 3 < k < m — 2, are
assigned with L”_ J new colors whereas the edges of the path subgraph G of the graph G7, ,,

can be given Z5-* different colors. Hence ¢, (G5, ) = 2(n —2) +2(m — 4) + | 22| (m —

4)+mT_4+1—2n—|—(m 4) 2| + =510 O
Theorem 2.3. Let G, ,, be the Cartesian product P,,,0 P, such that m,n > 3 and m < n. Then
6, whenm =n =23
2n4+ (m—4) | 2| +3, when n is even
lb;iz(Gm,n) = wq/;inz(Gm.,n) = ( ) LELJ m+1
2n+ (m—4) 3] + =, whenm & n are odd
2n+ (m—4) | 2]+ 22, miseven & nis odd

Proof. Let Gy, ,, = P,,0F, where m,n > 3. Without the loss of generality we assume that
m < n. Let V(G pn) = {v{,vg, ...,vl, }, where 1 < j < m, be the vertex set of graph G, ,
(refer figure 3). In order to color all the edges which are incident to vertex with degree four we
require 2(n — 2) + (m — 4) x | %] 4 1 colors as proved in lemma 2.2. It is to be noted that this
gives the maximum number of colors required to color the (2mn — 3m — 3n + 4) edges of the
graph G, .. The coloring of the remaining edges are discussed in the cases mentioned below.

1 1 1
1 & U3 Vs Vn-2 Un—1 1
Vi Un
2 2 2 2
v2 V2 V3 Vi Vn2 | Vi1 2
[ SR G-I WA . S v
3 3 3 3
3 V2 U3 Uy Un—2 Vn—1 3
3 Al v3
E m—2 E m-— Z m-—2 m—2
vz (Vy T V3 T iU v’ Vn 1 {m-2
............... o
m-—1 m—1 m—1 m—1 m—1
pm-1 ) V3 Vg Vn-2 {Vn-1 ! ,m-1
(Cal W L SR T e AN 7
m m m m m
pm V2 V3 Vs Vn—2 Vn-1 {
1 n

Figure 3. Vertex labeling of graph G, ,,

Case-1: Assume when n = m = 3. In this case there is exactly one vertex with degree four and
the edges incident to this vertex can be colored by at most 2 colors. The remaining eight edges
which lie on the outer edge of the grid graph G5 3 can be given a maximum of 4 more colors.
Thus, ¢1112(G373) =244=6.
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Case-2: Assume when n is even and m is either odd or even. As proved in lemma 2.2,
ni2(Grn) = 20+ (m — 4) {%J — 3. In order to assign maximum color to the outer edges

of the graph G, ., the edges v2_ v, v™ "o~ 1 and v]"~'v5" " are colored by 2211
Consider the path subgraphs P; := vzvllvlzvf PP, Pyi=ol wlo2ed L oomem Py =
vivd ool ol and Py oi= oot o™ o™ of the graph Gy, . The edges incident to the

vertex with degree 2 in the path subgraph Py can be given 4 distinct colors, say {ki, k2, k3, k4}.
Whereas the other uncolored outer edges of the path subgraph P; can be given color ¢, 12,11,
refer lemma 2.2. Suppose one of the edge, say edge viv3, in the subgraph P is colored with
color ks. Then vertex induced 2-edge coloring condition fails at vertices v{ and vj as three
edges incident at them receives three different colors. Hence at most 4 new colors can be used
to color the outer edges in the subgraph P;. By assigning color k; and color k4 respectively to
all the colorless edges of the subgraph P; and subgraph Py, the edges of subgraph P, can be
assigned with at most two new different colors. Therefore in this case the outer edges of graph
Gm,n can be given at most 6 new colors. Thus, ¥ (Gpn) =2n+ (m —4) x [2| =346 =
2n+(m—4) %] +3.

Case-3: Assume when both m and n are odd. As discussed in Case-3 of lemma 2.2, vertex
induced 2-edge coloring number of graph G, ,, in this case is 2n+(m—4) | % |+ m=1l The outer

2
edges of Gy, , can be assigned with at most 6 new colors, refer Case-2. Therefore, ¢, ,,(G) =

2n+ (m—4) x L5J+<mTH+6:2n—|—(m 4)L7J+w.

Case-4: Assume when m is even and n is odd. As discussed in Case-4 of lemma 2.2, vertex
induced 2-edge coloring number of graph G%, . in this case is 2n + (m — 4) [ J + 75 10 . Thus
outer edges of G, ,, can be assigned with at most 6 new colors, refer Case-2. Hence wmz( ) =
2+ (m—4) x | 2] + 2510 46 =20+ (m—4) | 2] + 252, o

Next, we prove the result for the Torus grid graph 7, , which is also the supergraph of the
rectangular grid graph G, .

Theorem 2.4. The torus grid graph T,, ,, = C,,0C,, is obtained by the Cartesian product of the
cycle graphs, where m,n > 3 and m < n. Then ¢, (T, n) = ). (T n) = m+n.

vin2

Proof. Let Ty, ,, = C,,0C), be the torus grid graph such that m,n > 3 and m < n. The torus
grid graph T;,, ,, is a 4— regular graph of order mn and size 2mn. Consider the graph T}, ,, that
consists of m—copies of cycle C,, as well as n— copies of cycle C,,, which can be assigned with
m and n distinct colors respectively. Thus the minimum number of colors required to color the
edges of the torus grid graph T,, ,, is m + n, i.e.,

Vyir(Tran) = m + 1 @.1)

vi2

Let V(T,n) = {vi, v}, ..., 0%} be the vertex set of graph T, ,,, where 1 < i < m. Consider
the subgraphs Hj,, where 1 < k < m, with the vertex set V (Hj) = {of,v%,..., vk} and the edge
set E(Hy) = {vF ZH,vaf“ ook} for 1 < i <n—1;1 < j < n of the graph T}, ,,. Since
there are four edges incident at each vertex of subgraph H; which can be assigned with at most
two different colors. So the edges of the subgraph H; can be given at most n + 1 distinct colors
(where the edges vjl- v]2-, 1 < j < n are assigned with n distinct colors and the other uncolored
edges of subgraph H, are assigned with (n+ 1) color). Now consider the edges of the subgraph
H, U H,. These edges can be given at most one more color. Suppose one of the edge, say edge
v%v%, is given (n+3)!" color then the vertex induced 2-edge coloring condition fails at the vertex
v3. Thus at most n + 2 colors can be assigned to the edges of the subgraph H, U H;. Continuing

in this manner, we can see that the edges of the graph 7}, ,, = U H), can be colored with at
k=1
most n + m colors, that is,

Vris(Tnn) <m+n (2.2)

vi2

Thus from equation (2.1) and (2.2) the result follows. This implies, ¢/ ., (T},.n) = m+n. O
Corollary 2.5. Let G be the Cartesian product of the following graphs:
(i) C,, O P, where m > 3andn > 2
(ii) K,, O P, where m,n > 2
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(l”) an O Kn where m,n Z 3
(ZV) K, Od On where m,n > 3
then me( ) = 1/12;”12 (G) =m-+n.

Theorem 2.6. If G is the Cartesian product of the path P, with the star graph K ,, then
'o(G) =9 (G)=m+n+ 1.

vi2 vin2

Proof. Let graph G = P,,,0K ,, where m,n > 2 and n > m. The graph G contains m—copies
of the star graph K ,, such that each vertex in the first copy of the star graph has an edge joining
the corresponding vertex in the second copy and so on. Since there are n 4 1 edges joining any
two consecutive copies of the star graph K ,, and these distinct edges can be given n + 1 distinct
colors. Since the vertex induced 2-edge coloring number of the star graph K ,, is 2 (see [8]) thus
the all remaining uncolored edges in each copy of the star graph can be given at most one new
color. As there are m—copies of the star graph so m more distinct colors are required to color
the uncolored edges of the graph G. Thus ¢ ,(G) = m +n + 1. O

Theorem 2.7. For a hypercube Q,,, 1,5(Qn) = 9., ,(Qn) =271 + 2.

Proof. The graph Q,, = Q,_10K;. Since the number of edges joining two copies of graph
Qn_1 is equal to the order of Q,,_;. So these 2"~! edges can be assigned with 2"~! distinct
colors. The remaining uncolored edges in the two copies of graph (),,—; can be colored using at
most 2 colors. Thus the maximum vertex induced 2-edge coloring number is obtained by adding
two more colors to the previous color set. This implies, ¥/ ,(Q,,) = 2"~! + 2. o

Theorem 2.8. Let G be the strong products P, X P, with m,n > 2 and m < n. Then
(l) me( ) = |_mJ|_ J +1

n+m71+wTJ(n72)+["T*2J, when m is odd

(”) ’l/)'uznZ( ) {n—i—m—l—l—L

2|(n—2), when m is even

Proof. Let G = P, X P, such that m,n > 3 and m < n. Let {v{, vg, ..., vl } be the vertex set
of graph G, where 1 < j < m.

(i) Let G} = (v} Uv}) be the induced subgraph generated by v} and vi. In any vertex induced
2-edge coloring, the maximum number of colors required to color the edges of the subgraph G|
e
is 3. Consider the induced subgraph G! = < U v}> generated by vertices v}, v],... and
=1
v! . In order to assign vertex induced 2-edge coloring to the edges of the subgraph G, at most
| 2] 4 1 colors are required. Similarly, each time [ % | + 1 colors are required to color the edges

of the induced subgraph G = < U v{>, where 1 < j < m. Thus [ 2| x | 2] + 1 colors are
=1

required to assign vertex induced 2-edge coloring to the edges of graph G = |J G7. Therefore,
j=1
wi2(G) = L%J L%J + L

(ii) The number of outer edges of the graph G = P,, K P, is equal to 2(m — 1) +2(n — 1),
which always a positive even integer. So these edges are alternatively colored in such a way that
the first edge is colored by the color ¢; and the second outer edge of the graph G is given the
color ¢, and the third edge is colored by the color ¢; and so on. Thus the maximum number of
colors required to color the outer edges of the graph G is (n + m — 1). The edges incident to
the vertices with degree three and degree five can be assigned with the color ¢ else the vertex
incident 2-edge coloring condition fails. The vertex incident 2-edge coloring of the remaining
edges of graph G is discussed in the cases mentioned below.

Case-1: Assume that m is an odd integer. Then clearly m — 1 is an even integer. Let H, =
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n—1 n—I1 n—I1
< U UZ-2>, Hy = < U v;‘> ooy Hyp 1 = < U v§”1> be the induced subgraphs of the graph
i=1

i=1 i=1
G. Tt can be noted that (n — 2) new colors are required to color the uncolored edges of the sub-
graph H,. Similarly, at each time (n — 2) new colors are required to color the uncolored edges of
the subgraph H;, where 2 < j < n—1. Thus the edges of subgraph H, UH,U...UH,,_3 requires
at most | -2 2J x (n—2) colors. Since m is an odd integer thus the edges of subgraph H,,,_; can

be assigned with {” 2J distinct colors in such a way that each alternate horizontal edge of the
m—2 n—2

subgraph H,,_; gets a new color. Therefore, in this case | =] (n — 2) + | %52 | more colors

are required to get the maximum vertex incident 2-edge coloring number of the edges incident
to the vertex with degree eight. Hence ¢/, ,(G) =n+m — 1+ |52 ](n —2) + | %52].

2

n—1 n—1
Case-2: Assume that m is an even integer. Let H, = < U v22> H, = < U v‘-‘> ,

i=1 i=1

n—I1

W Hpn = < U v§”2> be the induced subgraphs of the graph G. As mentioned in case-1,
i=1

each time (n—2) new colors are required to color the edges of subgraph H; where 2 < j < n—2.

Thus in this case, LWT_ZJ X (n — 2) colors are used to assign the vertex incident 2-edge color-

ing to the edges which are incident to the vertex with degree eight. Therefore ¢/, ,(G) =

n+m—1+|22|(n-2). o

Corollary 2.9. Let G be the strong product of P, X K, where n > 2. Then

(l) me( ) L%J +1
(”) wng( ) =n+L

3 Results on Rooted Product of Some Graphs

In this section, we find the vertex induced 2-edge coloring number and vertex incident 2-edge
coloring number of the rooted product of some graphs.

Theorem 3.1. Let G,, be a simple connected graph of order n > 2. Then for the rooted prod-
uct graph G,, © C,,, where any vertex of the cycle graph C., is a root, ! (G, O Cy,) =
fin2(Gn O Cr) =mn—n+1foralln > 2 and m > 4.

Proof. The vertex induced 2-edge coloring number of the cycle C,, is m (see [8]). Since the i*"
copy of the subgraph C,, of the graph G,, () C,, is identified as the i'" vertex of the subgraph
G, thus all the edges of the subgraph C,,, can be given (m — 1)n distinct colors. The remaining
uncolored edges of the graph G,, () C,, can be assigned with at most one more color. Suppose,
if we start by giving vertex induced 2-edge coloring to the edges of the subgraph G,, of the graph
Gr, O Oy, then there exists at least one vertex v € V(G,,) such that the two colorless edges of
the cycle subgraph C,, incident to the vertex v € V(G,,) receives one of the color given to the
edges of the subgraph G,, incident to vertex v. So the vertex induced 2-edge coloring number
obtained in this manner will be always less than or equal to the above-mentioned coloring pattern
since, |E(G,)| < n|E(C,)| = nm. Hence the only way to obtain the maximum vertex induced
2-edge coloring number for the graph G,, () C,,, is by giving distinct colors to the edges of the
cycle subgraph C,, except the edges incident to each vertex rooted at (G,, and then by assigning
one new color to all the remaining edges of the graph G,, © C,,,. Therefore, ¢/ ,(G, O Cp,) =
(m—=1)n+1=mn—n+1. o

Corollary 3.2. Let G,, be a simple connected graph of order n and C5 be the cycle graph of
order 3. If G is the rooted product of the graph G,, with C, where any vertex of the graph Cj5 is
a root, then ) ,(G) =n+ land ., ,(G) =2n+ 1.

vin2

Theorem 3.3. Let G, be a simple connected graph of order n > 2 and let P, be the path of order
m > 2 with vertices denoted by vy, vy, ...,vy,. For the rooted product graph G = G, (O Py,
where any vertex of the Path P,, is a root,

(m —1)n+1, when the pendant vertex of P,, is a root
(m—=2)n+1, otherwise.
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Proof. Let G = G,, O P,, where n,m > 2. Path P,, is a graph on m vertices. The vertex
induced 2-edge coloring number of Path graph P, is m — 1 (see [8]). As mentioned in propo-
sition 3.1 as |E(G,)| < n|E(Py)|, we start the coloring procedure of the graph G by giving
vertex induced 2-edge coloring numbers to the edges of the path subgraph P,,. Thus the number
of colors required to color the edges of graph G are discussed in the cases mentioned below.

Case-1: Assume that the pendant vertex of P, is a root ie. either v; or v,,. Since there are
n copies of P,, thus the edges in these n copies of the path subgraph P, of the graph G can
be assigned (m — 1)n distinct colors. The remaining colorless edges of the graph G can be
given at most one new color else the vertex induced 2-edge coloring condition fails. Therefore,

vi2(G) =n(m—1) + 1.

Case-2: Assume when the vertex with degree 2 of P, is a root. Thus, in this case the edges in
the n copies of the subgraph P, of the graph G can be given (m —2)n distinct colors. Suppose if
assign (m — 1)n distinct colors to all the edges of the path subgraph P, then the vertex induced
2-edge coloring condition fails if we assign any color to the subgraph G,, in G. Thus to maxi-
mize the number of colors we need to assign (m — 2)n colors to the edges of the path subgraph
P,,, and the remaining uncolored edges of graph G can be assigned with most one different color.
Therefore, the vertex induced 2-edge coloring number of the graph G is (m —2)n + 1. O

Next, we consider the rooted product of the Ladder graph with the star graph and determine
its vertex induced 2-edge coloring number and vertex incident 2-coloring number. We consider
the vertex with a maximum degree in the star graph as the apex vertex.

Theorem 3.4. Let graph G be the rooted product of the graph (P,0P,) (O K|, where n,m >
2. Then
Voin(G) =

vin2

W (@) = 4n + 1, when pendant vertex of K1 ,, is a root
2n+ 1, when apex vertex of K , is a root

Proof. The Cartesian product of L,, = P,0P, is also known as the ladder graph. Let G =
L, (O K, ,, where n, m > 2. The vertex induced 2-edge coloring number of the star graph K ,,
is 2 (see [8]). Since |E(L,,)| < n|E(K] )| so we begin the coloring procedure by assigning the
colors to the edges of the subgraph K ,,, of graph G (refer proposition 3.1).

Case-1: Assume the case when any one of the pendant vertex of the subgraph K ,, is a root in
G. Since there are 2n copies of the star graph so the edges of the 2n-copies of the star graph
K, can be assigned with 2 x 2n = 4n colors. The remaining uncolored edges of the graph
P, 0P, can be given at most one new color. Thus ¢/ ,(G) = 4n + 1.

Case-2: Assume when the apex vertex of K ,, is a root. In this case, 2n-copies of the star graph
can be given 2n distinct colors and all the remaining uncolored edges of the graph G are given a
new color. Thus the maximum vertex induced 2-edge coloring number of G is 2n + 1. O

Theorem 3.5. Let G,, be a simple connected graph of order n > 2 and K, be the complete
graph on m > 4 vertices. If G = G,, () K,,, where any vertex of the subgraph K,, is a root,
then

(|Z2] +1)n+1, whenmisodd
| Z|n+1, when m is even

Proof. Let G = G,, ®© K,,, where any vertex of the subgraph K, is a root and n > 2;m > 4.
The vertex incident 2-edge coloring number of the complete graph K, is L%J + 1 (see [8]).
We start the coloring procedure by assigning colors to the edges of the subgraph K, (refer
proposition 3.1). The number of colors required to color the edges of the graph G is discussed
in the two cases mentioned below.

Case-1: Assume the case when m is odd. Since there are n copies of the complete subgraph
K, so these edges of K,, can be assigned with (| 5| 4 1) n distinct colors. The remaining
uncolored edges of the graph G,, © K, can be given at most one new color. Thus ¢/, ,(G) =
(13 +1)n+1.

Case-2: Assume the case when m is even. In this case since m is an even integer so the edges
of the n—copies of complete subgraph can be only given L%J n distinct colors. The remaining
uncolored edges of the graph GG can be given at most one new color. Thus the maximum vertex
incident 2-edge coloring number of G is | 5t | n + 1. O
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Theorem 3.6. Consider G,, as a simple connected graph of order n and K,, be the complete
graph on m vertices. Let G be the rooted product G,, () K,,, where K,, is a root and for
n>2;m>4. Then! ,(G) =n+ 1.

vi2

Proof. The vertex induced 2-edge coloring number of complete graph K,,, with m vertices is 2
(see [8]). The graph G = G,, () K, has n-copies of complete graph K,,,. If all the edges in one
copy of complete subgraph K, of graph G is assigned with one color then n-copies of complete
subgraph K, of graph G can be assigned with n distinct colors. The remaining uncolored edges
of subgraph G,, can be given at most one more new color else the vertex induced 2-edge coloring
condition fails. Thus the result holds. O

4 Future Scope

In section 2, we gave the exact value of vertex induced 2-edge coloring number of the strong
product of path graphs only. It may be interesting to get this value for other strong product
graphs as well.

5 Conclusion

In this paper, we have found the exact values of vertex induced 2-edge coloring number and
vertex incident 2-edge coloring number of some graph products such as Cartesian product, strong
product, and rooted product graphs. Section 3 gives the vertex induced (incident) 2-edge coloring
number of some rooted product graphs.
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