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Abstract In this existing paper, it is aimed to set up bonds among diverse subclasses of
harmonic univalent functions by implementing specific convolution operator including Pascal
Distribution Series. To be more accurate, we research this kind of relations with Goodman-
Rgnning type harmonic univalent functions in the open unit disc.

1 Introduction

Let A denote the class of functions h of the form
h(z) =2+ Z apz”,
k=2

that are analytic in the open unit disk & = {z € C :|z| < 1} and satisfy the normalization
condition h(0) = A/(0) — 1 = 0. Let H be the family of all harmonic functions of the form

f=h+g, (1.1)
where

h(z)=z+ Y ard®, g(z)=> b¥, (z€U) (1.2)
k=2 k=1

are in the class A4 and then f(z) is given by,

f2) =2+ ar® +> bk, (ze€U). (1.3)
k=2 k=1

Denote by Sy the subclass of H that are univalent and sense-preserving in . One shows easily

that the sense-preserving property implies that |b;| < 1. Note that lf__‘i‘llfz € Sy whenever
[ € Sw. We also let the subclass SY, of S,

SO ={f=h+gecSu:g(0)=b =0}.

The classes S3, and Sy, were first studied in [5]. Also, we let S0, C%, and K3, denote the
subclasses of S% of harmonic functions which are, respectively, starlike, close-to-convex and
convex in . For definitions and properties of these classes, one may refer to ([1], [5] or [11]).

Motivated by the earlier works on the subject of harmonic functions, in this paper we consider
a subclass of harmonic univalent functions f € # given by (1.3) introduced and studied by
Porwal et al.[16] and made an attempt has been made to study inclusion relations making use of
Pascal Distribution Series.
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2 The Class Gy (X, a, )

For0 <A <1,0<~v< 1and o € R, we let, Gy (), a,7) a new subclass of H, consist of all
functions of the form (1.3) satisfying the condition

e Zf/(Z) 1o
§R((l+e )(1—)\)2’—1—)\]‘(2)_6 >>7 2.1
where 9 5
2= 50 (z=re), f'(2) = %f (re?).

Equivalently, we have,

PN (10) 1) A N
R ((1+e )(1—)\)2+)\[h(2)+g(z)] ) >, (z €U). (2.2)

Example 2.1. For A = 0, 0 < v < 1, we define a new class Gy (0, o, v) = Ny (a, v) satisfying
the analytic criteria

R <(1 + em%@ — em> >, ac€R. (2.3)

Equivalently,

R ((1 1 i) 2R~ g2 eia> >, (2 €U). 2.4)

z

Example 2.2. ([17))For A = 1, 0 < v < 1, we define a new class Gy (1,a,7) = Ry, )
satisfying the analytic criteria

R ((1 + eia)sz;ij) - ew> >v, a €R. (2.5)
Equivalently,
R ((1 1 iy 20 = o)) eia> >, (2 €U). (2.6)
h(z) +g(2)
Also let,

@ GVu(\ a,7) = Gu(X a,v) N Ty
(11) RV’H(OJ, 7) = RH(O‘?’V) N TH
(111) NVH(OZ, 7) = N’H(Oé, 7) N T’H

where 7, the subclass of H consisting of harmonic functions f = h + g of the form
F(2)=2=>larlz" + > [bxl2F. 2.7)
k=2 k=1

We recall, a sufficient coefficient condition for harmonic functions in Gy; (A, a, ).
Theorem 2.3. ([16]) Let f = h + g be given by (1.3). If

2k — A(1+7) o +§:2k+/\(1+7)

|a|
k=2 I—7 k=1 I—7

bk| < 1, (2.8)

where a1 = 1 and 0 < v < 1, then f € Gy (), o, 7).
Theorem 2.4. ([16]) Fora; = 1and 0 <~y < 1, f = h+9 € GVy(\, o, ) if and only if

= 2k—/\(1+7)‘ak‘+i2k+/\(l+v)
1

k=2 I—7 k=1

bi] < 1. (2.9)
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Theorem 2.5. For a; = 1 and 0 < v < 1, f € NV« («,7) if and only if

= 2k = 2k
%1 7|ak|+z \bk|<1 (2.10)

Theorem 2.6. ([17]) Fora; = 1and 0 <~y < 1, f = h+g € RVy(a,7) if and only if
2k —1— 2k+1+
> %lam} T < 1 @11
- 1=y
k=2 k=1
Further, we recall the following Remarks:

Remark 2.7. In [16], it is also shown that f € GV3/(), a,~) if and only if

-
[ — >
k] < 57— M1 +7)’ k22,
1—
lbi| < 7 1.

= A1) k>
Accepting A = 0, it is expressed as follows.

Remark 2.8. f € N'Vy(a,7) if and only if [a)| < 72 and |by| < 152, k> 2.
By taking A = 1 we state the following.

Remark 2.9. ((17]) f € RV« («,) if and only if |ax| < T and |by| < k>2.

2k+1+ ’

3 Applications to Pascal Distribution Series

The Pascal distribution series is a current subject of study in Geometric Function Theory (e.g.,
see, [6], [7], [8], [9], [10]). Taking into account the consequences on relations between various
subclasses of analytic and harmonic univalent functions by using hypergeometric functions (see
[21, [3], [4], [12], [13], [14], [15] and [18]), we establish a number of relations between the
classes G2, (A, o, ), K9, S;’O, and NV}, (a,~) by applying the convolution operator P73 associ-
ated with Pascal distribution series are built.

Let us consider a non-negative discrete random variable X’ with a Pascal probability generat-
ing function
k+r—1

r—1

P(X:k):(

where p, r are named as the parameters.
Currently, a power series whose coefficients are probabilities of the Pascal distribution are intro-
duced

)pk(l -p)", ke{0,1,2,3,..}

(k4T =2\ 4 .
’“z)_z—i-Z( jil )pk_l(l—p) 2 (r>1,0<p<l1,z€el). 3.1
k=2

Pay attention to, when the ratio test is utilized, it is deduced that the radius of convergence of the
above power series is infinity. In the conclusion, the formulas used are as follows

i<kj:1>pk:<1—1p>r’ i(kjigz)pk:u—;y—“

k=0 k=0
o0 oo
k+r> k 1 <k+r+1> k 1
P =, p = y P <1
g( r (1—p)t! ,; r+1 (1—p)r+2 I

Further, throughout this paper unless otherwise stated we letr > 1and 0 < p < 1.
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Now, for r,s > 1 and 0 < p, g < 1, the operator is being introduced

P (DG = B () h() + B =9 ) = H () +8C)

where
> (k+r—2 .,
H(z) = z+ ( +r1 )pkl(l—p) apz®
— N T
(k+s—2\ ,_ .
G(z) = mz+§:< o >f P(1—q)" 2" (3.2)
k=2
and "+" represents the convolution (or Hadamard product) of power series.

To be able to build relations between harmonic convex functions and Goodman-Rgnning-type
harmonic univalent functions, the following conclusions are needed :

Lemma 3.1. ([9]) Let r,s > 1 and 0 < p,q < 1. Also, let f = h+ g € H is given by (1.3). If the
inequalities

> larl +> bkl < 1, (] < 1) 3.3)
k=2 k=1
and p s
1 — T 1— s>1 4
(I=p)"+(1=9q)" =1+ b i (3.4)

are hold, then P}:(f) € SH*.
Lemma 3.2. ([5], [11])If f =h+7 € K% where h and g are given by (1.2) with by = 0, then

k+1 k—1
i bl < 5=, k2.

i —

Theorem 3.3. Let0 < a < 1,r,s > 1 and 0 < p,q < 1. If the inequality

r(r+1)p? (4—%(14'7))@ A —(1=9p)"
= i = +2(1 2(1+7)>[1 (1-p)]

st @ra(da))se (3.5)
(1-q)° I=q

is satisfied then Pys (K3,) € G3,(\, a,7).
Proof. Let f =h+7 € K% where h and g are of the form (1.2) with b, = 0. We need to show

that B¢ (f) = H+ G € G3,(X\,a,7), where H and G defined by (3.2) with B, = 0 are analytic
functions in ¢/. In view of Theorem 2.3, we need to prove that

= S k= A1+ |1 (1= p) P

s—1

£ e AL+ ] (T (1= g b <19

Considering Lemma 3.2, we get

{izk A+ )] (k+ 1 >(’”’“‘2)<1—pw-1

N =

r—1

8

+3 2k +A(L+7)] (k- 1) (kjszz) (1-¢q)° q’“‘l}
k=2
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= i(k: % +v)>(k+1)(kjil2)(1—p)"pk1
+§;(k+;(1+7)>(k1)<kji12)(1q)sqkl

= Eleveae (e g (1w
B 2o
+§{(k1)(k2)+(2+;(1_._,y>>(k1)]<k::512>(1q)sqkl

- r(r+1)p2(1p>ri(“’"2>p“
k=3

o
+<4—/2\(1+’7))7‘p(1—P)Tg;(k—'—:_z)Pk_z
s (1=g0en) a3 (F )
waee 0oy (1)

k=0 k=0

+2(1—;(1+v))(l—p)TZ;)(kerl)p’“—Z(l—a)(l—p)r

sxm (k+s+1 A s~ (ks

+S(s+l)q2(l—q) ;)( sl )q’“+<2+2(1+7))8q(1—Q) ;)( s >qk
o+ D)p? (4=3(0+9)rp A —(1=p)
= Ly + T +2<1 2(1+v)>[1 (1-p)]

+s(s+1)2q2 L 2+3(149))sq

(1-1q) I—q

The last expression is bounded above by (1 — +) by the given condition. Thus the proof of The-
orem 3.3 is complete. O

Analogous to Theorem 3.3, we next find conditions of the class S3;°, with G2 (A, @, 7). How-
ever, we first need the following result, which may be found in [10], [11].

Lemma3d4.lff=h+ge€ S;:o where h and g are given by (1.2) with by = 0, then

_ @R+ 1)

2k —-1)(k -1
o < GREDEEY 1 G2 DI,
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Theorem 3.5. Suppose 0 < a < 1, r,s > 1 and 0 < p,q < 1. If the inequality

2r (r+1)(r+2)p3 n (15— X(1+7))r(r+1) p?
(1-p)’ (1-p)°

+(24—%(14—’0) rp
l—p

+6(1-3(1+7)1-(1-p)]

+2$(8+1)(5—3i-2)q3 +(9+/\(1+7))52(s+1)q2
(1-4q) (1-4q)

6+ (1
+( + 2( +'V))Sq §3(1—’7)
l—gq
is hold then then P2 (S3°) € G%,(\, v, 7).

Proof. Let f = h+7 € Sgio where h and g are given by (1.2) with b; = 0. We need to show
that P7s (f) = H + G € G3,(\, ), where H and G defined by (3.2) with By = 0 are analytic
functions in /. In view of Theorem 2.3, it is enough to show that

Dy =300, 2k = A1+ )] (7777 (1= p)" pF ! ax

3 RN+ B (1= q)" ¢* b < 1 — .

s—1

In view of Lemma 3.4, we have
Nt A k+r—2 .
{Z(k—2(1+7))(2k+1)(k+1)( jjl )(l—p) ph!

k=2
(1 +7)> (2k-1)(k—1) (kj‘912> (1-¢q)° qk—l}

o, <

[SSTRE

| >~

— ;{ZZ(R—Fr—z) (k1) (k—2)(k—3)(1—p) p*!

cas—a0+ )2 (T - e-2 0

k=2
+ (24— %(1 + )) ; (k +i1 2) (h—1) (1 p) p!
+6 (1 2 +7)) 3 (kjrzz) (1= )

23 (M) 0t -3 -0 !

k=2
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. X rm (kT =2\ 4
- 3{zr(r+1)(r+2)p (1-p) Z( j+2 )p

=4
EE RSN FI0 9l (i e
+(24—92A(1+7) ’“i(’“”_ ) k=2

(130 S (5 )

o0

+(6+3;(1+7)) 8‘1(1‘1)82<k+jz)q”}

k=2

W =

k=0

#0520 a-p S (VT

{27" r+ D) +2)p° (1 ‘p)ri (k ji;2>pk

k=0
+ (24— 20 +v)> rp (1 —p)’”g (kj%’“
R T ey ST

k+8+2) k

2 1 2)q¢ (1-¢q)°

+<9+A<1+v>>s<s+1>q2<1—q)sz(’“jﬁl)qk

k=0

+(o+ 50 +) sq(l—q>5§<’“js)qk}

k=0

3 (1-p)’ (1)
+(24_71(1+7)) 6<1;(1+7)> [1—(1—-p)

25(s+1)(s+2)¢°  O+A1+))s(s+ 1) (645 (1+7))sg
(I_Q)3 (l—q)2 l—gq

1{2r( r+1)(r+2)p N (15=X1+7))r(r+1)p?

< l—v

by the given condition. Now @, < 1 — ~ follows from the given condition. O

In the next theorem, we establish connections between GV (A, o, v) and GV (A, a, 7).
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Theorem 3.6. Ler 0 < v < 1, r,s > 1 and 0 < p,q < 1. If the inequality

2+ A1 +7)) b1
l—~

(1-p)"+(1-¢q)°>1+ (3.6)

is satisfied, then Pys (GVxn (), a,7)) C GV (N, a,7).

Proof. Suppose f = h+ 7 € GVy (A, «,y) where h and g are provided by (2.7). We need to
prove that the function

Bra(f) (2 Z<k+r_ ) (1—p)" pF~" fa| 2

r—1
k=2

— k+8_2 s — —
+bl|z+Z( S (e
k=2
isin GVx(\, o, y) if @3 < 1 — «, where

@ = Y- () 0w e e

k=2

seean i+ e (T a0 .
k=2

By Remark 2.7, we have

P; < (1_7){i(k1’7“;2>(1_p)7"pk—1
k=2
(R a-ee 1}+<2+A<1+w>>bl|
k=2
= <1—w{(l—p)TZ(kff]l)pk—(l— )
k=0
+<1—q>8i(’ff1l)qk—u—q>8}+<2+A<1+w>>|b1|
k=0
= ()2 (- p) (10} + @+ A1+ 7)) bl
< 1=y

by the given condition and thus the proof of the theorem is complete. O

Remark 3.7. By suitably specializing the parameter A\, one can deduce the results for the sub-
classes NV (a,y) and f € RV («, ) which are defined, respectively, in Example 2.1 and 2.2
and associated with the Pascal distribution series. The details involved may be given as a practice
for the reader willing.
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