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Abstract In this paper is discussed and investigated the global approximation of the gen-
eralization of the Szasz-Chlodowsky operators based on d-othogonal Brenke polynomials for
functions of one and two variables. Further, the Voronovskaya-type asymptotic formula, lo-
cal approximation, error estimation in terms of the modulus of continuity of second order for
functions in a Lipschitz type space are included.

1 Introduction

Brenke polynomials P, (x) [5], which are d-orthogonal polynomials sets of are generated by

ZTV(at) =Y Pola)t™, (1.1)
n=0
where Z and V are two formal power series satisfying:
Z(t) = Zznt”, V(t) = Zvnt"; 2000 =0, n € N.
n=0 n=0

An explicit formula for p,, () is given by:

P,(z) = Zzn,jvjxj, n=0,1,... (1.2)
§=0

In the special case if d = 0 we get standard orthogonal Brenke which are defined in [15].
Now, inspired by [9] let us define Szasz-Chlodowsky type generalization of the Szasz operators
with the help of generating function (1.1), as follows:

ce ()
(@) (7 ) = n bl
H, (T,x)—zz(l)v(m)T(nqn),xE[O,oo), (1.3)
k=0 an

where Z(-), V() and L(-) have some properties given by (1.1) and ¢, a positve increasing se-
quence with the properties

lim ¢, = oo, lim £ = 0.

7—00 n—oo 1N

We shall restrict ourselves to the operators given by (1.3) satisfying:
(i) Z(1) £0; ZZ’(”];’J >0, ne NU{0};




SZASZ-CHLODOWSKY TYPE OPERATORS 115

(i) V:Rf = R;

(iii) (1.1) converges for |t| < R,(R > 1).

We have the following few special case of the operators ’H£7d> as:

(1) For d = 0 these operators reduce to well know Szasz-Chlodowsky-Brenke type operators
discussed by Mursaleen and Ansari in [9].

(2) For d = 0 and ¢,, = 1 these operators reduce to Szasz-Brenke operators defined by Varma et
al. in [13].

(3)Ford =0and Z(1) = 1, V(u) = e" and ¢,, = 1 these operators reduced Szasz-Mirakyan
operators defined by Szasz in [10].

The generalization of Szasz type operators involving by othogonal polynomials have been stud-
iedin [4,2, 11, 1,6, 12, 8, 14, 3].

The aim of the this paper is to give some direct results in terms of the modulus of continuity of
second order, convergence of derivative operators to derivative functions , Lipschitz class func-
tion. We also give the theorem convergence and the degree of convergence is established for
functions of two variables. In addition, we consider the simultaneous approximation of these
operators.

2 Notations and auxiliary results

Let us denote by C[0,00) := {7 € C[0,0) : |7(t)] < MeNt t € [0, 00), for some M, N > 0}.
For a fixed » € N we denote C,[0, co) the set of real-valued r-times continuostly differentiable
functions on the [0, 0o) and it is a subspace of Cg[0, 00).

Using the generating function of the d-Brenke polynomials given by (1.1) and the fundamental
properties of "HS;” operators, we get the following lemmas which are helpful to obtain the main
result. In what follows, let e;(t) = t* ,i € N° be the test functions.

Lemma 2.1. If the operators H%d), are defined by (1.3), then for all x € [0,00), the following
identities hold:

(i) HD (e;2) = 1

V() :
i) HD (ey;2) = KA an(d+ 1) 2"(1)
(iii) Hﬁ;d)(ez;a:) = L/ (q—f) 2y () + 2+ I)Zl(l))V(%)x
V() 1 Z(v (%)
g (d+1)2(2"(1) + 2'(1)) .
e PE(1) ’
| ) s (B + 2 DY)
(iv) 7—[,(7‘1)(63,:6) = (= x3+7 (= z?
(qv> ( ) (qn)
N (Z(1)+ Z'(1)(d+ 1)(6 +3d) + 3Z2"(1)(d + 1)2)V/(%:)
2(y ()

L0 (Z'()+32"(1) + 2"(1) (d+1)°,
n? Z(1) ’
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(v) HD(ea:) = (’i) +25(32(1)+2z(’(1)(cé+)))v~/< w)x3
"(1)(d I)Q)V”(Z%f)sf2

—~
N

=
—~

@ ny

@ (12(1) + 2'(1)6(d + )(3+d) +62
TR

' by (i)

& (Z) +2(d+ )& +7d+7)2/(1) + Z"(1)6(d +

_l’_l
7 Z(1)Y ’qﬂ)

) (3+2d)+4(d+1)3z///( )) V/( z)

g (d+1)*(2'(1) +227(1) + 62" (1) + ZH(1))

7 Z(1)

Proof. By using generating function given by (1.1) we have
5 (2)-20v(2).
k=0 n n

S 5) - (202 2)

nx

45 an
+V (Z) (d+ 1P2(1) + 2/(1)(d+ 17);

2.2

Zk3 (m> - ifz(l)"”’ <Z:) + 32; (Z(1)+ 2" (1)(d+ 1)V” (’Z)

+ By
n

+V (Z“") (Z/(1)(d+1)* +32"(1)(d+ 1)* + 2" (1)(d + 1)%);

(T) (Z(1) + Z'(1)(d+ 1)(6 + 3d) +32"(1)(d + 1)*)

Zk4/: (771‘) _ 77;43742(1)])(IV)(Z':)+ 271]3 3(32( )+2(d—|— ) ( ))V/// (Z-:)

nzf V”(m)( Z(1) + 2'(1)6(d+1)(3 +d) +62"(1)(d+ 1))
( ) +Z2'(1)2(d + 1)(2d* +7d +7) + 62" (1)(d + 1)*(3 + 2d)

Zx) (Z' (1) +72"(1) + 62" (1) + ZD(1))(d + 1)*.

4z + )+

Using above equalities, we obtain Lemma 2.1.
Lemma 2.2. Let ©;(s) = (s — z)%, fori = 1,2, ...; and operators H be defined by (1.3); Then

forall x € [0,00), the following identites hold:

”H%d)(@](s);x) = V/( f) -
v () nZ(1)

dn

s

V(&) wernzo),
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V() — 2V () 4 (5) .

(d) s):z) — an an I’ 2 dn T
o (02l 2) V() 2OV
Ty B B DA(Z () + ()

P2 NZ OO Vet =0 }

= Ai(n)x* + Ay (n)z + As(n);

V(IV) DTN _ AP (DZY L eI (IZ) _ 47 (12) 4 P (0E
H(d)(®4(s);x) _ (qn) (‘In) V(W)(qn) (q,]) (qn)x

n
qn

4

+ o {320 ) -2 () v (1)

nZ(V(L) e n e

F22/(1)(d+ DOV (Y —3vr () 43y (1 - V(W))}x3

an dn dn an

n q"{(Z(l)(7V”(Zx) _ 4v’(’;ﬁ)) 122/ (d+ 1)BG+ d)V”(Z—x) _2(6+ 3d)V’(Z—x)

nr " 20y (% r(Nx T2
+3(d+1)v(qn))+6z (H(d+ D)V (qn>+2V(qn)+V(qn))}
n

q 1 1 ) T
+ ﬁm{z(l)v (%) +2(d+1)2(1) <(2d2 +7d+7)V (E) —2(d+ 1)v<qn)>

162" (1)(d+1)2 ((3 + 2d)v’(%) ~2(d+ 1)V(Z)>+4Z”’(1)(d+1)3 (V'(Tq’f) - V(Z:)) Ya
N 4 (d+1)* (Z2'(1) +72"(1) + 62" (1) + Z¥(1))
n* 2'(1) '

Proof. From the linearity of the operators ’H%@, and applying Lemma 2.1, we obtain the result

of Lemma.
im () (E)
In what follows, we assume that lim L —%/ %7 — () and
n—oo In v(ﬂ)
an
1Nz oy ne nz
lim V(G =2V V() _
n—oo In V(%)

Lemma 2.3. Let z € [0, b,]. Then using the equality /\lim v\(}tg/(\;\) =1,t € {1,2}, we get
—00

lim —H%(u—z;2) = lim ——2__ x+
I, g, me) = e 21
_ @+ Dz,
oz
s My, 020 —
nll)n;o qn’Hn (u—z)%52) = .

Further, choosing

we can write

HD(Oa(s);z) < A(n)(1 + )% 2.1

For a fixed » € N we denote C'%,(0, 00) the set of all real-valued r-times continuostly differen-
tiable functions on the [0, o), and it is a subspase of Cg[0, o).
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Let us recall that if I C (—o0, +00) is a given interval and 7 is a bounded real valued function
defined on I, the modulus of continuity w(7;d) of 7 defined by

w(r;0) =sup{| 7(t) — 7(z) [z, t e I,|t —x |< d}

for any 6 > 0. A continuous function T definde on I, which statisties the condition | 7(z) —
T(y) [< M, |z —y|* (z,y) € I x Eiscalled locally Lip(a) on E (0 <« < 1, E C I), where
M. is a constant depending only of 7

Theorem 2.4. Let ”H,g,d> (73 x) operators are defined by relation (1.3), where 7 € C'[0, 0). Then

V(“(A)
V(\)

using the equality )\lim =1,te{1,2,.,r}, we can give
—00

@ uniformly
Hy (ry2) ——D 7T

on each compact set [0, b] when 1 — .
Proof. Considering Lemma 2.1, it follows that lim H%d)(si;x) = si(z), i = 0,1,2 and
n—00
si(x) = 2%, and the result follows from the well-known Bohman- Korovkin theorem [7].

Theorem 2.5. Let 7 € Cgla,b]. Then for any 0 < z < b, the operators ”;’-11,77 defined by (1.3)
satisfies the equality

1) (r32) —7(2)] < 2w(r3 /6, (D)

n

where
V() -2V (%) - V() v
q(b) = Gl DG w ; {zmv(”")
V(Z) nZ(HV(Z) 0
b nb @ (d+1)2(2'(1) + 2"(1)
+2(d+ )22y -y }b+" :
@+ DZ M) V) o+ 3 0
Proof. Using Biiyiikyazici technique [8], from linearity properties of the operators, 7—[7(7(1), we
get
k
HD (r;2) — 7(2)] < TV Zﬁk (”x) ‘ (q”> —r(x) 2.2)
qn k=0 N
On the other hand, by using well-known properties of the modulus of continuity w(7;4),
7(t) = 7(2)] < w(ms [t — )
and
w(T;A0) < (A2 + Dw(r38),A >0
we have 5
kay
=g
‘T ('?) —T(x)’< 7( — ) +1 | w(r34) 2.3)
for every § > 0. Thus substituting (2.3) in (2.2) and using Lemma 2.2, we obtain
1
1) (730) = 7(2)] < w(r30) [ 1 (@a(s); 2) + 1], 2.4)
For 0 < z < b we have:
V() =2V (1) = V(22)) 7 b
H(d) O (s x < ( qn qn qn + qn {Z 1 V/ i
(©x(s):a) < S ETEIASARM
b b 5 (d+1)2(2/(1)+2"(1
+2(d+1)z’(1)(v’(")—)/("))}b+qg( + DY) + 27(1) =5,(b). (2.5)
n n n Z(1)
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Using (2.5) and taking 6,, = d,/(b) in (2.4), we obtain the desired result.

Theorem 2.6. If w (7', ) is the modulus of continuity of function 7'(x) in z € [0,b], b > 0

v
voy = Lte

and 7(x) has a continuous bounded derivative, then using the equality /\lim
— 00

{1,2,..,r}, we obtain the approximation
() -¥()
Nz
v (q" )

where 0,)(b) is the same as in Theorem 2.5 and A is a positive constant such that |7'(z)| < A.

1

wld+ DI 5,04 w (6,0

nZ(1)

" b+

[H) (r32)—7(2)| < A [

Proof. Using the mean value theorem, we can write

(5 1) = (M- a) )+ (M) (7 ) - o), 6

n n

where z < ¥ < k%. Applying 7—(7(7(1) on both sides of (2.6), we obtain

HD (ryz) —7(2) = T/(f”)z@))l;("f) iﬁk (7795) <kq’7 B m>

n

ZMV(E) = \ay
Hence,
M (r32) —7(@)] < |7 (@)|[HD O (s);2)]
R S o S AN LN P
* Z(l)v(;’f);)‘ck(qn> " I7" (¥) — 7'(2)]
< A V/(%)*V(%) b+qn(d+1)z’(1)
- v(%) 12 (1)

|%_

* Mi“@'?”\“““”(”6%1)’

since "
[ — x| < M —m‘.
n
Thus,
() (2) /
N " a(d+1)2'(1)
|’H(d) mx)—T1(z)] < A a I/ g 20

_|_

sz o (1) (o ) i

+ e 2t (%)

an’ k=0

’% —x‘w(r’;é). (2.8)

Now, using Caushy-Schwarz inequality for third term, we get

V() V()| aernzo
Y (ﬂ) nZ(1)

HD (r;2) —r(z)] < A

dn

l—

+ [;H;@((t—x)%m) + (H;@((t—x)%x)) }W(T';(S). 2.9)
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Using relation (15), we obtain

HD(r:2) — 7(x)] < A { v (%) i (Z%) b gy (d+1)2'(1)

“ v [
+ 50+ 6o w ). 2.10)

Choosing § = 4,(b), we get the desired result.

Theorem 2.7. Let w (%7, .) is the modulus of continuity of r-th derivative of T where 7 €

dIT b
. (t
C%[0,00). Then using the equality /\llm vag’)“ = 1,t € {1,2,..,r}, we obtain the approxi-
— 00

mation

ray(d) .
d"Hy (732) (r:2) — T(T>(:E), n — 0.

dx"
Proof. Using Biiyiikyazici technique [8], considering the relation )\liﬁn;o ngi’y =1,t €
{1,2,..,7}, and by some calculations we obtain the relation
)" oo nz\ Ar o (k
lim d" H<d)( [I,') o (Qn) Zk:()'ck <qn) A%’T (’ﬂqn) (2 11)
oo dgr N T ZV(E) '

where A%, f (%qn) denotes the r—th difference of 7 which corrosponds to increment %. Com-

1
bining the properties between finite and divided differences, the »—th derivative of the operator
H%d) is given as:

" T!Z]?;Oﬁk % 7721 T
lim d H(d)(q—;x): (q> ‘(q")

n—oo dxm "

= D (1), 2.12)
where u(z) = {m, Bt r 4 T:| . From the above theorem, we have

lim
’f]—)OO

(d) (e ) — (1)
deH,] (r32) — 77 (2)

< lim 7! "H,gd)(u;x) — u(x)‘Jr lim |rlp(z) — 77 (x)

n—o0 n—ro0

< a0, 0) + [rin(e) = 7))

where 6,,(b) is defined by Theorem 2.4.
Using some well-known facts of the modulus of continuity and mean theorem, holds:

, (2.13)

(6 + z) — p(z)| = Hé—i—x,q?;]+6+x,...,rq7;7—|—5—|—:17;7] - {x,?—ﬁ—z,...,r?—l—xﬁ}

r

dx”

r

1
=

T(rq—nal +xz+96)— d
n

T T(T%naz +1x)

1
+—‘w(r(r>;rq—" lar — ] +6)
r! n

2
< Sty )
r! n
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where ay, a; € (0, 1), so we get:
1 (r). ,.4n
w(p,d) < r—w(r ;rﬁ +9). (2.14)

On the other side,

Pu(e) - 4 7(2)

< w(r™; 1) (2.15)

where ¢3 € (0, 1). From the initial inequality in the proof, we obtain:

T
lim
n—oo | dz”

HD (1) — 77 (2)| < lim %w(mn(b)w lim w(r®;rdn). (2.16)
n

K ~ n—oo 1! =00
Since 4,)(b) — 0 and % — 0, as 7 — oo it stems that:

w(7;6,(b)) = 0 and w(T(T>;r%") =0 as n — .
So from last inequality we may conclude that

ray(d)( .
%@ — 7 (2), n— .
Theorem 2.8. Let H,, be given (1.3). Then for all T € C%[0, 00) we have

[Hy(m52) — 7(2)] < 77)($)||7'||C§3[0,oo)
where y(x) = v,(z) = a,z? + %m + 2% with

V() - 2V (22) + V()
= 2V(E

an

)

~—

(V/(22) = V(Z)(Z(1) +2(d + 1)gy Z2'(1) + ¢, 2(1)V'(22)
Zv(y)

dn

ﬁn:

and
ZOLZW )20

Yo = qo(d+1)

Proof. Using Mursaleen technique [9], assume that 7 € C%[0, 00). Thus from the Taylor’s
expansion, we can write

[Hy(732) = 7(2)] = 7' () Hy(O1(s), ) + 1T”(Q)Hn(@z(S);flf);@ € (z,1)

2
Taking into account the fact that
Vi(E) = V() zZ'(1
. _ an dn dn ( ) >
HW(@)I(S)’I)_ V(nz) x—+ (d+1) Z(l) _Oa
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for x < ¢, we can write that

(d) (e ) — ctw ) Z'(1)
[ (7:2) = r(@)] < [y + L D Zrp i liesos

n

g ZV/(E) +2(d + 1)2/(1)(V(22) - V(1)

n

+ — x4+ = - T
2 V(L) n Z(MY(L)
2 / "
q77 ZZ (1) JrZ (1) "
21 =L rt=
B o
< (ena® + te+ )il 0,00 = (@Il 0,00 .17

which completes the proof.
Theorem 2.9. Let E be any subset of [0, 00). If is locally Lip(9) on E , then we have:
[H0 () = ()| < M (AG)(1+ 2] + 20 (2, ),
where, d(z, E) is the distance between x and E defined as d(x, E) = inf{|lz — y|;y € E}
Proof. Since 7 is continuous, then for any x < and y € FE satysfies the inequality
() = ()| < Myl —yl”,

where F is closure of E in (—oo, 00). Let (z,2) € (0,00) be such that d(x, E) = |z — z|. Since
7—[5{” is a linear positiv operator, then
Hy(msz) —7(2)] < Ho(M-t - x‘ﬁ;x) + M|z — x|19
< MAH,([(E—2) + (z = 2)[%52) + My |z — 2. (2.18)
Applying inequality (u + v)* < u? +v%(u > 0,v > 0,9 € [0, 1]), we obtain
[Ha(ri2) = 7(2)] < Mr(Ha(lt — 2l”12) + o = 2|") + M|z — 2"

Hence, we get using Holder inequality which u = %, v = ﬁ, and (2.1) we have

[Hp(Ts2) —7(2)] < M ([Ha((t— x)z;;g)]g +2lz — z|19)
< M ([A(n)(1 +2)%)% +2d° (2, E)] (2.19)

which completes the proof of the Theorem.

Theorem 2.10. Let 7 € Cg[0,00). Then there exists an absolute constant ¢ > 0 independent of
the function T and § such that

[Ha(riz) = 7(2)| < 20{min(1,6)||7llc,) + wa(7: V3)}

where § = %,2(00)7 is defined as in Theorem 2.8.

Proof. Assume that 7 € C%[0, o). From the previous Theorem 2.8, it is clear that

Hn(m32) = 7(2)| < 2[I7 = gllos + 1 (@)llgllez, p,00) (2.20)

Now taking the infinum over all g € C%][0, co) sides of (2.20) and using the inequality K»(7;5) <
cw (T3 \/5); § > 0, we get the required result.
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3 Construct of the bivariate operators

Let O = [0,00) x [0,00) and E be an certain finite. We denote by Cg(0) = {r € C(0O) :
|7(xz,y)] < aeP@*+¥)} and for i = 0, 1,2, 3 then test function defined by eo(z,y) = 1, (z,y) =
z,ex(x,y) =y and e3(x,y) = 2% + 2.

We define the following generalited Chlodowsky variate of Szasz for two variables with the help
of d-Brenke type polinomials as follows:

H (73 2y) ZZZ;(%)%( ) <quU7k2lU) (3.1)

nT
— INZIEIY) ( n o

where Z(-),V(-) and L;(-) have same properties given by (1.1), and (g,), (I,) is a positive in-
creasing sequences such that:

lo
lim g, = oo, hml = oo and llm——Ol =0.
77— 00 n—oo 1 o—00 O

Lemma 3.1. Let

Zo( d+l)Zg( d+1)V1(81 VQ 82 Z Z £k1 Lkz 8];2. (32)
k1=0 k=0

Then we have

Zzﬁkl ﬁkz ) 2w )VZ( )

k1=0 kp= n
ZZMI D7) = 220+ DM + 22 EVIC ()
=0 k,= n n n o

szzﬁkl ‘Ckz( 5 =zmz)d+ )Vz( )+32(1)V1( )Vz( )

=0 k= lo n dn

Z ka, z:kz( ”)—”2”” ()v”(”x)vz( Y)

=0 ky= G‘ q'r, q’f]

+an1(qn)V2( Dz (2(1) +22"(d+1)

Z(wi(E)- Vz(la)((d+ )2+ 2"(1)(d+1)?).

dn
>3 e (B0 = T SO
k=0 ky= lo g lo n
*ZV“%)"ZW (1)-(2(1) +22/(1)(d+ 1)
2Z0CE) VT + 172+ 2" (1) + 1)

Proof. By using the generating function (3.2) for the d-Brenke polynomials, one can easily
find the above equalities.

Lemma 3.2. By using Lemma 3.1, we have
Hyo(li2,y) = 15

V’(L)
Ml (eria,y) = pry e+ G(d+ 1)

)
d 2( 1)
7—[7(7,2;(62;%3/) V(2 %’) y+ IFU(CH_ 1) Z(1)

—~
—
—

R
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V() 2l W(E) 5 g, VGEDEW22 (@)

d) ¢, . 2 lo -
Huo(e3sa,y) = V1<Z:)$ +v2<ﬂ)y o ZVi(E) T+ 2V
A2 (2 ()+Z2" (1) rah | 1
(+)(Z((l))+ ()>(%+f2)‘

(t)
Theorem 3.3. If 7 € Cp(0) and and assume that the lim SR =1 te (1,2} e {1,2},
—o0 Tt

hold for k = 1,2, then

lim H\Y) (r;2,y) = 7(2,y),

7,0 —+00 n,m
and the operators Hﬁ% converge uniformuly on Oy, = [0, a] = [0, b].

Proof. From Theorem 3.2, we have liILl Hﬁf?},(ei;x,y) = e;(x,y) + € {0,1,2,3} uni-
7,Mm—00

formly on O,;,. Applying Korovkin’s theorem, we obtain the required result.

Theorem 3.4. If f € Cg(0), then for all (x,y) € O we have:
i (ms2,y) = (@, )] < 200 (75/0,(0)) + 202 (75 1/ 85 (c))

where 6,,(b) and 6, (c) is defined

Proof. Suppose that 7 € C(0). By using Lemma 1.2, we obtain following inequality:

ooocﬁlﬂEZH
HD, (7 2,y) - 7(2,y)| < Eijk(%)k(tRTﬁ@%Wﬂ—d%m

k=0 ko =0 z2(1 )Vl( >V2(ﬁ)| Ui o
< i i £kl (%) EkZ (%) | (qun k2la) _ ( kzlg)‘
- k1 =0 ky=0 ZZ(I)VI(?f)Vz(%) n o o
e L (Zi) L <%) kol
T Z Z N w7 (2 20)—7’(m,y)|
k=0 ky=0 Zz(l)vl(qj)VZ(Tj’) o
= A1+ A (3.3)

Now, we consider A;. By using well-known properties of the modulus of continuity, we obtain
the formula,

Sl Ekl an Li, Ty
A= 2232 ( )nw)v((lv)) n o

ly

U) —T(:E7

=0 kp=

k
H% 2} (3.4)

<m.ii$@ﬂdﬁ

Oy == DV (72)
By using Theorem 2.5, we obtain:

Ay <20 (f,1/6,(0)) (3.5)

where 6,,(b) is defined by Theorem 2.5.
In a similarly way, we have

Ay <20 (f,1/65(c)) (3.6)

Putting (3.5) and (3.6) in (3.3), we obtain the desired result.
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Theorem 3.5. Let w(!) (d T ) and w® (drT ) is the partial continuity modulus of r-th deriva-

dx™? dx™?

®)
tive of T where 7 € C'y,(0). Then using the equality )\lim ‘;(()3) =1,i=12te{l,2,. r}
—00 K
we obtazn the approximation
(i) 4= )(T;x,y) i (2,y), m0 = 00

(i) jyan (132.y) = E=r(a,y), 0,0 = oo

Proof. By simple calculations, the following formula is obtained

o T quW kols
d® 00 ﬁK] (?) LKz (l—y) AﬁT(T’?)
1. (d) . — 1 ' n o n
0 g 141 (T Y) n;ﬁwzokzrzz DVEWE) (@)
£)5.(2) o
i ( n ! k'lJFl k1+7“
= 1 “es
n,almookz()kzrzz I)Vl( ) ) (2 )[ ns g G T q
1 2
r! e nx oy <km kol
= llm z = ‘Cl L _Y —,
o T 2,2 002 )

where p(z,y) = [z, 2+ &, ..,z + r%";T;y] and so we obtain

T

H(d,),(T,ﬂ%y): lim T‘H%dt)y(waxay)

n,o—oo dx” " 7,0—00 ’
Then, using Theorem 3.4, we get

T

TT(x,y)H%d?T(w;x,y)—d lim ! (p12,y) — o(2,y)|

lim |
’ x” T n,o—00

n,o0—o0  dx

T

£ lim ()~ ) < tim 2r® (p:/5,(a))

7,0 —0Q X 77,0 —00

+ lim 2r'w®(p;1/6,(b)) + lim |r!<p(x,y)—j—x7'(x,y)| (3.8)

7,0 —>00 7,0—00

where § = 6,,(b) and d,,(c) is the same as in the Theorem 2.4. On other hand, we write
oz + 61,y +02) — p(a,y)| < lp(a + 01,y + &2) — ¢z + 01, 9)|
+lp(z +01,y) — p(z,y)| = A+ B. 3.9)

In first we estimate A:

ly rly
A=lp(xz+d,y+6)—olx+d,y)| = |[y+(527y+52+;,...,y+52+7;7,x+61}

lo rly
- [y7y+ 7;"'7y+ 7’7—7:17"'_51“

1 d TG, d"
= alay ($+51,y+52+®17)—dy (m+51,y+52+®2—)| (3.10)
where 0 < ®1,®, < 1, therefore:
1 dr rl 1 d" rl
A < —w® 2+ _ oy« Z @ g
I_T!w (der’52+|®l ®2| U)_T!w (der’62+ U)

Hence, we obtain

W@ (:5) < L@ L 15, 4 Ty G.11)
r! Y o
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Similarly,

and
1 d
w(pi0r) < e (o—ridi + %). (3.12)

Putting (3.11) and (3.12) in (3.10), we get

T

1 rq d ra
_ < WM. Zdn 2 J
oo +81,y 02— )] < 7 (Gt + ) 4 WDt + )
On the other hand, we may write
dr @) 2 r o
] o — ] 117 _ o« e
(e, y) = —27(z,y)| iz, z + 2 meti Al qn,--,x+nqn,7,y} 5o (@ Y)]
a" dr
< Z _
— ‘axr’r(m + T]qUQS) dITT(m?y”
a" r
< w(l)(%’ﬂ%aqn)
a r
< meZ_-. =
< w (dx”T’nq")
where 65 € (0, 1), therefore
im0 (e y) = o or(ey) < lim rHE (g y)—e(e, )+ lim e, y)— (@, )]
< lim 2rlwW(p;4/d,(a)) + lim 2r1w@(p;4/6, (b)) + lim wW(— rqn)

7,0 —00 7,0 —00 n,0—00 dx T

Since 4, (b), d5(c) and }.q,, tend to zero as 17, & — o0, it follows that w (g3 1/, (a)), w? (p; /3, (D))
and w) (47 “gy) tend to zero. Since

dz"

o dr
S (may) = o

7(z,y), 1,0 — 00;

The proof ii) can be made in a similar way.

Theorem 3.6. For every T € Cg(0) such that 7, Ty, Tyz, Tyy € Cr(0), by using the equality
lim X = 1 ¢ € {1,2,..,7}, we obtain

A— 00 V(D)
Y C R DEAC)) y
Jim, %H%,%(T,m,y) = z() [72 (@) + 7y (2 y)] + 2 T2 (2,y) + 572(2,y)

uniformly with respect to (z,y) € Ogp.

Proof. For a fixed (z,y) € O and for all (u,v) € O, by the Taylor formula we have

7(u,v) = 7(z,y) + (2, y) (u - 2) + (2, ) (0 — ) + 5 {T 2@, y)(u— )

+ 70, (@) (u—z) (v —y) + 75 (z,y) (v — y)*} + Y(w,0)(u—2)* + (v —y)*)  (3.13)
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where t(u, v) is a function belong to the space C'z(0) and ( %m} )w(u, v) =0.
u,v)—(x,y

From the linearity of 7—[7(7(?) and by (3.13) we can write

LD (7 (u, v); 2, ) = 7 (w,y) + -7 (2, y)H (0 — 2); 2, )

qn dn an

+ 7k, y) - H (0 = y) %, )} + qﬁ?{;‘%(w(w o) (=) + (v =9)*),2,9)). (.14)
n n
From Lemma 3.2, by using linearity of operators H%d% we deduce
V() -V @+ v
. N 4,(d) . BT n qn an ( + ) ( )
lim —H —x;x,y) = lim — -
¢ I ()
_ @+ v,
v
lim L) (u—z)*2,y) ==
n—)oo qr] TI,TI 2 b 2
d+1)2'(1)
tim 2@ () =
A Fnn(0=y3Y) zZ1)
Tl d) ((y—))2: 7)) =
Jm W((v=9)%y) =y
Applying the Holder inequality for the last term on the right side of (3.14), we obtain
n
qf“rléc%(w(ua V)((u—2)*+ (v —y)*),2,y))
n
< (MW 0) 2 y)} - (R (u = 2) + (0= 9) 2 y)}
2 2
< VRLHI 0, 0) 2 ) P H (0 = o) 29) + SHD (0= ) 2.} B16)
7 7
By Theorem 3.3 we get
: d . — 2 —
Tim M1 )o(u,via,y) = 0P (z,y) =0, (3.17)
Using (3.17) and Lemma 3.2, we obtain from (3.14)
Jim L) (0, 0) (0= 27+ (0 =), 2.0) =0 (3.18)
n
Now, taking the lim as  — oo in (3.14) and using (3.18) and (3.16) we have
: N4 . _ (d+ I)Z/(l) / / T gy Y _n
'r]ll)ngo q’q HU,U(T7 .T, y) - Z(l) [Tx(xv y) + Ty(l', y)] + 27—;):2 (xv y) + 2Ty2 ('Tv y)

which completes the proof.
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