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Abstract The present paper deals with a study of conformally flat generalized weakly sym-
metric manifolds and deduced some geometric properties along with the existence of such notion
by a proper example.

1 Introduction

The shape of a space is determined by its curvature and locally symmetric space, introduced by
Cartan [7], is such that its curvature is covariantly constant. Later many authors have weakened
this notion in different ways such as recurrent manifold by Walker [37], generalized recurrent by
Dubey [11], quasi generalized recurrent by Shaikh and Roy [32], weakly generalized recurrent
by Shaikh and Roy [33], hyper-generalized recurrent by Shaikh and Patra [31], semisymmetric
manifold by Cartan [7], pseudosymmetric manifolds by Chaki [8], pseudosymmetric manifolds
by Deszcz [10], [18], weakly symmetric manifold by Tamdssy and Binh [35]. Then within very
short period of span weak symmetry became an interesting theme of research in the literature
of differential geometry and investiged such notion by several authors throughout the globe.
For details we refer the reader to see [13], [14], [16], [17], [19], [20], [21], [22], [23], [24],
[25], [26], [27], [28], [30], [34], and also the reference therein. Generalizing the notion of weak
symmetry by Tamdssy and Binh [35], recently, Baishya [1] introduced a space called generalized
weakly symmetric manifold, denoted by (GWS),,, and showed its proper existence. The object
of the paper is to study conformally flat (GWS),,. We organized the paper as follows: Section 2
is concerned with preliminaries where the defining conditions of weakly symmetry, genralized
weakly symmetry and generalized weakly Ricci-symmetry are given. Section 3 deals with some
geometric properties of conformally flat (GWS),,. Finally in the last section the existence of
conformally flat (GWS),, which is not a weakly concircularly symmetric manifold is ensured
by a proper example.

2 Preliminaries

Let (M™,g), n > 2, be a semi-Riemannian manifold, i.e. a connected smooth manifold equipped
with a semi-Riemannian metric g. We denote by V, R, S and r the Levi-Civita connection, the
Riemann-Christoffel curvature tensor, Ricci tensor and scalar curvature of (M™, g) respectively.
The Kulkarni-Nomizu product (see, e.g., [12], [29]) E A F' of two (0,2) tensors E and F' is
defined by

(E A F)(X],X27X3,X4) = E(X] , X4)F(X2,X3) + E(Xz,X3)F(X1,X4)

— E(X1,X3)F (X, X4) — E(X2, X4)F (X4, X3),
X, € x(M),i=1,2,3,4, where x(M) being the Lie algebra of all smooth vector fields on M.

Definition 2.1. A semi-Riemannian manifold (M, g),n > 3, admitting a tensor field T" of type
(0,4) is said to be weakly T-symmetric by Tamdssy and Binh [35] if

(VXT)(Y.U,V,W) = AX)T(Y,U,V,W) + BY)T(X,UV,W) (@21
+ C(U)T(Y,X,V,W)+DV)T(Y,U,X,W)+ E(W)T(Y,U,V, X)
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holdsonthe set U = {z € M : (VI —€£®1T), # 0 for any 1-form ¢}, where A,B,C,D,F,
are associated 1-forms and we say that (A, B, C, D, E) is a solution of this weakly T-symmetric
manifold.

In particular if 7' = R the manifold satisfying above condition ia called weakly symmetric
manifold according to Tamdssy and Binh and is denoted by (W S),,. We note that Prvanovié [15]
showed thatina (WS),, C = B, E = D.

Definition 2.2. A semi-Riemannian manifold (M, g),n > 3, admitting a tensor field T" of type
(0,4) is said to be generalized weakly T-symmetric by Baishya [1] if
(VxT)(Y,U,V,W) = A(X)T(Y,U,V,W) + B(Y)T(X,U,V,W) (2.2)
+ BOTY,X,V,W)+DWV)T(Y,U,X,W)+ DW)T(Y,U,V, X)
+ a(X)G(Y,U, VW) + B(Y)G(X, U, V,W) + BU)G(Y, X, V, W)
+ Y(V)GY, U, X, W) +~+(W)G(Y,U,V, X)

holdsontheset Uy = {z € M : (VI — & QT — & @ G), # 0 for any 1-forms & and &},
where G = % gAgand A, B, D, a, B and ~y are non-zero 1-forms which are defined as A(X) =
9(X,00), B(X) = g(X. 1) and D(X) = g(X,m), a(X) = g(X,02), B(X) — g(X, 62) and
v(X) = g(X,m). We say that (A, B, D,«, 3,7) is a solution of this generalized weakly T-
symmetric manifold .

In particular if 7' = R the the manifold satisfying (2.2) ia called a generalized weakly sym-
metric manifold according to Baishya [1] and is denoted by (GWS),,. Thus defining condition
of (GWS),, is given by

(VxR)(Y,U,V,W) = A(X)R(Y,U,V,W) + B(Y)R(X,U,V,IW) (2.3)

+ B(U)RY,X,V,W)+ D(V)R(Y,U,X,W) + D(W)R(Y,U,V, X)

+ a(X)GY, U, V,W)+B(Y)GX, U V.W)+ BU)G(Y, X, V,W)

+ Y(V)GY, U, X, W) +~(W)G(Y,U,V, X)
ontheset Uy, = {# € M : (VR—-—& ® R— & ® G), # 0 forany 1-forms & and &}
, and where G = %g Agand A, B, D, a, B and y are non-zero 1-forms which are de-
fined as A(X) = ¢(X,0 ) B(X) = g(X,¢1) and D(X) = g(X,m), a(X) = ¢g(X,6,),
B(X) = g(X, ¢2) and v(X) = g(X, m2).

Definition 2.3. A semi-Riemannian manifold (M, g),n > 3, admitting a tensor field Z of type
(0,2) is said to be generalized weakly Z-symmetric by Baishya [2] if

(Vx2)(X1,X2) = A(X)Z(X1, X2) + B(X1)Z(X, X2) + D(X2)Z(X1,X) (2.4)
+ a(X)g(Xy, X2) + B(X1)9(X, X2) +7(X2)g9(X1, X)

oldsonthesetUg = {z € M : (VZ - ®Z—-&®g), # 0 for any 1-forms & and &}, where
Z B, D, @, 3 and 7 are non-zero 1-forms which are defined as A(X) = ¢(X,0;), B(X) =
9(X, 1), D(X) = g(X,71), a(X) = g(X,0), B(X) = g(X, ¢2) and 7(X) = g(X, 7).

In particular if Z = S the the manifold satisfying (2.4) ia called generalized weakly Ricci-
symmetric manifold according to Baishya [2] and is denoted by (GW RS),. Thus defining
condition of (GW RS),, becomes

Definition 2.4. A non-flat n-dimensional Riemannian manifold (M", g), (n > 2), is said to be
a generalized weakly Ricci-symmetric manifold which is the denoted by (GW RS),,, [2] if its
Ricci tensor S of type (0,2) is not identically zero and satisfies

(VxS)(Y,W) = A(X)S(Y,W) + B(Y)S(X,W) + D(W)S(Y,X)  (2.5)
+ WX)g(Y. W) + B(Y)g(X, W) +75(W)g(Y, X)
onthesetUp, = {z € M : (VS—&®S—6®9), # 0 for any 1-forms & and &}, where A, B,

D, @, 3 and 7 are non-zero 1-forms which are defined as A(X) = ¢(X,0;), B(X) = g(X, ¢1),
D(X) = g(X, 7). a(X) = g(X,0), B(X) = g(X, ¢2) and 7(X) = g(X, 7).
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The local expression of (2.3) is

R’rrmpq,k = AkRmnpq + B7rLRknpq + BanLkpq + DpRmnkq + Dqunpk (26)
+ akanpq + ﬁmGknpq + ﬂnGmkpq + ’Ymenk:q + ’Yqunpka

where A;, B;, D;, o, 3; and ~y; are non-zero co-vectors. The beauty of such (GW.S),,-space is
that for suitable choice of 1-forms we get different space such as

(1) symmetric space [7] for A=B=D=a==v=0),

(i) recurrent space [37] for A#Qand B=D =a=p=v=0),

(iii) generalized recurrent space [11] (for A # 0, #0,B=D ==~ =0),

(iv) pseudo symmetric space [8] (for % =B=D=§#0,a=p=v=0),

8;) generalized pseudo symmetric space [2] (for é =B=D=6#0,and 5 =08=v=pu#

(vi) semi-pseudo symmetric space [36] (for B=D =0#0,A=a=8=v=0),

(vii) generalized semi-pseudo symmetric space [3] (for B = D § 7& B =v=pu#F
Oand A=a=0),

(viii) almost pseudo symmetric space [9] for A=E+ H,B=D=H and a = =v=0),

(ix) almost generalized pseudo symmetric space ([4], [S], [6] )(for A = F+ H B = D =
Hada=A+vY,5=~=XN)and
(x) weakly symmetric space [35] (for A, B,D #0 and o ==~ =0).

3 Some geometric properties of conformally flat (GW S),,

The Weyl Conformal curvature tensor C of type (0, 4) is given by

1 T

A Riemannian manifold (M", g), n > 3, is said to be conformally flat if its conformal curvature
tensor C(X,Y,Z,W) = 0 where X,Y, Z, W € x(M). Then we have

R:ningS(n_l;(n_z)G. 3.1)
Using (3.1) in (2.3) we have
(VxR)(Y,U,V,W) (3.2)
= A5 e A SOV — e LUV W)
+ B(Y)[ﬁ(g AS) (X, U, V, W) — ma(x, UV, W)]
+ B 5 A S X VW) = oy G X V1)
+ DV 5 AV UXW) — ¢ l)r(n G U X))
+ DW)[—5(g A S)(V.U,V.X) - mc:(x UV, X)]
+ a(X)GY,U,V,W) + B(Y)G(X,U,V,W) + BU)G(Y, X, V, W)

+ Y(V)GY,U,X,W)+~(W)G(Y,U,V,X).
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Contracting (3.2) we have

(VxS w) = Srw)acx) + 28 PE, (.3
+ T3S W) B(Y) + S(Y, X)D(W)]

n—2
£ LS IBQX)g(Y, W) BQY)g(X, W)

L
(n—2)

- m{B(X)g(Y, W) — B(Y)g(X, W)}

{D(QX)g(Y, W) — g(Y, X)D(QW)}

_ W{D(X)g(Y, W) —g(Y,X)D(W)}

)
+ )Ne(X)g(Y, W) + B(Y)g(X, W) +v(W)g(Y, X)]
= BY)g(X, W) +g(Y,W)[B(X) + 7(X)] —v(W)g(Y, X),
where S(X,0;) = g(QX,6,) = A(QX) where Q be the symmetric endomorphism of the tan-
gent bundle corresponding to the Ricci tensor S.
Again contracting (3.3) we have

dr(X) = rA(X) +2B(QX) +2D(QX) + (n — D[na(X) + 28(X) + 2v(X)].  (3.4)

If we take the scalar curvature of a conformally flat (GWS),,-space is non-zero constant, then
we have dr(X) = 0 and from (3.4) we have

rA(X) +2B(QX) +2D(QX) + (n — 1)[na(X) +28(X) + 2v(X)] = 0. (3.5)
This gives the following:

Theorem 3.1. If the scalar curvature of a conformally flat (GW S),, is constant, then the 1-forms
are related by the expression (3.5).

Again contraction of (3.3) over X and Y yields

dr(X) = 2A(QX)+2B(QX)—2D(QX)+2rD(X) (3.6)
+ 2(n—D[a(X) + B(X) + (n— Dy(X)].

From (3.4) and (3.6) we have
rA(X) = 2D(X)] = 2A(QX) = 4D(QX) + (n— 1)(n —)2y(X) —a(X)]. (3.

On simplification we get

| 24(QX) —4D(@X) + (n = 1)(n = D[2(X) — a(X)] s
AX) —2D(X) ' '

Hence we can state the following:

Theorem 3.2. In a conformally flat (GWS),, the scalar curvature is given by (3.8) provided
A(X)-2D(X) #0.

Theorem 3.3. In a conformally flat (GWS),, if o« = 2 then % is the eigenvalue of the Ricci
tensor S corresponding to the eigenvector u defined by g(X,u) = H(X) where H(X) =
A(X) —2D(X).

Theorem 3.4. In a conformally flat (GWS),, the scalar curvature vanishes if « = 2v and
A(QX) =2D(QX) provided A(X) —2D(X) # 0.
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Contracting (3.3) over X and W gives

dr(X) = 2A(QX)-2B(QX)+2D(QX)+2rB(X) (3.9)
+ 2(n = D[(X) + (n = DBX) +v(X)].

From (3.4) and (3.9) we have

. 24(QX) ~4B(QX) + (n— )(n — 2)26(X) — o(X)] (3.10)

This leads to the following:

Theorem 3.5. In a conformally flat (GWS),, the scalar curvature is given by (3.10) provided
A(X)—-2B(X) #0.

Theorem 3.6. In a conformally flat (GW'S),, if a = 203 then % is the eigenvalue of the Ricci
tensor S corresponding to the eigenvector p; defined by g(X, 1) = Hy(X) where Hi(X) =
A(X) -2B(X).

Theorem 3.7. In a conformally flat (GWS),, the scalar curvature vanishes if « = 28 and
A(QX) =2B(QX) provided A(X) —2B(X) # 0.

Again from (3.6) and (3.9) we have

. 2D(@X) — BQX)] + (n —1)(n = 2)[H(X) —7(X)]
D(X) - B(X) '

(3.11)

Hence we can state the following:

Theorem 3.8. In a conformally flat (GWS),, the scalar curvature is given by (3.11) provided
D(X)— B(X) #£0.

Theorem 3.9. In a conformally flat (GWS),, if v = [ then % is the eigenvalue of the Ricci
tensor S corresponding to the eigenvector , defined by g(X, uz) = Hy(X) where Hy(X) =
D(X) — B(X).

Theorem 3.10. In a conformally flat (GW S),, the scalar curvature vanishes if v = B and
D(QX) = B(QX) provided D(X) — B(X) # 0.

From (3.3), it follows that a (GW S),, is (GW RS),, if
B(QX)g(Y. W) — BQQY)g(X,W) + D(QX)g(Y, W) - D(QW)g(Y,X) =0.  (3.12)
Hence we can state the following:

Theorem 3.11. A conformally flat (GW S),, satisfying the condition (3.12) is a (GW RS),,.

4 Existence of conformally flat generalized weakly symmetric space

Let (R*, g) be a 4-dimensional Riemannian space endowed with the Riemannian metric g given
by

ds? = gijdatds? = (I2)2<6x2)2(d$1)2 + 22 (dz?)? 4.1)
2

+ (x2)2(6x )2(d$3)2+ (xZ)Z(er)Z(dlﬂ)Z’
with 22 >0, (i,j=1,2,3,4).

— — — A2 2)2
Ri313 = Riais = Ragza = —e* 2% (1 + 2°)%,

Ri212 = Rozoz = Ryna = —%ezxz(—l +a%(3 + 227)), 4.2)

3 2\2
r = 3(1+7(x$2+);1(x ) )
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With the help of (4.1), we can find out

{ G2 = Gz = Gogpa = —62“52@2)37 43)

_ _ __ 4d?
G313 = Guais = Gz = —e™ (

The non-vanishing component of covariant derivatives of Riemannian curvature tensors are

Ro3xz2 = Ripiop = Rognap = %W7
R1213)3 = %64‘152 (1 + l‘z)(?) + l‘z) = (4‘4)
—Ry3344 = Roazs3 = Riz1a4 = Ri323,1 = Risoa4,1,
Risap = 64952(1 +2%)(3 4+ 22) = Raaza2 = Riz13-

Also the metric is conformally flat. We consider the 1-forms as follows:

154102 +2(a?)? -
A(0;) = Ai = T 20+ for i=2,
0 otherwise,
B(6,) = B :{ I for i=2 s
0  otherwise,
p@)=p,={ 1 fori=2
0 otherwise,

6-+2522430(22)?+13(22)> +2(«?)* .
a(9)) = ar = WG] for i=2,
0 otherwise,
34627 +5(2?)*+2(2?)} .
B(0) = i = 32 for i=2, 4.6)
0 otherwise,
@) D2 BEPIATT for =2,
YOi) =i =
0 otherwise,

where 0; = %, ut being the local coordinates of R4,
In our R*, (2.6) reduces with these 1-forms to the following equations:

Ryzoz e = ApRoss + BiRy3os + BaRogos + DiRozps + Dy Rosos,
+ G+ B1Gr3s + B2Garaz + 11G2sks + 12Go3on

Rosae = ArRoas + BiRyas + BrRogosa + Dy Roapa + DaRosoy
+ G + B1Graza + B2Garoa + 11 Grara + 12Gra2k

Risiar = AgRisia + BiRpars + BoRigi1a + D1 Rysga + DaRyaig
+  0pGira1s + B1Grata + B2Gir1a + V1Graws + 12G1atk

R = ARz + BiRi2i2 + BaRiki2 + DRk + Dy Rioig
+  oaxGuaz + B1Gr212 + B2Giri2 + 711G + 2G121k

Rizsi3e = AgRi313 + BiRg3i3 + BoRigi3 + D1 Rizis + DaRisig
+  arGi313 + B1Gi313 + B2Giriz + 1Gizks + 12G 131k

Rizzre = ArRizs + BiR3os + BaRigos + DiRizps + DaRyzox
+  oaxGi323 + B1Gr323 + B2Girs + 711G 133 + 12G132k
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Rivar = ApRiss + BiRyara + ByRigos + DiRisga + DrRigog
+  arGias + B1Graza + B2Giroa + 11 Grars + 12Graok

Rossay = ArRoasa + BiRpazs + BoRogsa + Dy Roaga + DaRoszie
+ 0 Gaazs + B1Graza + B2Gorzs + V1Gorara + 12Go43k

Rozsae = ApRysss + BiRy3szs + BoRogsa + D1 Rozpa + DaRoss
+ Gz + B1Gizza + B2Garza + 11Grs + 12G233k

Ragzar = ApRzgzs + BiRypaza + BoRagas + Dy Raapa + Dy Ragsy,
+  arG3azs + B1Graza + B2Garzs + 11Grara + 12G3431

Rioize = AgRi2i3 + BiRiiz + BaRigi3 + DiRioks + DaRioik
+  arGs + B1Gr213 + B2Giriz + MGrars + 12G121k

Rioiar = ArpRiois + BiRy21a + BaRigia + DiRioga + Dy Rioig
+  arGuis + B1Girois + B2Giria + 1Grars + 12G 121k

where, k = 1,2, 3,4. By virtue of (4.2)—(4.6) it can be easily check that the above relations hold
and hence we can state the following:

Theorem 4.1. Let M = (R*, g) be a Riemannian manifold equipped with the metric given by
(4.1). Then M is a (GWS)4 with non-vanishing and non-constant scalar curvature which is
conformally flat.

It can be easily shown that the manifold under considered metric can not be a weakly concir-
cularly symmetric space. So this exmple support the fact that the converse of the Theorem 3 in
([1]) is not true.
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