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Abstract Several investigations have been made on class of Dirichlet series with real and
complex frequencies in the past. In the present paper, we consider functions represented by
Dirichlet series with vector valued frequencies and study the dual nature of the class of such

series converging in the complex plane. We also obtain coefficient multipliers for some classes
of such series. No such series has yet been considered before.

1 Introduction

An infinite series of the form

Zane)‘"s ;s = o+it(o,t € R) (1.1
n=1
where (a,) is a sequence of complex numbers and (),) is a strictly increasing sequence of
positive real numbers tending to infinity is called Dirichlet series. S. Mandelbrojt[6] proved that
if the coefficients (a,,) and the sequence of exponents ()\,,) satisfy

1
lim sup (;g o
n— oo n

< o0

and

. lo
lim sup glan| _
n—oo n

then the series (1.1) converges in the whole complex plane. Many researchers in the past have
worked on class of entire functions represented by series (1.1). Srivastava[9] provided Banach
algebraic structure to class of such series. He[10] also studied growth properties of space of
entire Dirichlet series. Kamthan[2] proved the class of entire Dirichlet series to be an FK Space.

B.L. Srivastava[8] replaced the coefficients (a,) in (1.1) with elements from a commutative
Banach Algebra and thus introduced the concept of vector valued Dirichlet series. He showed
that if the function f : C — E represented by

f(s) = ane* (1.2)
n=1
satisfies |
lim sup 8" _p < 00
n— 00 n
and |
n— o0

n

then the series (1.2) becomes entire where (a,,) represents a sequence of elements from a com-
plex commutative Banach Algebra, (I, |.||). Kumar and Manocha[5] established some results
on class of vector valued Dirichlet series for which the sequence

pe An e(cqu )An ||Cln ||
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is bounded where ¢, ¢; > 0 and ¢y, ¢, are simultaneously not zero. Akanksha and Srivastava[1]
studied the dual space of a sequence space which depends upon the order of an entire function
represented by vector valued Dirichlet series and also obtained coefficient multipliers for some
classes of such series.

Khoi in [3] considered Dirichlet series with complex coefficients and complex sequence of ex-
ponents. He showed that if the conditions

117rlxl) Solip IB\iT =D <o0
and |
. loglay,
A, %\In| -
hold then the series
f(s) = iane’\”s
n=1

becomes entire. Here (a,,) denotes a sequence of complex coefficients and (),) denotes the
complex sequence of exponents satisfying lim |\,| = co. He in the same paper studied the
n—oo

concept of duality and obtained the coefficient multipliers for some classes of such series. Ku-
mar and Manocha[4] studied several properties on class of entire functions defined by multiple
Dirichlet series with complex frequencies.

Through this paper, we make a breakthrough in the direction of Dirichlet Series with vector

valued frequencies. No such series has yet been considered before.
Consider f : C — E defined by

f(s) = Zane“s ;s = o +it(o,t € R) (1.3)

n=1

’
where a,, is the sequence of complex numbers and A,, s are the elements of a commutative

complex Banach Algebra, say (I, ||.||) having w as an identity element with ||w|| = 1.
Let lim Al = .
n—oo

Alvaro H. Salas[7] defined an exponential function from E to [E as

o0 xn
exp(x) = Zm
n=1

B N

where w denotes an identity element of E. Clearly ||e*|| < ell*ll for every x € E.

Theorem 1.1. If the coefficient an s and the sequence of exponents )\, in the series represented

by (1.3) satisfy
n

lim sup < o0 (1.4)
n—oo | Anll
and
1
lim sup 2819 _ _ (1.5)
n—oo  |[Anll

then the series (1.3) converges absolutely for all s € C.
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Proof. Take an arbitrary element s € C and let |[s| = R. Then for large ‘n’ and for M > R, we
have

log |an| < —M||A\.|| (from (1.5))
Now

2 = fay| [l

lane |an] e
< Jan| ellAnsll

= |ay| e 1Al
< e~ (M=R) |Au]]

Since the sequence (\,,) satisfies condition (1.4), the series Z e~ Il converges for all & > 0.
n=1
Thus the series (1.3) converges absolutely for all s € C and hence the theorem.

O

In connection with the Theorem 1.1, given a vector valued sequence (\,,) of elements in E,
we associate to it the following sequence space

M = {(an) : lim a,| P = 0}

That is, elements of the class M are entire functions represented by Dirichlet series with vector
valued frequencies.

In the present paper, we try to study the dual nature of the space M of entire Dirichlet series with
vector valued frequencies and also try to obtain the coefficient multipliers for some classes of
such series.

Following are some definitions used in the sequel.

Definition 1.2. Let X and Y be two sequence spaces. Then a sequence (r,) is said to be a
multiplier from space X to Y if for all (z,,) in X, (r,2,) € Y and the space of such multipliers
from X to Y is denoted by (X,Y).

Definition 1.3. The Kéthe dual of the sequence space X is basically (X,1!) i.e the space of all
multipliers from space X to the sequence space I'. The Kothe dual of the space M is denoted by
M< | i.e.

M* = {(u,) CC: Z lanun| < ooV (ayn) € M}

n=1

We define a sequence space M” by

M = {(uy,) Q(C:ianun < ooV (an) € M}

n=1

2 Main Results

Theorem 2.1. (u,,) € MP? if and only if

lim sup [u,| T < oo 2.1)
n—oo
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Proof. Let (u,) € MP. We consider

i
lim sup |uy,| T = oo
n—co

then there exists an increasing sequence (ny ),k = 1,2, .. of positive integers such that

1
lim |uy,, | Pl = co
k— 00

1
A sequence (a,,) is defined as — when n = ni(k = 1,2..) and 0 otherwise.

|un|
Then
. 1 . N S
limsup |a,|TnT = lim |ay, |"*"]
n—o0 k—o0
= lim
k—00 T T
|ty | TFT
=0
Hence (a,) € M.
o0
However |a,, u,, | = 1 for every k = 1,2, .. hence E an Uy 1s not convergent leading to the

n=1

contradiction that (u,,) € M¥. Hence (2.1) holds.

Conversely let (2.1) holds.
Then there exists a constant L such that whenever n > n;

| < LIM

Let (v,) be some arbitrary sequence in M. Then for some 0 < € < 1/L , there exists some n;
such that
|vp] < Pl > n,

For N > maz(n1,n,) we have

o0 N—1 oo
Z [Untn| = Z |vn[un| + Z |vn| |un|
n=1 n=N

n=1

N—1 )
An
<3 Joalfunl + 3 (Le)™!
n=I n=N

On account of (1.4), the series Z il < oo for all » € (0,1) . Thus the series on the right
n=1
side of above inequality is convergent. Hence (u, ) € M c MP.
o

Remark 2.2. Clearly M® ¢ M”. Also if a sequence (u,,) € M” then from above (u,) € M®.
Hence M* = MP.

Theorem 2.3. Space M is perfect i.e. M** = M.

Proof. Clearly Ml € M*<,
Let (u,) does not belong to M. Then

i
lim sup |uy, | =T > 0
n—oo
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Let L = limsup \un\m,

n— oo

Then there exists an increasing sequence {ny}, k = 1,2, .. of positive integers such that
. 1
L= lim |uy, |l
k—o0

A sequence (a,) is defined as ﬁ when n = n(k = 1,2..) and 0 otherwise.
Then

1 S
limsup\an\ux'nu = lim |a,, |T"+T
n—o00 k—o0

= lim
R0 g, | T

Hence from Theorem 1, (a,,) € M*.

However |a,u,| = 1 hence Z |a,,uy, | does not converge. Thus (u,,) does not belong to M**,
n=1
Hence the space M is perfect.

Theorem 2.4. (M, [?) = M for 0 < p < cc.

Proof. Let (u,,) does not belong to M. Then from Theorem 1,

1
lim sup |uy, | =T = oo
n— oo

hence there exists an increasing sequence (ng), k = 1,2, .. of positive integers such that
. P
llm ‘UTL‘ Al = X0
k— o0

1

‘un‘

For 0 < p < o, a sequence (a,,) is defined as when n = ni(k = 1,2,..) and 0 otherwise.

Then
1 -
limsup\an\\\k]nu = lim |a,, |T"T
n—o00 k— o0
= lim
=0

Then (a,,) € M. However (uya,,) does not belong to [? which shows that (u,) ¢ (M, 7).

For p = oo we take (a,) as 1y when n = ny(k = 1,2,..) and 0 otherwise.
Then

1
n [ An |l

limsup\an|m = lim ———
n—00 k—o0 ‘un‘m
=0

Then (a,,) € M. However (uy,a,,) does not belong to [> which shows that (u,,) & (M, 7).
Thus (M, 7)  M®.
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Conversely let (u,,) € M. Then there exists some T such that

[t | < TlA=ll for n>mny

Let (a,,) € M. Then for 0 < € < 1/T, there exists n, such that
lan| < ellrnll forn>ny

Now for N > max{n;,n;}, we have

lanuy| < (TG)HA"H

If 0 < p < o0, then

oo N—-1 0o
Z ‘anun|p = Z ‘anun|p + Z |anun‘p
n=1 n=N

n=I

N—-1 o)
< Y fanunlP + Y (1)
n=1 n=1

< o0

Thus, (apu,) € IP.
Now, for p = oo, |apuy| < 1 thus (ayu,) € 1.
Hence (u,,) € (M, {?) for 0 < p < .

Thus the theorem.

Theorem 2.5. (I?, M) = M for 0 < p < oc.
Proof. Let (u,) belongs to (17, M) but does not belong to M. Then

1
lim sup |uy, | =T > 0
n—roo

Let L = limsup \un\m

n— oo
Then for 0 < 2e < L, we have a subsequence (u,, ) such that
o
[tin, | T > L — € whenever k > 1

ie
[tn, | > (L — e)”)‘"’“” whenever k > 1

I oyl
For 0 < p < oo, a sequence (v,,) is defined as (|u€)|
0 elsewhere.
Then

Z o |P = Z |V |7

n=1 k=1

> (L _ 26)17”/\n;c |
B [tny [P

o0 (L — Ze)p”)‘"k I

2.2)

whenever n = ny(k = 1,2,..) and



262

Nibha Dua and Niraj Kumar

Here

>

1 . 1
limsup [v,u, | T = lim |vy,, Uy, | 7e]
n—00 k—o0
=L —2¢
>0

Thus (v,,) € [P but (v,u,) does not belong to M which is a contradiction.

L _ eyl
Also for p = oo, we define a sequence (w,,) as (L = 2¢) when n = ni(k =1,2,..) and 0
Up,
elsewhere.
Clearly (wy,) € I°° as |w,| < 1Vn > 1. Here
1
lim sup |wnun|m = lim |wy, Uy, |Pe]
n—00 k—o0
=L —2¢

>0

We are here with sequence (w,u,,) which does not belong to M but (w,,) belongs to > which is
again a contradiction to the fact that (u,,) € (17, M).
Hence (1?,M) c M for 0 < p < o0.

Conversely let (u,,) € M. Then

Let (

Here

1
lim sup |u,| =T = 0
n— o0

rn) € IP(0 < p < 00) be an arbitrary sequence. Then there exists some B such that

|rn| < BVn>1.

1imsup|unrn|m = limsup|un|m rn\ﬁ =0.
n— o0 n—o00
Thus (u,ry,) € M. Hence for 0 < p < oo, M C (17, M).
Thus the theorem. m|
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