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Abstract In this paper, we study triharmonic curves and bi - f- harmonic curves
in the standard three-dimensional geometry Sol; with the left-invariant metric
gsol, = ds* = (e*dz)? + (e *dy)? + (dz)*>. We characterize the triharmonic
curves in terms of their curvature and torsion.

1 Introduction

Let ¢ : I — Sol; be a differentiable curve parametrized by arc length and let
{T, N, B} be the orthonormal moving Frenet frame along the curve ¢ in Sols such
that T = w/ is the unit vector field tangent to ¢, IV is the unit vector field in the
direction V7T normal to ¢ ( principal normal ) and B = T'A N (binormal vector).
Then we have the following Frenet equations

VT 0 E 0 T
VeN | =| -k 0 71 N |, (1.1)
VrB 0O —7 0 B

where
kK = gso, (V1T V1T),

is the curvature of ¢ and 7 is its torsion.

The planes spanned by {T, N}, {T, B} and {N, B} are respectively known as
the osculating, the rectifying and the normal plane.

Now curves with position vectors lie in the above defined three planes are re-
spectively called osculating, rectifying and normal curves.
A. A. Shaikh, M. S. Lone and P. R. Ghosh in [13], [14], [15] studied rectifying, os-
culating and normal curves on a smooth immersed surface in the Euclidean space
R3 and obtained their characterizations under isometry of surfaces.
First we should recall some notions and results related to the harmonic and the
Polyharmonic (r— harmonic r > 1) maps between Riemannian manifolds.

Harmonic maps v : (M, g) — (XN, g) between Riemannian manifolds are the
critical points of the energy functional

E :C®(M,N) =R, E(¢)= %/M e[ v,

and is characterized by the vanishing of the first tension field
71(¢) = —d*dyp = traceVdy,

where d is the exterior differentiation and d* is the codifferentiation.
We remind that the bienergy of v is given by

1
By C®(M,N) 5 R, Bx() =5 | 1) vy,
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and the bitension field ,(v) has the expression
n(¥) = —A7(Y) — trace, RY (dy, 7(4))dv),

where AY = —trace(V¥)? = —trace(VVV?¥ - V¥).
A smooth map v is biharmonic if it satisfies the following biharmonic equation

() = 0.

Biharmonic maps are the critical points of the bienergy functional F,. We call
proper biharmonic the non-harmonic biharmonic maps. Biharmonic curves 1 of a
Riemannian manifold are the solutions of the fourth order differential equation

V¢ — R(¢', V') =0. (1.2)

Eells and Lemaire [5] proposed the problem to consider the polyharmonic (r—
harmonic r > 1) maps of order r, these are critical points of the r— energy func-
tional defined by

Er(w) = /M er(w)vga r>1, (1.3)

where e, (1)) = 1|(d + d*)"||? for smooth maps ).

A map 1 is r— harmonic if it is a critical point of the functional E, (1) defined in
(1.3).

Every harmonic map is a solution of the polyharmonic map, see [1] for a recent
classification result. In [19], S.B. Wang studied the first variation formula of the
k- energy E} , whose critical maps are called k- harmonic maps. In [8], S. Maeta
showed the second variation formula of the k- energy. Triharmonic curves with
constant curvature in space forms were studied by Maeta in [8].

In this paper, we study triharmonic curves and bi - f- harmonic curves in the

standard three-dimensional geometry Sol;. We characterize the triharmonic curves
in terms of their curvature and torsion.

2 Preliminaries

The space Solj is one of the eight models of geometry of Thurston [17]. The space
Sol; is the space R® equipped with the metric

9Sol; = ds? = (ezd;v)z + (efzdy)2 + (dz)z,

where (z, y, z) are usual coordinates of R3 (see for instance [6], [18]).
The space Sol; is a Lie group with the multiplication

(z,y,2) x (', ¢, ") = (v + e 7?2y + ey, 2+ 2'),

where * denotes the group operation of Sols. A left-invariant orthonormal frame
{e1, ez, e3} in Solz is given by

Proposition 2.1 ([18]). The Levi Civita connection V of Sols with respect to this
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frame is
vel €1 0 0 -1 el
vel €2 = 0 0 0 (%)
vel €3 1 0 0 €3
V6261 0 0 0 €1
Veer | = 0 0 1 e @2.1)
vez €3 0 -1 0 e3
V6361 0 0 0 €1
v63 €2 - 0 0 0 e
v(,’} €3 0 O 0 €3

Also, we obtain the bracket relations
le1, e2] =0, [ez, e3] = —ea, [er, e3] =ey. (2.2)

We shall adopt the following notation and sign convention. The Riemannian cur-
vature operator is given by

R(X,Y)Z=VxVyZ —-NyVxZ —Vx v|Z. (2.3)
The Riemannian curvature tensor is given by
R(X,Y, Z, W) = gsoi,(R(Y, X)Z, W) = —gsoi,(R(X, Y)Z, W), (24)

where X, Y, Z, W are smooth vector fields on Sols.
Moreover we put

R?]k‘ = R(ei7 ej)ﬁk, Rijl = R(6i7 €j, €k, 6l)7 (25)

where i, j, k, 1 € {1,2,3}.
The non vanishing components of the above tensor fields are

Ri21 = Ry33 = —ea, Riz1 = Rz = €3, Ry = —Rizz = ey, (2.6)

and
Rip1p = —Ri313 = —Rp33 = 1. 2.7

3 Polyharmonic curves in Sol;

3.1 Biharmonic curves in Sol;

Biharmonic curves in a three-dimensional Riemannian manifold with constant sec-
tional curvature K < 0 are geodesics [4]. In [2] the authors considered the case of
positive curvature showing that biharmonic curves have constant geodesic curva-
ture and geodesic torsion (helices).

Let ¢ : I — Sols be a differentiable curve parametrized by arc length.
From (1.1) we have

VAT = (=3kk\T + (K" — k* — kr*)N + (k' + k7') B, (3.1
where k' = 9% k" = %, =4
Using (2.7) one obtains [10]
R(T,N,T,N)=2B? -1, R(T,N,T,B) = —2N3Bs, (3.2)
where

T =Tie; + Thex + T3e3
N = Nie; + Narep + Nies (3.3)
B =T NN = Bje; + Byey + Bjes.
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Theorem 3.1 ([10]). Let v : I — Sols be a differentiable curve parametrized by
arc length. Then v is a proper non-geodesic biharmonic curve if and only if

k = constant # 0
k*+ 72 =2B3 -1 (3.4)
TI = 2N3B3.

Corollary 3.2. If 7 = 0 and k = constant # 0O for a curve ¢. ¢ is a non-geodesic
biharmonic curve then
{ K =282 -1

N3 =0.

3.2 Triharmonic curves in Sol;

To study the triharmonic curves in Sols, we shall use their Frenet vector fields and
equations.

Let us denote by ¢ : I — Sol; an arclength parametrized curve in Sol;. Assume
that ¢ is non-geodesic.

If r = 2¢t, t > 1, then (1.3) takes the form [7], [19]

2

En(w) = /M < (d*d)..(d*d) b, (dd)...(d"d) ¥ > v, (3.5)

t times t times

If r = 2t + 1, then (1.3) takes the form

B (1) = %/M < d(d*d)...(d*d) ¢, d(d*d)...(d*d) ¢ > v,. (3.6)

t times t times

The Euler-Lagrange equations of (3.5) and (3.6), reduces to the equation

r—1
(W) = VI T+ (=1)*R(VF 7T, ViT)T, r > 1. (3.7)
s=0

Solutions of 7,.(1)) = 0 are called r- harmonic curves.

Remark 3.3. We say that a r— harmonic curve is proper if it is not harmonic.
Any harmonic curve is a r— harmonic curve, for any r > 1.

An arc-length parametrized curve ¢ : I — M™ from I C R to a Riemannian
manifold M™ of dimension n is called triharmonic if [9]

V3T + R(V3T, T)T — R(V3T, VT)T = 0. (3.8)

Proposition 3.4. Let ¢y : I C R — M™" be a differentiable curve parametrized by
arc length. Then 1 is triharmonic curve if and only if

51(5) = 0

&(s) — &(s)R(N,T,T,N) — &(s)R(B, T, T, N) + &(s)R(B,N,T,N) = 0

&(s) — &(s)R(N, T, T, B) — &s(s)R(B, T, T, B) + &(s)R(B, N, T, B) = 0,
(3.9)

where
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&(s) = —10K'E" — 5kk®) + SkE'(2k* + 72) + SK>*77,

&(s) = K4+ kW —15kK? — 10Kk + 2k37% — 67%k"
—12k' 77" = 3kt + kvt — 4kT7",

&(s) = 47k + kr®) — 9k?K'7 — 4K/ — 6kr?r + 6k 7

—7"]63 + 4]4)’7'”,

E4(s) = K" = 2> — kr?, &5(s) = 2K/ + k7', &(s) = kP

Proof. From (1.1) we have

ViT = (=k*)T + (K')N + (k7)B, (3.10)
VAT = (=3kk\T + (K" — k(k* + 7%))N + (2k'T + k7')B, (3.11)
VT = &1(s)T + &(s)N + &(s) B, (3.12)

By (3.8) we see that ¢ is a triharmonic curve if and only if

&1(8)T+&(s)N+E&3(s) B4+E4(s)R(N, T)T+&5(s)R(B, T)T—&6(s)R(B, N)T = 0.
(3.13)
Using (2.4), we have (3.9). This completes the proof. O

Theorem 3.5. Let o : I — Sols be a differentiable curve parametrized by arc
length. Then 1 is a proper non-geodesic triharmonic curve if and only if

51(8) = O
&(s) + &(s)(2B2 — 1) — 2¢5(s) N3 By — 2&6(s)T3B3 = 0 (3.14)
53(8) — 264(S)N3B3 — 55(8)(1 - 2N32) + 255(8)T3N3 =0.

Proof. Using (2.7) we get

R(B,N,T,N) = —-2T3B;, R(B,T,T,B)=1-2N?}
R(B,N,T,B) =2T5N;, R(T,N,T,N)=2B3}-1 (3.15)
R(T,N,T,B) = —2N3Bs.

Combining (3.15) and (3.9), it is obtained (3.14). This completes the proof. O
Corollary 3.6. If 7 = 0 and N3 B3 # 0. Then, k = 0.

4 Triharmonic helices in Sol;

We shall call helix a curve in Sols with constant geodesic curvature and torsion.
Now, for any helix in Sols, the system (3.14) becomes

{ (K2 +72)2 — (2B2 — 1)(2k* 4+ 7%) — 2k7T3B3 = 0 @

N3(B3(2k* 4+ 72) + 7kT3) = 0.

Theorem 4.1. Let ¢ : I — Sols be a non-geodesic triharmonic helix parametrized
by arc length. Then N3 = 0.
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Proof. If N3 # 0, then from (4.1), we obtain

(]4}24-7'2)2—(23%—1)(2]€2+7‘2)—2k‘7'T3B3:O 42)
B3(2k2+T2)+TkT3:O. '
Using second equation of (4.2), we have
(R + 72?2k + 72 =0. (4.3)

From the definition of helix, the curvature and torsion of v satisfy the following
k = constant # 0 and 7 = constant #= 0.
From (4.4) we have &k = 0 = 7, a contradiction. Thus, we must have N3 = 0. O

Theorem 4.2. Let 1) : [ — Sols be a non-geodesic triharmonic helix parametrized
by arc length. Then Bz # 0.

Proof. If B; = 0, from the first equation in (4.1), we obtain

(K> 4+ 72) 4+ (2k* + 72) = 0. 4.4)
Equation (4.4) implies that ¥ = 0 = 7, a contradiction. This completes the
proof. O

5 General helix in Sol;

In 1845, de Saint Venant first proved that a space curve is a general helix if and
only if the ratio of curvature to torsion be constant (see [16] for details).
Definition 5.1. Let ¢) be a curve in Sol; and {T', N, B} be the Frenet frame on Sols

along 1.
1) If both k£ and 7 are constant along 1, then is called circular helix with respect to

Frenet frame. 2) A curve ¢ such that

%:c, ceR, (5.1)

is called a general helix with respect to Frenet frame.
If k£ =constant # 0 and 7 = 0, then the curve ¢ is a circle.

Theorem 5.2. Let ¢ : I — Soly be a non-geodesic triharmonic general helix
parametrized by arc length. If N3 = 0, then 1) is a circular helix.

Proof. From (5.1), we have

€1(s) = —10k'K" — 5kE®) + 10k3K (2 + 1)

E(s) = k(2 + 1)2 + kW — 15kk(2 + 1) — 10K2E" (* + 1)

&(s) = —c&i(s)

E(s) =K' — KA +1) (5-2)
&(s) = 3ck'k

o(s) = ck?

By using equations (5.2) in (3.14), equation (3.14), we can obtain a system of
three differential equations characterizing triharmonic general helix in Sols

€1(s) = —10K'k" — 5kk®) + 10K3K (> +1) =0
&(s) + (2B} = 1)(K" — k*(1 + &?)) — 6¢k'kN3 By — 2ck*T3B3 =0 (5.3)
2N3B3(k‘” - kg(l + Cz)) + 3Cki/k‘(1 - 2N32) - 261{,‘3T3N3 =0.

Substituting N3 = 0 into the third equation in (5.3) we have ¥’k = 0, which
implies & =constant and hence 7 =constant. Then 1) is a circular helix.
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6 Bi - f- harmonic curves in Sol;

In this section we derive the bi - f- harmonic curves in Sols.

The authors of [11] gave the Euler-Lagrange equation of bi - f- harmonic maps.
Bi - f- harmonic maps 1 : (N, g) — (N, §) between two Riemannian mani-

folds are critical points of the bi - f- energy functional [11], [12]:

1
Bra(w) = 5 [ 1) v, ©.)

where Q C N is a compact domain, 74(1)) = f7(¢) + di(gradf) is the f- tension
field of ¢, 7(¢) = traceVd is the tension field of ).

In [11], the authors used the name f- biharmonic maps for the critical points of the
functional (6.1).

Proposition 6.1 ([12]). Ler o : [ — (N, §) be a curve in a Riemannian manifold
(N, §), parametrized by its arclength, and o' = T. Then « is a bi - f- harmonic
curve if and only if

0 — (ff/// + f/f//)T + (3ff// + 2f/2)v/j\ZT
FA(ffIVET + PVAT + PARYN(VYT, T)T, (6.2)
where f : 1 — (0, oo) is a smooth map, V4T = VH VAT and V3T =
VYT,
Using (1.1), (3.10) and (3.11) in (6.2), we have

Theorem 6.2. Let o : [ — (R?, gs,1,) be a curve parametrized by arc length in
Solz space (R3, gso1,). Then « is a bi - f- harmonic curve if and only if

0 _ (ff/// + f/f// _ 4k2ff/ _ 3kk/f2)T
FBRfI" +2kf? + 4K '+ (K — B = k7?) )N
+(dkTff + QKT+ k) fH)B + kf*R(N, T)T. (6.3)

From (3.15), we obtain

Theorem 6.3. Let o : [ — (R?, gs,1,) be a curve parametrized by arc length in
Sols space (R, gsor, ). Then o is a bi - f- harmonic curve if and only if the follow-
ing equations hold:

ff/// + f/f// _4k2ff/ _ 3kk/f2 =0
B3kff! +2kf? +4K ff + (K" — k> — k)2 + kf>(1-2B3) =0 (64)
Akt ff' + 2K'T + k') f2 + 2k (N3 B3) = 0.

In the following cases, we find necessary and sufficient conditions for curves
of Sols space to be bi - f- harmonic:

Case 6.1. If £ = 0, namely « is a geodesic curve, then from (6.4) we obtain that
it is bi - f- harmonic if and only if ff” + f'f” = (ff”)" = 0. Then we have the

following corollary:

Corollary 6.4. A geodesic curve is bi - f- harmonic if and only if f f" = constant.
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Case 6.2. If kK = constant = ¢ # 0 and 7 = 0, then (6.4) reduces to

(1) =4ty
3ff//+2f/2+(1_CZ_ZB%)J‘Q:O (65)
N3B; = 0.

Case 6.2.1. If B3 = 0, then (6.5) reduces to

{ (ff") =4S ff

3ff" 427+ (1—c)f*=0. (€0

From the second equation above we obtain

A —
(ffl/)I: 2( 3 1)

4
1T et en
=311
which implies

(5 +1)f +2f")f =0.

Then we have

Corollary 6.5. Let o : I — (R3, gso1,) be a curve parametrized by arc length in
Sols space (R?, gso,), with k = constant = ¢ # 0, 7 = 0 and By = 0. Then « is
a bi - f- harmonic curve if and only if either f is a constant function or f is given
by

f(s) = cicos(Es) + casin(és), s € 1,

where c;,c; € Rand £ = \/5622—“.

Case 6.2.2. If N3 = 0, then we have

Corollary 6.6. Let o : I — (R3, gs,1,) be a curve parametrized by arc length
in Soly space (R3, gso,), with k = constant = ¢ # 0, 7 = 0 and N3 = 0
(B3 #0). Then « is a bi - f- harmonic curve if and only if the following equations
are satisfied:

(ff") =4eff
3FF7 422+ (1 — 2 —2B2)f2 =0.

Case 6.3. If k = constant = ¢ # 0 and 7 = constant = b # 0, then (6.4)
reduces to

(ff//)/ :402ff,
3ff//+2f/2+(1_CZ_bz_ZB:%)fQ:O (67)
2bf" 4+ (N3Bs)f =0.

Case 6.3.1. If N3 = 0, then the third equation of (6.7) implies that f is constant
and B3 = constant.

Case 6.3.2. If N3 # 0, then the first and the second equations of (6.7) give

21 f" —2B3Byf? + (52 +1 b —2B3)ff =0. (6.8)
Substituting the third equation of (6.7) in (6.8), we obtain

2N + ((5¢2 + 1 —b* —2B3)N3 +4B3BS) f = 0.

Hence, we give the following result:
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Corollary 6.7. Let o : I — (R3, gso1,) be a curve parametrized by arc length in
Soly space (R, gso,), with k = constant = ¢ # 0, 7 = constant = b # 0 and
N3 # 0. Then « is a bi - f- harmonic curve if and only if

2N + ((5¢2 + 1 —b* —2B3)N; +4B3BS) f = 0.
Case 6.4. If k£ = constant = ¢ # 0 and 7 # constant, then (6.4) reduces to

(ff") =4cff
3ffl/+2f/2+(1_62_7-2_2B%)f2:0 (69)
47f" + (7' +2N3B3) f = 0.

If N3 = 0, then the third equation of (6.9) implies that
f(s)=ar" %, a€R.

Substituting the third equation into the second one in (6.9) we have
1
QN7Q/Q+§9374029:0
—120' +50* + 165 = 0,
where o= Z and § = 1 — ¢ — 72 — 23.

Therefore, we conclude that

Corollary 6.8. Let o : I — (R3, gso1,) be a curve parametrized by arc length in
Sols space (R?, gso1,), with k = constant = ¢ # 0, 7 # constant and N3 = 0.

Then « is a bi -f- harmonic curve if and only if f(s) = a3, a € R and the
torsion T solves the following

|
o' —odo+ §93 —4c%0 =0,

—120" + 50> + 166 = 0,

where o = %and(S:l—cz—Tz—ZB%.
Case 6.5. If k # constant # 0 and 7 = 0, then (6.4) reduces to

(ff") —AK2f [ —3kK f2 =0
3kff"4+2kf? +4K' ff 4+ (K" — k) f*+ kf*(1 —2B3) =0 (6.10)
N3B; = 0.

Then we have the following corollary

Corollary 6.9. Let o : I — (R3, gs,1,) be a differentiable bi - f- harmonic curve
parametrized by arc length in Sols space. If k # constant # 0 and 7 = 0, then
N3B3 = 0.
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