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Abstract In the article, we study the analytic continuation of Euler-Zagier multiple shifted
zeta functions involving balancing-like polynomials and Euler-Zagier multiple L-functions in-
volving balancing-like polynomials associated to Dirichlet characters. We also compute a com-
plete list of exact singularities and residues of these functions at poles. We further examine the
values of these functions at negative integer arguments.

1 Introduction

The Euler-Zagier multiple zeta function ζEZ,k is defined by

ζEZ,k(s1, s2, . . . , sk) =
∑

0<m1<m2···<mk<∞

1
m1

s1m2
s2 · · ·mk

sk
, (1.1)

where s1, s2, . . . , sk are complex variables [19]. This series is absolutely convergent in the region

{(s1, s2, . . . , sk) ∈ Ck|Re(sk−r+1 + sk−r+2 + · · ·+ sk) > r, r = 1, 2, . . . , k}.

Arakawa and Kaneko [3] demonstrated the analytic continuation of (1.1) as a function of single
variable sk, where s1, s2, . . . , sk−1 are positive integers. The analytic continuation of (1.1) has
been studied by several researchers [1, 11, 20]. Hurwitz [8] defined the shifted zeta function
ζ(s, x) as:

ζ(s, x) =
∞∑
n=0

1
(n+ x)

s , Re(s) > 1

where 0 < x ≤ 1. The Dirichlet L-function written in terms of Hurwitz zeta functions as

L(s, χ) =
∞∑
n=1

χ(n)

ns
= q−s

∑
a (mod q)

χ(a)ζ(s; a/q),

where χ is the Dirichlet character modulo q. Various generalizations of the multiple zeta func-
tions were introduced and their analytic properties have been studied. One of the most valuable
generalization is the multiple series associated to Dirichlet characters which are called multiple
Dirichlet L-functions. The multiple Dirichlet L-function is defined as

L(s1, . . . , sk | χ1, . . . , χk) =
∑

0<m1<m2···<mk<∞

χ1(m1)

m1
s1
· · · χk(mk)

mk
sk

,

where χ1, . . . , χk are Dirichlet characters of same modulo q ∈ N≥2. The analytic continuation
of this multiple L-function has been studied by Akiyama and Ishikawa [2].

In [12], Navas introduced Fibonacci Dirichlet series ζF (s) =
∑∞
n=1 F

−s
n , Re(s) > 0 for s ∈

C, where Fn denotes the n-th Fibonacci number and proved that ζF (s) is analytically continued
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to a meromorphic function on the complex plane C. In [9], Kamano considered the Lucas zeta
function Φ(P, Q)(s) =

∑∞
n=1

1
Usn
, Re(s) > 0, s ∈ C, which is a generalization of Fibonacci zeta

function and derived its analytic continuation, where Un is the n-th Lucas number of first kind.
The Lucas L-function is defined as

LU (s, χ) =
∞∑
n=1

χ(n)

Usn
, Re(s) > 0,

where χ is the Dirichlet character modulo q and can be analytical continued to the whole complex
plane [9]. Rout and Meher [16] defined the multiple Fibonacci zeta function

ζF (s1, . . . , sd) =
∑

0<n1<n2···<nd

1
F s1
n1 · · ·F sdnd

,

where d is the depth and and s1+· · ·+sd is the weight of ζF (s1, s2, . . . , sd). They studied the ana-
lytic continuation of ζF (s1, s2, . . . , sd) of depth d = 2 and found a complete list of poles and their
corresponding residues. In [16], they also examined the arithmetic nature of ζF (s1, s2, . . . , sd)
at negative integer arguments. Recently, Meher and Rout [10] proved the meromorphic continu-
ation of multiple Lucas zeta functions of depth d :

ζU (s1, . . . , sd) =
∑

0<n1<n2···<nd

1
Us1
n1 · · ·Usdnd

,

where (Un) is the Lucas sequence of first kind. They calculated a complete list of poles and their
residues and proved that the multiple Lucas zeta values are rational at negative integers.

Now, our premier task is to talk about the theory of balancing numbers and balancing-like
numbers. A natural number m is said to be a balancing number if it is the solution of a simple
Diophantine equation 1 + 2 + · · ·+ (m− 1) = (m+ 1) + (m+ 2) + · · ·+ (m+ r), where r is
a balancer corresponding to m [5]. Let {Bm}m≥0 be the balancing sequence and is recursively
defined as B0 = 0, B1 = 1 and Bm = 6Bm−1 − Bm−2 for m ≥ 2. The closed form expression

for balancing sequence is Bm =
λm1 − λm2
λ1 − λ2

, where λ1 = 3 + 2
√

2 and λ2 = λ1
−1 = 3 − 2

√
2

are the roots of the balancing characteristic equation λ2 − 6λ+ 1 = 0 [14]. The balancing-like
sequence is recursively defined as x0 = 0, x1 = 1 and xm+1 = Axm − xm−1, m ≥ 1 where
A ∈ N>2 [18]. For A = 6, balancing-like sequence gives sequence of balancing numbers.

The closed form expression for balancing-like sequence is xm =
αm − βm

α− β
, where α = A+

√
D

2

and β = α−1 = A−
√
D

2 are the roots of x2 − Ax + 1 = 0, where D = A2 − 4 > 0 [18].
The sequence of balancing polynomials is recursively defined as B0(x) = 0, B1(x) = 1 and
Bm+1(x) = 6xBm(x) − Bm−1(x) for m ≥ 1 and extensively studied in [13, 15]. Rout and
Panda [17] considered balancing zeta function ζB(s) =

∑∞
m=1 B

−s
m , Re(s) > 0 for s ∈ C,

where Bm denotes the m-th balancing number and derived that ζB(s) can be meromorphically
continued to the whole complex plane. They also shown that ζB(−m) is an irrational number
when m is an odd natural number. In [17], they also studied the analytic continuation of the
balancing L-function LB(s, χ). In a subsequent paper, Behera et al. [4] proved the analytical
continuation of ζC(s) =

∑∞
n=1 C

−s
n , Re(s) > 0 for s ∈ C, where Cn denotes the n-th Lucas-

balancing number and ζC(−m) is a rational number for any odd natural number m. They also
discuss the meromorphic continuation of Lucas-balancing L-function LC(s, χ). Recently, Dutta
and Ray [7] defined Euler-Zagier multiple Lucas-balancing zeta functions of depth k :

ζEZC(s1, . . . , sk) =
∑

1≤m1<m2<···<mk<∞

1
Cs1
m1 · · ·Cskmk

,

and studied its meromorphic continuation. The authors have calculated a complete list of poles
and their residues and discussed the Euler-Zagier multiple Lucas-balancing zeta values at nega-
tive integer arguments.

In this note, we introduce Euler-Zagier multiple shifted zeta function involving balancing-like
polynomials, Euler-Zagier multiple L-function involving balancing-like polynomials associated
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to Dirichlet characters and investigate the analytic continuation along with poles and their cor-
responding residues. Further, we prove that the values of Euler-Zagier multiple L-functions
involving balancing-like polynomials associated to Dirichlet characters are rational at negative
integers.

2 Preliminaries

Definition 2.1. For any positive integer y, the sequence of balancing-like polynomials is recur-
sively defined as x0(y) = 0, x1(y) = 1 and xm+1(y) = Ayxm(y) − xm−1(y), m ≥ 1 where
A ∈ N>2.

For A = 6, the sequence of balancing-like polynomials gives the sequence of balancing
polynomials studied in [15]. The closed form expression for balancing-like polynomials is

xm(y) =
αm(y)− βm(y)
α(y)− β(y)

, where α(y) =
Ay+
√
D(y)

2 and β(y) = α(y)
−1

=
Ay−
√
D(y)

2 are

the roots of x2 −Ayx+ 1 = 0, where D(y) = (Ay)2 − 4 > 0.

Definition 2.2. Let χ1, . . . , χk be the Dirichlet characters of same modulus t ∈ N≥2 and χ0 be
the principal character. The Euler-Zagier multiple shifted zeta function involving balancing-like
polynomials and Euler-Zagier multiple L-function involving balancing-like polynomials associ-
ated to Dirichlet characters are defined as:

ζkEZB(s1, . . . , sk | h1, . . . , hk) =
∞∑

m1,...,mk=0

1
xs1
tm1+h1

(y)
· · · 1

xsk
t(m1+···+mk)+(h1+···+hk)(y)

(2.1)

and

LkEZB(s1, . . . , sk | χ1, . . . , χk) =
∑

1≤m1<m2<···<mk

χ1(m1)

xs1
m1(y)

· · · χk(mk)

xskmk(y)
, (2.2)

where mi, hi ∈ N for 1 ≤ i ≤ k.

For the sake of convenience, we denote ζkEZB(s|h) and LkEZB(s|χ) for ζkEZB(s1, . . . , sk |
h1, . . . , hk) and LkEZB(s1, . . . , sk | χ1, . . . , χk) respectively.

For any integer k ≥ 1, we consider the open subset of Dk of Ck, i.e.

Dk = {(s1, . . . , sk) ∈ Ck
∣∣ k∑
i=d

Re(si) > 0, 1 ≤ d ≤ k}.

Proposition 2.3. The Euler-Zagier multiple shifted zeta function involving balancing-like poly-
nomials ζkEZB(s|h), is absolutely convergent in the domain Dk.

Proof. Let sj = σj + itj ∈ C and σj = Re(sj) > 0 for j = 1, . . . , k. Now,

∞∑
m1=1

∣∣∣∣ 1
xs1
m1(y)

∣∣∣∣ =(α(y)− β(y))σ1

∞∑
m1=1

∣∣∣∣ 1(
αm1(y)− βm1(y)

)s1

∣∣∣∣
≤(α(y)− β(y))σ1

∞∑
m1=1

1

αm1σ1(y)
(
1− (

∣∣β(y)
α(y)

∣∣)m1
)s1

≤
(

α(y)− β(y)
1− |β(y)/α(y)|

)σ1 ∞∑
m1=1

1
ασ1m1(y)

=Λσ1(α(y)− β(y))σ1
1

ασ1(y)− 1
,
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and for 2 ≤ d ≤ k, we have the following estimate∣∣∣∣ 1
xsdm1+···+md(y)

∣∣∣∣ ≤ Λσd
(α(y)− β(y))σd
ασd(m1+···+md)(y)

,

where Λσj =
1

(1−|β(y)/α(y)|)σj .

Now, ∑
0<m1<m2<···<mk

∣∣∣∣ 1
xs1
m1(y)x

s2
m2(y) · · ·xskmk(y)

∣∣∣∣
≤

∞∑
m1=1

∣∣∣∣ 1
xs1
m1(y)

∣∣∣∣ ∞∑
m2=1

∣∣∣∣ 1
xs2
m1+m2

(y)

∣∣∣∣ · · · ∞∑
mk=1

∣∣∣∣ 1
xskm1+···+mk(y)

∣∣∣∣
≤ Λσ1 · · ·Λσk(α(y)− β(y))σ1+···+σk

∞∑
m1=1

1
ασ1m1(y)

∞∑
m2=1

1
ασ2(m1+m2)(y)

× · · · ×
∞∑

mk=1

1
ασk(m1+···+mk)(y)

= Λ(α(y)− β(y))σ1+···+σk
∞∑

m1=1

1
α(σ1+···+σk)m1(y)

∞∑
m2=1

1
α(σ2+···+σk)m2(y)

× · · · ×
∞∑

mk=1

1
ασkmk(y)

= Λ(α(y)− β(y))σ1+···+σk 1
(ασ1+···+σk(y)− 1)

1
(ασ2+···+σk(y)− 1)

× · · · × 1
(ασk(y)− 1)

< ∞,

since α(y) > 1 where Λ = Λσ1 · · ·Λσk . Now,∑
m1=0,...,mk=0

∣∣∣∣ 1
xs1
tm1+h1

(y)
· · · 1

xsk
t(m1+···+mk)+(h1+···+hk)(y)

∣∣∣∣
≤

∑
m1=0,...,mk=0

∣∣∣∣ 1
xs1
tm1+h1

(y)

∣∣∣∣ · · · ∣∣∣∣ 1
xsk
t(m1+···+mk)+(h1+···+hk)(y)

∣∣∣∣
≤

∞∑
m1=1

∣∣∣∣ 1
xs1
m1(y)

∣∣∣∣ ∞∑
m2=1

∣∣∣∣ 1
xs2
m1+m2

(y)

∣∣∣∣ · · · ∞∑
mk=1

∣∣∣∣ 1
xskm1+···+mk(y)

∣∣∣∣ <∞. (2.3)

Therefore, the series (2.1) converges absolutely in the domain Dk. This completes the proof.

Proposition 2.4. For any positive integer k ≥ 1, let χ1, . . . , χk be the Dirichlet characters of

same modulus t ∈ N≥2. The infinite sum
∑

1≤m1<m2<···<mk

χ1(m1)

xs1
m1(y)

· · · χk(mk)

xskmk(y)
is absolutely con-

vergent in Dk.
Proof. It is observed that ∑

1≤m1<m2<···<mk

χ1(m1)

xs1
m1(y)

· · · χk(mk)

xskmk(y)

=
∞∑

m1=1

χ1(m1)

xs1
m1(y)

∞∑
m2=1

χ2(m1 +m2)

xs2
m1+m2

(y)
· · ·

∞∑
mk=1

χk(m1 + · · ·+mk)

xskm1+···+mk(y)
.

For any m ∈ N, |χ(m)| ≤ 1. Therefore, by Proposition 2.3, the series LkEZB(s|χ) converges
absolutely in Dk.
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3 Analytic continuation of Euler-Zagier multiple L-functions involving
balancing-like polynomials associated to Dirichlet characters

In this section, we demonstrate the analytic continuation of Euler-Zagier multiple L-functions
involving balancing-like polynomials associated to Dirichlet characters.

Theorem 3.1. The Euler-Zagier multiple shifted zeta function involving balancing-like poly-
noials ζkEZB(s|h) can be analytically continued to a meromorphic function on all of Ck with
exact list of poles on the hyperplanes

sd + · · ·+ sk = −2(rd + · · ·+ rk) +
2πia

t logα(y)
, 1 ≤ d ≤ k,

where r1, . . . , rk ∈ Z≥0, and a ∈ Z.

Proof. As α(y) − β(y) =
√
D(y) and α(y)β(y) = 1, then for any complex number s ∈ C, we

have

xsm(y) =

(
αm(y)− βm(y)
α(y)− β(y)

)s
= D−s/2(y)αms(y)

(
1−

(
β(y)

α(y)

)m)s
= D−s/2(y)αms(y)

(
1− 1

α2m(y)

)s
= D−s/2(y)

∞∑
r=0

(
s

r

)
(−1)rαm(s−2r)(y). (3.1)

Now,

xstm+h(y) = D−
s
2 (y)

∞∑
r=0

(
s

r

)
(−1)rα(tm+h)(s−2r)(y). (3.2)

Since the series ζkEZB(s|h) is absolutely convergent. Then by interchanging the order of sum-
mation, we get

ζkEZB(s | h)

=
∞∑

m1=0,...,mk=0

1
xs1
tm1+h1

(y)
· · · 1

xsk
t(m1+···+mk)+(h1+···+hk)(y)

=
∞∑

m1=0,...,mk=0

(
D

s1
2 (y)

∞∑
r1=0

(
−s1

r1

)
(−1)r1α−(tm1+h1)(s1+2r1)(y)

)

× · · · ×
(
D

sk
2 (y)

∞∑
rk=0

(
−sk
rk

)
(−1)rkα−

(
t(m1+···+mk)+(h1+···+hk)

)
(sk+2rk)(y)

)

= D
s1+···+sk

2 (y)
∞∑
r1=0

(
−s1

r1

)
(−1)r1 · · ·

∞∑
rk=0

(
−sk
rk

)
(−1)rk

×α−
(
s1+···+sk+2(r1+···+rk)

)
h1(y)× · · · × α−(sk+2rk)hk(y)

×
∞∑

m1,...,mk=0

(
α−t(s1+···+sk+2(r1+···+rk))(y)

)m1 × · · · ×
(
α−t(sk+2rk)(y)

)mk
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= D
s1+···+sk

2 (y)
∞∑
r1=0

(
−s1

r1

)
(−1)r1 · · ·

∞∑
rk=0

(
−sk
rk

)
(−1)rk

× α−h1(s1+···+sk+2(r1+···+rk))(y)

1− α−t(s1+···+sk+2(r1+···+rk))(y)
× · · · × α−hk(sk+2rk)(y)

1− α−t(sk+2rk)(y)

= D
s1+···+sk

2 (y)
∞∑
r1=0

(
−s1

r1

)
(−1)r1 · · ·

∞∑
rk=0

(
−sk
rk

)
(−1)rk

α−h1(s1+2r1)(y)

1− α−t(s1+···+sk+2(r1+···+rk))(y)

× · · · × α−(h1+···+hk)(sk+2rk)(y)

1− α−t(sk+2rk)(y)
. (3.3)

The infinite series (3.3) is holomorphic function on Ck except for the poles derived from the
functions

Frd,...,rk(sd, . . . , sk) =
α−hd(sd+···+sk+2(rd+···+rk))(y)

1− α−t(sd+···+sk+2(rd+···+rk))(y)
for 1 ≤ d ≤ k.

Therefore, ζkEZB(s|h) is meromorphically continued on Ck with poles on the hyperplanes

sd + · · ·+ sk = −2(rd + · · ·+ rk) +
2πia

t logα(y) , 1 ≤ d ≤ k, (3.4)

where r1, . . . , rk ∈ Z≥0, and a ∈ Z. This completes the proof.

Now,

LkEZB(s | χ) =
∑

1≤m1<m2<···<mk

χ1(m1)

xs1
m1(y)

· · · χk(mk)

xskmk(y)

=
∞∑

m1=1

χ1(m1)

xs1
m1(y)

∞∑
m2=1

χ2(m1 +m2)

xs2
m1+m2

(y)
· · ·

∞∑
mk=1

χk(m1 + · · ·+mk)

xskm1+···+mk(y)

=
t∑

h1=1

t∑
h2=1

· · ·
t∑

hk=1

∞∑
m1=1

χ1(h1)

xs1
tm1+h1

(y)
· · ·

∞∑
mk=1

χk(h1 + · · ·+ hk)

xsk
t(m1+···+mk)+h1+···+hk(y)

=
t∑

h1=1

t∑
h2=1

· · ·
t∑

hk=1

χ1(h1) · · ·χk(h1 + · · ·+ hk)ζ
k
EZB(s|h). (3.5)

From the above expression, it is obtained that the function LkEZB(s | χ) is a linear combination
of ζkEZB(s|h). Thus, we get the following result.

Theorem 3.2. For any positive integer k ≥ 1, let χ1, . . . , χk be the Dirichlet characters of same
modulus t ∈ N≥2, then the Euler-Zagier multiple L-function involving balancing-like polynomi-
als LkEZB(s | χ) of depth k can be continued to a meromorphic function on all of Ck with all
possible simple poles on the hyperplanes (3.4).

4 Poles and residues of Euler-Zagier multiple L-functions involving
balancing-like polynomials associated to Dirichlet characters

For 1 ≤ d ≤ k, let

sk(d) = sd + · · ·+ sk, rk(d) = rd + · · ·+ rk, r
′
k(d) = r′d + · · ·+ r′k,

hk(d) = hd + · · ·+ hk and ζt = e
2πi
t

with sk(k + 1) = 0, rk(k + 1) = 0, r′k(k + 1) = 0. The residues of the Euler-Zagier multiple
L-functions involving balancing-like polynomials LkEZB(s | χ) along the hyperplanes (3.4) to
be the restriction of the meromorphic function(

sk(d) + 2rk(d)−
2πia

t logα(y)

)
LkEZB(s | χ)

to the hyperplanes (3.4).
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Theorem 4.1. Let r′k be a non-negative integer. Let lk = −2r′k+
2πia

t logα(y) and set Lk−1
EZB(s | h) =

1 for k = 1. Then

Res
sk=lk

LkEZB(s | χ) =
t∑

h1=1

χ1(h1)
t∑

h2=1

χ2(h2(1)) · · ·
t∑

hk=1

χk(hk(1))

ζk−1
EZB(s1, . . . , sk−1 | h1, . . . , hk−1)

Dlk/2(y)(−1)r
′
k

t logα(y)

(
−lk
r′k

)
ζ
−ahk(1)
t .

Proof. Let us assume that k ≥ 1 and sk(k) = sk = lk. Now, sk + 2r′k =
2πia

t logα(y) which implies

that αsk+2r′k(y) = ζat . Thus, α−hk(1)(sk+2r′k)(y) − ζ−hk(1)at is an analytic function with simple
zeros at lk. Then

lim
sk→lk

sk − lk
(1− α−t(sk+2rk)(y))

= Res
sk=lk

1
(1− α−t(sk+2rk)(y))

=
1

d
dsk

(1− α−t(sk+2rk)(y))

∣∣∣∣
sk=lk

=
1

t logα(y)
.

The residue of ζkEZB(s|h) along the hyper plane sk = lk is given by

Res
sk=lk

ζkEZB(s|h) = lim
sk→lk

(sk − lk) Dsk(1)/2(y)
∞∑
r1=0

(
−s1

r1

)
(−1)r1 · · ·

∞∑
rk=0

(
−sk
rk

)
(−1)rk

α−h1(s1+2r1)(y)

1− α−t(sk(1)+2rk(1))(y)
× · · · × α−(hk(1)(sk+2rk)(y)

1− α−t(sk+2rk)(y)

= Dsk−1(1)/2(y)
∞∑
r1=0

(
−s1

r1

)
(−1)r1 · · ·

∞∑
rk=0

(
−sk−1

rk−1

)
(−1)rk−1

α−h1(s1+2r1)(y)

1− α−t(sk(1)+2rk(1))(y)

∣∣∣∣
sk=lk

× · · · × α−(hk−1(1)(sk−1+2rk−1)(y)

1− α−t(sk(k−1)+2rk(k−1))(y)

∣∣∣∣
sk=lk

× lim
sk→lk

Dsk/2(y)(−1)rk
(
−sk
rk

)
(sk − lk)

α−hk(1)(sk+2rk)(y)

1− α−t(sk+2rk)(y)
.

From the above expression, after applying limit, the terms containing only rk but not r1, · · · , rk−1
survives for rk = r′k and rest of the terms vanish.
Therefore, from the above calculation, we have

Res
sk=lk

ζkEZB(s|h) = Dlk/2(y)Dsk−1(1)/2(y)
∞∑
r1=0

(
−s1

r1

)
(−1)r1 · · ·

∞∑
rk−1=0

(
−sk−1

rk−1

)
(−1)rk−1

× α−h1(s1+2r1)(y)

1− α−t(sk−1(1)+2rk−1(1))(y)
× · · · × α−(hk−1(1)(sk−1+2rk−1)(y)

1− α−t(sk−1(k−1)+2rk−1(k−1))(y)

× (−1)r
′
k

t logα(y)

(
−lk
r′k

)
ζ
−hk(1)a
t

= ζk−1
EZB(s1, . . . , sk−1|h1, . . . , hk−1)D

lk/2(y)(−1)r
′
k

(
−lk
r′k

)
ζ
−hk(1)a
t

t logα(y)
.(4.1)
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Therefore, using (3.5) and (4.1), we have

Res
sk=lk

LkEZB(s | χ) =
t∑

h1=1

χ1(h1)
t∑

h2=1

χ2(h2(1)) · · ·
t∑

hk=1

χk(hk(1)) Res
sk=lk

ζkEZB(s|h)

=
t∑

h1=1

χ1(h1)
t∑

h2=1

χ2(h2(1)) · · ·
t∑

hk=1

χk(hk(1))

× ζk−1
EZB(s1, . . . , sk−1 | h1, . . . , hk−1)

Dlk/2(y)(−1)r
′
k

t logα(y)

(
−lk
r′k

)
ζ
−ahk(1)
t .

This finishes the proof.

For a ∈ Z, let us define the Gauss sum

G(χ, a) =
∑

x (mod t)

χ(x)ζaxt .

For fixed (h1, . . . , hk−1) ∈ Zk−1
>0 , we have

t∑
hk=1

χk(hk(1))ζ
−ahk(1)
t =

t∑
hk=1

χk(−1)χk(−ahk(1))ζ−ahk(1)t

= χk(−1)G(χk, a)

as χk is periodic modulo t. The following result related to Gauss sum is found in [6].

Lemma 4.2. For d = gcd(a, t), if we assume that χ can not be defined modulo t
d , then G(χ, a) =

0.

It is known that the Dirichlet L-function L(s, χ) is holomorphic on the whole complex plane
where χ is non-principal and the function L(s, χ) has trivial zeros at non-positive integers. For
the function LkEZB(s | χ), we have the following result.

Lemma 4.3. Let χk be non-principal character modulo t. Then the function LkEZB(s | χ) is
holomorphic on the real axis of sk.

Proof. From Theorem 3.2, the series LkEZB(s | χ) is holomorphic except the singularities given
by (3.4). If sk(k) is a real number, then 2a/t = 0. Since 2a

t ∈ Z, then t|a or t
2 |a with respect

to t is odd or even that implies that gcd (a, t) = t or t
2 . Therefore, t

gcd (a,t) = 1 or 2. As χk is
non-principal, the character χk cannot be defined for modulo 1 or 2. Using Lemma 4.2, we have
G(χk, a) = 0, which desires the result.

In the following theorem, we calculate the residues of LkEZB(s | χ) along the hyperplanes
(3.4) for 1 ≤ d ≤ k − 1.

Theorem 4.4. Let k > 1 and d be positive integers such that 1 ≤ d ≤ k − 1. Let r′d · · · r′k be
non-negative integers. Let lk(d) = −2r′k(d) +

2πia
t logα(y) . Then

Res
sk(d)=lk(d)

LkEZB(s | χ) = Dlk(d)/2(y)ζd−1
EZB(s|χ)

∑
rd≥0,...,rk≥0
rk(d)=r

′
k(d)

(
−sd
rd

)
(−1)rd · · ·

(
−sk
rk

)
(−1)rk

t∑
h1=1

χ1(h1)× · · · ×
t∑

hk=1

χk(hk(1))
α−hd+1(sk(d+1)+2rk(d+1))(y)

1− α−t(sk(d+1)+2rk(d+1))(y)

× · · · × α−hk(sk+2rk)(y)

1− α−t(sk+2rk)(y)
× ζ

−ahd(1)
t

t logα(y)
.
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Proof. Let sk(d) = lk(d) = −2r′k(d) +
2πia

t logα(y) . Now (sk(d) + 2r′k(d)) logα(y) = 2πia
t that

implies αsk(d)+2r′k(d)(y) = ζat . Thus, for 1 ≤ j ≤ d, we obtain

α−hj(sk(d)+2r′k(d))(y) = ζ
ahj
t , α−hj(1)(sk(d)+2r′k(d))(y) = ζ

ahj(1)
t , and α−t(sk(d)+2r′k(d))(y) = 1.

Hence, α−t(sk(d)+2r′k(d))(y)− 1 is an analytic function with simple zeros at lk(d) for 1 ≤ d ≤ k.
By proceeding as in the proof of Theorem 4.1, we have

lim
sk(d)→lk(d)

sk(d)− lk(d)
1− α−t(sk(d)+2rk(d))(y)

= Res
sk(d)=lk(d)

1
1− α−t(sk(d)+2rk(d))(y)

=
1

t logα(y)
.

Now we evaluate the limit as follows:

lim
sk(d)→lk(d)

Dsk(d)/2(y)
∞∑

rd,...,rk=0

(
−sd
rd

)
(−1)rd · · ·

(
−sk
rk

)
(−1)rk

α−hd(sk(d)+2rk(d))(y)(sk(d)− lk(d))
1− α−t(sk(d)+2rk(d))(y)

× · · · × α−hk(sk+2rk)(y)

1− α−t(sk+2rk)(y)
.

In the above calculation after applying the limit, only those terns containing rd, . . . , rk will sur-
vive when rk(d) = r′k(d) and rest of the terms will vanish.
Therefore, the above limit reduces to

Dlk(d)/2(y)
∑

rd≥0,...,rk≥0
rk(d)=r

′
k(d)

(
−sd
rd

)
(−1)rd · · ·

(
−sk
rk

)
(−1)rk

α−hd+1(sk(d+1)+2rk(d+1))(y)

1− α−t(sk(d+1)+2rk(d+1))(y)

× · · · × α−hk(sk+2rk)(y)

1− α−t(sk+2rk)(y)
× ζ−ahdt

t logα(y)
.

Therefore, the residue of ζkEZB(s|h) along the hyper plane sk(d) = lk(d) is given by

Res
sk(d)=lk(d)

ζkEZB(s|h)

= lim
sk(d)→lk(d)

(sk(d)− lk(d))ζkEZB(s|h)

= Dsk(d)/2(y)Dsd−1(1)/2(y)
∞∑

r1,...,rd−1=0

(
−s1

r1

)
(−1)r1 · · ·

(
−sd−1

rd−1

)
(−1)rd−1

×
∞∑

rd,...,rk=0

(
−sd
rd

)
(−1)rd · · ·

(
−sk
rk

)
(−1)rk

α−h1(sk(1)+2rk(1))(y)

1− α−t(sk(1)+2rk(1))(y)

∣∣∣∣
sk(d)=lk(d)

× · · · × α−hd−1(sk(d−1)+2rk(d−1))(y)

1− α−t(sk(d−1)+2rk(d−1))(y)

∣∣∣∣
sk(d)=lk(d)

× lim
sk(d)→lk(d)

(sk(d)− lk(d))
α−hd(sk(d)+2rk(d))(y)

1− α−t(sk(d)+2rk(d))(y)
· · · α−hk(sk+2rk)(y)

1− α−t(sk+2rk)(y)

= Dlk(d)/2(y)ζd−1
EZB(s1, . . . , sd−1|h1, . . . , hd−1)

∑
rd≥0,...,rk≥0
rk(d)=r

′
k(d)

(
−sd
rd

)
(−1)rd · · ·

(
−sk
rk

)
(−1)rk

× α−hd+1(sk(d+1)+2rk(d+1))(y)

1− α−t(sk(d+1)+2rk(d+1))(y)
· · · α−hk(sk+2rk)(y)

1− α−t(sk+2rk)(y)
× ζ

−ahd(1)
t

t logα(y)
. (4.2)
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By virtue of (3.5) and (4.2), we have

Res
sk(d)=lk(d)

LkEZB(s | χ)

=
t∑

h1=1

χ1(h1)
t∑

h2=1

χ2(h2(1)) · · ·
t∑

hk=1

χk(hk(1)) Res
sk=lk

ζkEZB(s|h)

=
t∑

h1=1

χ1(h1)
t∑

h2=1

χ2(h2(1)) · · ·
t∑

hk=1

χk(hk(1))Dlk(d)/2(y)

× ζd−1
EZB(s1, . . . , sd−1|h1, . . . , hd−1)

∑
rd≥0,...,rk≥0
rk(d)=r

′
k(d)

(
−sd
rd

)
(−1)rd · · ·

(
−sk
rk

)
(−1)rk

× α−hd+1(sk(d+1)+2rk(d+1))(y)

1− α−t(sk(d+1)+2rk(d+1))(y)
· · · α−hk(sk+2rk)(y)

1− α−t(sk+2rk)(y)
× ζ

−ahd(1)
t

t logα(y)

= Dlk(d)/2(y)ζd−1
EZB(s|χ)

∑
rd≥0,...,rk≥0
rk(d)=r

′
k(d)

(
−sd
rd

)
(−1)rd · · ·

(
−sk
rk

)
(−1)rk

t∑
h1=1

χ1(h1)

× · · · ×
t∑

hk=1

χk(hk(1))
α−hd+1(sk(d+1)+2rk(d+1))(y)

1− α−t(sk(d+1)+2rk(d+1))(y)
· · · α−hk(sk+2rk)(y)

1− α−t(sk+2rk)(y)
× ζ

−ahd(1)
t

t logα(y)
.

This completes the proof.

5 Values of Euler-Zagier multiple L-functions involving balancing-like
polynomials associated to Dirichlet characters at negative integers

In this section, we discuss the values of LkEZB(s | χ) at negative integers. First we give a
sufficient condition for LkEZB(s | χ) to be holomorphic at (s1, . . . , sk) = (−n1, . . . ,−nk),where
ni ∈ N for i = 1, . . . , k. Let us denote nk(d) = nd + · · ·+ nk, 1 ≤ d ≤ k.

Lemma 5.1. Let (n1, . . . , nk) ∈ Nk and χ be a Dirichlet character of modulus t, where t is a pos-
itive integer. Then the function LkEZB(s | χ) is holomorphic at (s1, . . . , sk) = (−n1, . . . ,−nk) if
and only if

nk(1) 6≡ 0 (mod 2), nk(2) 6≡ 0 (mod 2), . . . , nk(k) 6≡ 0 (mod 2).

Proof. The infinite series (3.3) is holomorphic except the poles derived from(
αt(sk(1)+2rk(1))(y)− 1

)
× · · · ×

(
αt(sk+2rk)(y)− 1

)
= 0.

This is true if and only if, one of the following equations holds:

tsk(1) = −2trk(1), tsk(2) = −2trk(2), · · · , tsk = −2trk,

with trk(1) ≡ 0 (mod 2), trk(2) ≡ 0 (mod 2), . . . , trk ≡ 0 (mod 2), which desires the result.

For 1 ≤ d ≤ k, let us denote

δd(rd, . . . rk;hd) = (−1)rd
α−hd(−nk(d)+2rk(d))(y)

1− α−t(−nk(d)+2rk(d))(y)
. (5.1)

In particular,

δ1(r1, . . . , rk;h1) =
(−1)r1α−h1(−nk(1)+2rk(1))(y)

1− α−t(−nk(1)+2rk(1))(y)
, · · · ,

δk(rk;hk) =
(−1)rkα−hk(−nk(k)+2rk(k))(y)

1− α−t(−nk(k)+2rk(k))(y)
.
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By replacing rd by nd − rd in the above notation (5.1), we have

δd(r̂d, . . . , rk;hd) = (−1)nd−rd
α−hd

(
−nk(d)+2(nd−rd+rk(d+1))

)
(y)

1− α−t
(
−nk(d)+2(nd−rd+rk(d+1))

)
(y)

. (5.2)

Further, we denote

σ0(r1, . . . , rk) = δ1(r1, . . . , rk;h1)× δ2(r2, . . . , rk;h2)× · · · × δk(rk;hk),

σp(r1, . . . , r̂c1 , . . . , r̂cP , . . . , rk) = δ1(r1, . . . , r̂c1 , . . . , r̂cP , . . . , rk;h1)

× · · · × δc1(r̂c1 , . . . , r̂cp , . . . , rk;hc1)δc2(r̂c2 , . . . , r̂cp , . . . , rk;hc2) (5.3)

× · · · × δcp(r̂cp , . . . , rk;hcp)× · · · × δk(rk;hk).

The expression σp(r1, . . . , r̂c1 , . . . , r̂cp , . . . , rk) precisely represents that p number of integers in
the tuple (r1, . . . , rk) are replaced from rt to nt−rt for 1 ≤ t ≤ p, whenever these terms appears
in that corresponding δi(ri, . . . rk;hi) as in the above expression.

Using the above notations, we prove the following proposition which is very essential to
prove our main result.

Proposition 5.2. Let Ψ be the non-trivial automorphism of Gal(Q
√
D(y)/Q) and σp as in the

expression (5.3). Then for any 0 ≤ p ≤ k, we have

Ψ
(
σp(r1, . . . , r̂c1 , . . . , r̂cp , . . . , rk)

)
= (−1)nk(1)

(
σk−p(r̂1, . . . , r̂c1−1, rc1 , . . . , rcp , r̂cp+1 , . . . , r̂k)

)
.

(5.4)

Proof. Now,

σp(r1, . . . ,r̂c1 , . . . , r̂cP , . . . , rk) = δ1(r1, . . . , r̂c1 , . . . , r̂cP , . . . , rk;h1)

× · · · × δc1(r̂c1 , . . . , r̂cp , . . . , rk;hc1)

× · · · × δcp(r̂cp , . . . , rk;hcp)× · · · × δk(rk;hk)

= (−1)r1
α−h1

(
−nk(1)+2(rc1−1(1)+rk(cp+1)+

∑p
t=1(nct−rct ))

)
(y)

1− α−t
(
−nk(1)+2(rc1−1(1)+rk(cp+1)+

∑p
t=1(nct−rct ))

)
(y)

× · · · × (−1)nc1−rc1
α−hc1

(
−nk(c1)+2(rk(cp+1)+

∑p
t=1(nct−rct ))

)
(y)

1− α−t
(
−nk(c1)+2(rk(cp+1)+

∑p
t=1(nct−rct ))

)
(y)

× · · · × (−1)ncp−rcp
α−hcp

(
−nk(cp)+2(rk(cp+1)+ncp−rcp )

)
(y)

1− α−t
(
−nk(cp)+2(rk(cp+1)+ncp−rcp )

)
(y)

× · · · × (−1)rk
α−hk(−nk(k)+2rk(k))(y)

1− α−t(−nk(k)+2rk(k))(y)
. (5.5)

Further simplification gives

−nk(1) + 2
(
rc1−1(1) + rk(cp + 1) +

p∑
t=1

(nct − rct)
)

= −
[
n1 + · · ·+ nc1−1 + nc1 + · · ·+ ncp + · · ·+ nk

]
+ 2
[
r1 + · · ·+ rc1−1

+rcp+1 + · · ·+ rck +
p∑
t=1

(nct − rct)
]

= nk(1)− 2
( c1−1∑

t=1

(nt − rt) +
k∑

t=cp+1

(nt − rt) +
p∑
t=1

rct

)
. (5.6)
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Similarly,

−nk(c1) + 2
(
rk(cp + 1) +

p∑
t=1

(nct − rct)
)
= nk(c1)− 2

( k∑
t=cp+1

(nt − rt) +
p∑
t=1

rct

)
(5.7)

and

−nk(cp) + 2
(
rk(cp + 1) + ncp − rcp

)
= nk(cp)− 2

( k∑
t=cp+1

(nt − rt) + rcp

)
. (5.8)

Using (5.6), (5.7) and (5.8) in (5.5), we have

σp(r1, . . . , r̂c1 , . . . , r̂cP , . . . , rk)

= (−1)r1
α
−h1

(
nk(1)−2

(∑c1−1
t=1 (nt−rt)+

∑k
t=cp+1(nt−rt)+

∑p
t=1 rct

))
(y)

1− α−t
(
nk(1)−2

(∑c1−1
t=1 (nt−rt)+

∑k
t=cp+1(nt−rt)+

∑p
t=1 rct

))
(y)

× · · · × (−1)nc1−rc1
α
−hc1

(
nk(c1)−2

(∑k
t=cp+1(nt−rt)+

∑p
t=1 rct

))
(y)

1− α−t
(
nk(c1)−2

(∑k
t=cp+1(nt−rt)+

∑p
t=1 rct

))
(y)

× · · · × (−1)ncp−rcp
α
−hcp

(
nk(cp)−2

(∑k
t=cp+1(nt−rt)+rcp

))
(y)

1− α−t
(
nk(cp)−2

(∑k
t=cp+1(nt−rt)+rcp

))
(y)

× · · · × (−1)rk
α−hk

(
−nk(k)+2rk(k)

)
(y)

1− α−t
(
−nk(k)+2rk(k)

)
(y)

.

Similarly, we can deduce

σk−p(r̂1, . . . , r̂c1−1, rc1 , . . . , rcp , r̂cp+1 , . . . , r̂k)

= (−1)n1−r1
α
−h1

(
−nk(1)+2

(∑c1−1
t=1 (nt−rt)+

∑k
t=cp+1(nt−rt)+

∑p
t=1 rct

))
(y)

1− α−t
(
−nk(1)+2

(∑c1−1
t=1 (nt−rt)+

∑k
t=cp+1(nt−rt)+

∑p
t=1 rct

))
(y)

× · · · × (−1)rc1
α
−hc1

(
−nk(c1)+2

(∑k
t=cp+1(nt−rt)+

∑p
t=1 rct

))
(y)

1− α−t
(
−nk(c1)+2

(∑k
t=cp+1(nt−rt)+

∑p
t=1 rct

))
(y)

× · · · × (−1)rcp
α
−hcp

(
−nk(cp)+2

(∑k
t=cp+1(nt−rt)+rcp

))
(y)

1− α−t
(
−nk(cp)+2

(∑k
t=cp+1(nt−rt)+rcp

))
(y)

× · · · × (−1)nk−rk
α−hk

(
−nk(k)+2(nk(k)−rk(k))

)
(y)

1− α−t
(
−nk(k)+2(nk(k)−rk(k))

)
(y)

.
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Since α(y)β(y) = 1, then

σk−p(r̂1, . . . , r̂c1−1, rc1 , . . . , rcp , r̂cp+1 , . . . , r̂k)

= (−1)n1−r1
β
−h1

(
nk(1)−2

(∑c1−1
t=1 (nt−rt)+

∑k
t=cp+1(nt−rt)+

∑p
t=1 rct

))
(y)

1− β−t
(
nk(1)−2

(∑c1−1
t=1 (nt−rt)+

∑k
t=cp+1(nt−rt)+

∑p
t=1 rct

))
(y)

× · · · × (−1)rc1
β
−hc1

(
nk(c1)−2

(∑k
t=cp+1(nt−rt)+

∑p
t=1 rct

))
(y)

1− β−t
(
nk(c1)−2

(∑k
t=cp+1(nt−rt)+

∑p
t=1 rct

))
(y)

× · · · × (−1)rcp
β
−hcp

(
nk(cp)−2

(∑k
t=cp+1(nt−rt)+rcp

))
(y)

1− β−t
(
nk(cp)−2

(∑k
t=cp+1(nt−rt)+rcp

))
(y)

× · · · × (−1)nk−rk
β−hk

(
−nk(k)+2rk(k)

)
(y)

1− β−t
(
−nk(k)+2rk(k)

)
(y)

= (−1)nk(1)Ψ
(
σp(r1, . . . , r̂c1 , . . . , r̂cp , . . . , rk)

)
.

This ends the proof.

Proposition 5.3. Let k be a positive integer and n = (n1, . . . nk) ∈ Nk. LetA ∈ N>2 and
√
D(y)

be an irrational number. Then ζkEZB(−n|h) ∈ Q except for singularities.

Proof. Consider n = (n1, . . . nk) ∈ Nk, for some positive integer k. The binomial coefficient(
ni
ri

)
= 0 for ri > ni, 1 ≤ i ≤ k.

Then using the notations nk(d), rk(d) in (3.3), we have

ζkEZB(−n|h)

= D−nk(1)/2(y)
n1∑
r1=0

(
n1

r1

)
(−1)r1 · · ·

nk∑
rk=0

(
nk
rk

)
(−1)rk

α−h1(−nk(1)+2rk(1))(y)

1− α−t(−nk(1)+2rk(1))(y)

× · · · × α−hk(−nk(k)+2rk(k))(y)

1− α−t(−nk(k)+2rk(k))(y)
. (5.9)

It is clear that
n∑
i=0

zi =
n∑
i=0

zn−i for any finite sequence of complex numbers {zi} and (nr) =

( n
n−r). Therefore, we can write (5.9) as

ζkEZB(−n|h) (5.10)

= D−nk(1)/2(y)
n1∑
r1=0

(
n1

r1

)
(−1)r1 · · ·

nk−1∑
rk−1=0

(
nk−1

rk−1

)
(−1)rk−1

×1
2

[ nk∑
rk=0

(
nk
rk

)
(−1)rkα−h1(−nk(1)+2rk(1))(y)

1− α−t(−nk(1)+2rk(1))(y)
· · · α−hk(−nk(k)+2rk(k))(y)

1− α−t(−nk(k)+2rk(k))(y)

+
nk∑
rk=0

(
nk

nk − rk

)
(−1)nk−rkα−h1(−nk(1)+2rk−1(1)+2(nk−rk))(y)

1− α−t(−nk(1)+2rk−1(1)+2(nk−rk))(y)
· · · α−hk(nk−2rk)(y)

1− α−t(nk−2rk)(y)

]
.

By continuing in this process for each index ri, where i = k − 1, k − 2, . . . , 1 and using the
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notations in (5.1), we have

ζkEZB(−n|h) =
D−nk(1)/2(y)

2k

n1∑
r1=0

(
n1

r1

)
· · ·

nk∑
rk=0

(
nk
rk

)[ k∏
i=1

δi(ri, . . . , rk;hi)

+
k∑
c=1

( k∏
i=1

δi(ri, . . . , r̂c, . . . , rk;hi)
)

+
∑

1≤c≤d≤k

( k∏
i=1

δi(ri, . . . , r̂c, . . . , r̂d, . . . , rk;hi
)

+ · · ·+
k∏
i=1

δi(r̂i, . . . , r̂k;hi
)]
.

Using notations in (5.3), the above equation reduces

ζkEZB(−n|h) =
D−nk(1)/2(y)

2k

[
σ0(r1, . . . , rk)

+
k∑
p=1

k∑
1≤c1<c2<···<cp≤k

σp(r1, . . . , r̂c1 , , . . . , r̂cp , . . . , rk)

]
.

From Proposition 5.2, for any 0 ≤ p ≤ k,

Ψ
(
σp(r1, . . . , r̂c1 , . . . , r̂cp , . . . , rk)

)
= (−1)nk(1)

(
σk−p(r̂1, . . . , r̂c1−1, rc1 , . . . , rcp , r̂cp+1 , . . . , r̂k)

)
.

It is clear that, if even number of ni’s are odd in the tuple (n1, . . . , nk), then (−1)nk(1) = 1 and
hence

Ψ
(
σp(r1, . . . , r̂c1 , . . . , r̂cp , . . . , rk)

)
=
(
σk−p(r̂1, . . . , r̂c1−1, rc1 , . . . , rcp , r̂cp+1 , . . . , r̂k)

)
.

If odd number of ni’s are odd in the tuple (n1, . . . , nk), then (−1)nk(1) = −1 and therefore

Ψ
(
σp(r1, . . . , r̂c1 , . . . , r̂cp , . . . , rk)

)
= −σk−p(r̂1, . . . , r̂c1−1, rc1 , . . . , rcp , r̂cp+1 , . . . , r̂k).

As Ψ is the non-trivial automorphism of Gal(Q
√
D(y)/Q), then

σp + ψ(σp) ∈ Q and σp − ψ(σp) ∈
√
D(y)Q.

Let X(r1, . . . , rk) = σ0(r1, . . . , rk) +
k∑
p=1

∑
1≤c1<c2<···<cp≤k

σp(r1, . . . , r̂c1 , , . . . , r̂cp , . . . , rk), then

ζkEZB(−n|h) = D−nk(1)/2(y)

2k
X(r1, . . . , rk).

The following two cases arise.
Case-I : (Even number of ni’s are odd in the tuple (n1, . . . , nk). )

In this case, D
−nk(1)/2(y)

2k is a rational number. Now

Ψ
(
X(r1, . . . , rk)

)
= Ψ

(
σ0(r1, . . . , rk)

)
+Ψ

( k−1∑
p=1

∑
1≤c1<c2<···<cp≤k−1

σp(r1, . . . , r̂c1 , , . . . , r̂cp , . . . , rk)

)
+Ψ

(
σk(r̂1, . . . , r̂k)

)
= σk(r̂1, . . . , r̂k) +

k−1∑
p=1

∑
1≤c1<c2<···<cp≤k−1

σp(r1, . . . , r̂c1 , , . . . , r̂cp , . . . , rk)

+σ0(r1, . . . , rk)

= X(r1, . . . , rk),
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which implies that X(r1, . . . , rk) ∈ Q. Therefore, ζkEZB(−n|h) ∈ Q.

Case-II : (Odd number of ni’s are odd in the tuple (n1, . . . , nk). )
In this case, D

−nk(1)/2(y)
2k ∈

√
D(y)Q. Now

X(r1, . . . , rk) = σ0(r1, . . . , rk) + σ1(r̂1, . . . , rk) + · · ·+ σk−1(r̂1, r̂2, . . . , r̂k−1, rk)

+σk(r̂1, . . . , r̂k)

= σ0(r1, . . . , rk)−Ψ
(
σ0(r1, . . . , rk)

)
+σ1(r̂1, . . . , rk)−Ψ

(
σ1(r̂1, . . . , rk)

)
+ · · ·

+σk−1(r̂1, r̂2, . . . , rk)−Ψ
(
σk−1(r̂1, r̂2, . . . , rk)

)
∈
√
D(y)Q.

Therefore, in this case ζkEZB(−n|h) ∈ Q. This completes the proof.

The following result deals with the values of Euler-Zagier multiple L-functions involving
balancing-like polynomials associated to Dirichlet character.

Theorem 5.4. Let k be a positive integer and n = (n1, . . . nk) ∈ Nk. For A ∈ N>2,
√
D(y)

irrational number and χ1, . . . , χk Dirichlet characters, then LkEZB(−n|χ) is rational except for
the singularities.

Proof. Note that

LkEZB(−n | χ) =
t∑

h1=1

χ1(h1)
t∑

h2=1

χ2(h2(1)) · · ·
t∑

hk=1

χk(hk(1))ζkEZB(−n|h).

As χi’s are Dirichlet characters and using Proposition 5.3, we have LkEZB(−n|χ) is rational
except for the singularities.
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