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Abstract In the article, we study the analytic continuation of Euler-Zagier multiple shifted
zeta functions involving balancing-like polynomials and Euler-Zagier multiple L-functions in-
volving balancing-like polynomials associated to Dirichlet characters. We also compute a com-
plete list of exact singularities and residues of these functions at poles. We further examine the
values of these functions at negative integer arguments.

1 Introduction

The Euler-Zagier multiple zeta function (g z . is defined by

1
Cezk(S1,82,...,8k) = Z Ty ——— (1.1)
0<m<my---<mp <oo

where sy, s, . . ., s, are complex variables [19]. This series is absolutely convergent in the region
{(s1,52,...,5c) € C¥IRe(Sp_ps1 + Sh—rya + -+ sp)>r, r=12,... k}

Arakawa and Kaneko [3] demonstrated the analytic continuation of (1.1) as a function of single
variable sy, where sy, sp, ..., s are positive integers. The analytic continuation of (1.1) has
been studied by several researchers [1, 11, 20]. Hurwitz [8] defined the shifted zeta function

C(s,x) as:

= 1
((s,x) = —— , Re(s 1
(5) = 3 (e el >

where 0 < x < 1. The Dirichlet L-function written in terms of Hurwitz zeta functions as

L(s,x) = Xi?) =q¢ > x(a)(s;a/q),

a (mod q)

where x is the Dirichlet character modulo g. Various generalizations of the multiple zeta func-
tions were introduced and their analytic properties have been studied. One of the most valuable
generalization is the multiple series associated to Dirichlet characters which are called multiple
Dirichlet L-functions. The multiple Dirichlet L-function is defined as

xi(mi)  xe(ma)
5(317~-~>3k|X1»~--an): Z mls] mksk 5
0<m<my---<my <oo
where X1, ..., xx are Dirichlet characters of same modulo ¢ € N>,. The analytic continuation

of this multiple L-function has been studied by Akiyama and Ishikawa [2].
In [12], Navas introduced Fibonacci Dirichlet series (g (s) = > .- | F,;*, Re(s) > 0fors €
C, where F,, denotes the n-th Fibonacci number and proved that (r(s) is analytically continued
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to a meromorphic function on the complex plane C. In [9], Kamano considered the Lucas zeta
function @ @ (s) = 3°°° | L, Re(s) > 0, s € C, which is a generalization of Fibonacci zeta
function and derived its analytic continuation, where U, is the n-th Lucas number of first kind.

The Lucas L-function is defined as

Lol =3 pes) >0,
n—=1 n

where Y is the Dirichlet character modulo ¢ and can be analytical continued to the whole complex
plane [9]. Rout and Meher [16] defined the multiple Fibonacci zeta function

1
CF(Slv--de): E oL Fsd
ny ng

0<ni<ny---<ng

where d is the depth and and s;+- - -+ s, is the weight of (z (s, s2, - . ., S4). They studied the ana-
lytic continuation of (r(sy, sz, . . ., sq) of depth d = 2 and found a complete list of poles and their
corresponding residues. In [16], they also examined the arithmetic nature of (r(sy,s2,...,Sq)
at negative integer arguments. Recently, Meher and Rout [10] proved the meromorphic continu-
ation of multiple Lucas zeta functions of depth d :

1
<U<517--~75d): E UglUTsljv
1

0<n <ny--<ng

where (U,,) is the Lucas sequence of first kind. They calculated a complete list of poles and their
residues and proved that the multiple Lucas zeta values are rational at negative integers.

Now, our premier task is to talk about the theory of balancing numbers and balancing-like
numbers. A natural number m is said to be a balancing number if it is the solution of a simple
Diophantine equation 1 +2+---+(m—1)=(m+ 1)+ (m+2)+---+ (m + r), where r is
a balancer corresponding to m [5]. Let {B,, }»>0 be the balancing sequence and is recursively
defined as By = 0, B; = 1 and B,, = 6B,,_1 — B,,,_» for m > 2. The closed form expression

P Y
for balancing sequence is By, = H, where \ =3 +2v2and M, = A\ ' =3 -2V2
11— A2
are the roots of the balancing characteristic equation \> — 6\ + 1 = 0 [14]. The balancing-like
sequence is recursively defined as zyp = 0, z; = 1 and z,,,41 = Az — Tp—1, m > 1 where
A € Ny, [18]. For A = 6, balancing-like sequence gives sequence of balancing numbers.
The closed form expression for balancing-like sequence is z,, = %, where o = %
o —
and 8 = o~ = % are the roots of > — Az + 1 = 0, where D = A*> — 4 > 0 [18].

The sequence of balancing polynomials is recursively defined as By(z) = 0, Bi(xz) = 1 and
Bpii1(z) = 62Bp,(2) — Bp_1(x) for m > 1 and extensively studied in [13, 15]. Rout and
Panda [17] considered balancing zeta function (g(s) = Y -_, B,.*, Re(s) > 0 for s € C,
where B,, denotes the m-th balancing number and derived that (5 (s) can be meromorphically
continued to the whole complex plane. They also shown that (z(—m) is an irrational number
when m is an odd natural number. In [17], they also studied the analytic continuation of the
balancing L-function Lp(s,x). In a subsequent paper, Behera et al. [4] proved the analytical
continuation of (¢ (s) = > o2, C,;%, Re(s) > 0 for s € C, where C,, denotes the n-th Lucas-
balancing number and (¢ (—m) is a rational number for any odd natural number m. They also
discuss the meromorphic continuation of Lucas-balancing L-function L¢ (s, x). Recently, Dutta
and Ray [7] defined Euler-Zagier multiple Lucas-balancing zeta functions of depth & :

1
Cezc(S1,...,8,) = ST sk 0
EZ ( ) Z Cin, - Ok

1<m<mp<---<my, <oo

and studied its meromorphic continuation. The authors have calculated a complete list of poles
and their residues and discussed the Euler-Zagier multiple Lucas-balancing zeta values at nega-
tive integer arguments.

In this note, we introduce Euler-Zagier multiple shifted zeta function involving balancing-like
polynomials, Euler-Zagier multiple L-function involving balancing-like polynomials associated
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to Dirichlet characters and investigate the analytic continuation along with poles and their cor-
responding residues. Further, we prove that the values of Euler-Zagier multiple L-functions
involving balancing-like polynomials associated to Dirichlet characters are rational at negative
integers.

2 Preliminaries

Definition 2.1. For any positive integer y, the sequence of balancing-like polynomials is recur-
sively defined as x¢(y) = 0, z1(y) = 1 and z,+1(y) = Ayzm(y) — Tm-1(y), m > 1 where
A S N>2.

For A = 6, the sequence of balancing-like polynomials gives the sequence of balancing
polynomials studied in [15]. The closed form expression for balancing-like polynomials is
a™(y) — B (y) Ay+y/Dy) 1 AP
Tm(y) = ————"%, where a(y) = —%— and B(y) = ay = — Y —= are
( ) a(y)—ﬁ(y) ( ) 2 ( ) ( ) 2
the roots of 22 — Ayz + 1 = 0, where D(y) = (Ay)* — 4 > 0.

Definition 2.2. Let x1, ..., xi be the Dirichlet characters of same modulus ¢ € N>, and xo be
the principal character. The Euler-Zagier multiple shifted zeta function involving balancing-like
polynomials and Euler-Zagier multiple L-function involving balancing-like polynomials associ-
ated to Dirichlet characters are defined as:

> 1 1

k _
Cozp(st,... sk | by, ... hy) = mlnz’;lro ;lnﬁh] ® “.xf{‘ml+...+mk)+(hl+_“+hk>(y)
2.1
and
Lhrp(st, sk | Xt xe) = > zil(n(“) X’jk(m’“), 2.2)
1<my<ma< o <mg y) ok, (y)
where m;, h; € Nfor1 <i <k.
For the sake of convenience, we denote (%, (s|h) and L%, 5 (s|x) for (&, 5(s1,..., sk

hi,...,hi) and L%, 5(s1,. .., 8% | X1,- -, X&) respectively.
For any integer k£ > 1, we consider the open subset of D}, of C¥, i.e.

k
Dy = {(s1,---,5%) 6Ck|ZRe(si) >0,1<d<k}
i=d

Proposition 2.3. The Euler-Zagier multiple shifted zeta function involving balancing-like poly-
nomials (¥, 5 (s|h), is absolutely convergent in the domain D,

Proof. Lets; =0, +it; € Cand o; = Re(s;) > 0forj =1,..., k. Now,

(oo}

> o, (y)

my=1 my=I

1
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and for 2 < d < k, we have the following estimate

1

where A, =
Now,

1

O<mi<mo<---<my

oo

1
< ... 57
s ‘mz 1 ml-‘rma(y)‘ ";1 xn’;]+,”+mk(y)‘
< Aoy Mg (aly) = Bly) " T i 1 i 1
= 1 k gy Qf1mi (y) — OZUZ(mH’mZ)(y)
X« X i 1
opnl! ok (mite+me) ()
= Aa(y) — B(y))7tox i 1 i 1
f— O[(0'1+-..+0'k)m1 (y) — a(02+...+gk)m2 (y)
mp=1
= Ala(y) — 5( ))al+.._+ak 1 |
= aly Yy (a0'1+‘..+0'k (y) — ]) (a02+'"'+0'k (y) — 1)
SUUVR S
(Oé"k (y) _ 1)
< 00,

since a(y) > 1 where A = Ay, - -+ A,, . Now,

1 1 ’
m= ;mk_() xf;n1+h/1 (y) x:(km1+"'+mk)+(h1+"'+hk)(y)
1 ! ol
< 5
lzo;mk =0 ”1"1'*"‘1 (y) xs(km1+ +mg ) +(hi+ +hk)(y)
ad 1
< <. 2.3)
xml ‘ m|+m2 (y) ’ 'ng;l xwil-&-”--&-mk (y) ‘

Therefore, the series (2. 1) converges absolutely in the domain Dy. This completes the proof. O

Proposition 2.4. For any positive integer k > 1, let x1, ..., xx be the Dirichlet characters of
Z Xl(ml)” Xk (M)

oy (y) b (y)

same modulus t € N>,. The infinite sum is absolutely con-

1<mi<my<---<my
vergent in Dy,.

Proof. 1t is observed that

> xi(mi) — xw(mk)

xlell (y) x%k (y>

1<mi<my<---<my

xi( m1 X2(my +ma) m1+m2 Z Xk ( ml + -4 my)

-1 xml m1+m2 m1+ +mk(y)

my mp= 1

For any m € N, |x(m)| < 1. Therefore, by Proposition 2.3, the series £% , 5 (s|x) converges
absolutely in Dy,. O
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3 Analytic continuation of Euler-Zagier multiple L-functions involving
balancing-like polynomials associated to Dirichlet characters

In this section, we demonstrate the analytic continuation of Euler-Zagier multiple L-functions
involving balancing-like polynomials associated to Dirichlet characters.

Theorem 3.1. The Euler-Zagier multiple shifted zeta function involving balancing-like poly-
noials C% , 5 (s|h) can be analytically continued to a meromorphic function on all of C* with
exact list of poles on the hyperplanes

2mia

sd+"'+3k:—Z(Td‘i‘"""rk)_'—M’

1<d<k,

whereri,...,1, € Z>0, and a € Z.

Proof. As a(y) — B(y) = \/D(y) and a(y)B(y) = 1, then for any complex number s € C, we
have

= (TWZIOY (1 (207

a(y)

_ Dsﬂ@yﬂﬂw<1—aMkw>s

_ D—s/2(y> Z (i) (_l)ram(sfzr)(y). 3.1
r=0
Now,
S ) =D Y () (-1ratmieg), G2
r=0

Since the series (¥, 5(s|h) is absolutely convergent. Then by interchanging the order of sum-
mation, we get

CQZB(S | h)

e 1 1
_ S S 7

51
m1=0,...,mr=0 Lim+h <y) xt(ml+-~+mk)+(h1+---+hk)

(oo}

= X (D%)i(:l)(—l)w“ml*h”“l“m(y))

m1=0,...,mr=0 r1=0

Sk = —S —(t(mi+--+my 1+ +hi) ) (se+27rk
NI, (Dz(y)z< k)(_l)rka (t( +-4mp)+(hi++h ))( +2 )(y))

,
=0 N\ Kk

_ ‘Diﬁéiﬁ(y)fi (7j1>(_1)m...§§ (7ik)(_1yk

r1=0 r=0

Xa—(S|+"'+Sk+2(7’l+"'+7’k>)hl( —(Skazrk)hk(

y)x - xa y)

x i (a7t<81+"'+Sk+2(7’1+"'+7“k>)(y))m] N, (aft(Sk‘f‘ZTk)(y))mk
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e o (81 N (S r
= 0 Y (e X () e
r1=0 1 7, =0 Tk
1 k
7h](51+---+Sk+2(7”]+"-+’l‘k)) —h (s,+2r,)
. “ ) . e meH(y)
1— a_t(51+...+5k+2(rl+...+7’k))(y) 1 — a—t(sk+2rk)(y)
X/ x /_ —hi(s14+271)
o Sptetsy S1 r Sk r « (y)
= W) z:() ( 1 )(_1) L Zo < - >(_1) ' 1 — q—tsrttset 20t tri)) (y)
= k=

(it the) (sk+2r%) (v)

XX ) (3.3)

The infinite series (3.3) is holomorphic function on C* except for the poles derived from the
functions

—ha(sa++sk+2(ra+-+r))
a W for1<da<r

Brgeoiim (Sd’ T Sk) = 1— aft(sd,‘F'"+Sk+2(7‘d+“'+Tk>)(y)

Therefore, (%, 5(s|h) is meromorphically continued on C* with poles on the hyperplanes

sittse = =2rat 1)+ ey, 1<d <k, (3.4)
where 71, ...,7, € Z>o, and a € Z. This completes the proof. O
Now,
k _ xi(mi) — xk(me)
Lhap(s|n) = 1<m,<§<...<m ulny
_ xi( m1 szml—i-mz Zka1+ my)
S— o (y a1 Ty s (U) maml Tt ey (Y)

_ - xi(h) Xk(h1 4 - 4 hy)
ey Zz;ﬂf (v) 2 o (v)

et Tttt )+ hy ey,

= SN ST )X e )G g (s/h). (3.5)

From the above expression, it is obtained that the function £%, (s | x) is a linear combination
of (%, »(s|/h). Thus, we get the following result.

Theorem 3.2. For any positive integer k > 1, let x1, ..., xr be the Dirichlet characters of same
modulus t € N>y, then the Euler-Zagier multiple L-function involving balancing-like polynomi-
als L%, - (s | x) of depth k can be continued to a meromorphic function on all of C* with all
possible simple poles on the hyperplanes (3.4).

4 Poles and residues of Euler-Zagier multiple L-functions involving
balancing-like polynomials associated to Dirichlet characters
For1 <d <k, let
sp(d) =584+ -+ sk, r(d)=rq+ -+ 18, 7.(d

hi(d) = ha+ -+ hy and ¢ = e

with sg(k+ 1) =0, rp(k+ 1) =0, r,.(k + 1) = 0. The residues of the Euler-Zagier multiple
L-functions involving balancing-like polynomials £, (s | x) along the hyperplanes (3.4) to
be the restriction of the meromorphic function

(Sk(d) + 27 (d) — &)L%ZB(S | x)

:T:i+"'+r;€7

to the hyperplanes (3.4).
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Theorem 4.1. Let r, be a non-negative integer. Let I}, = —2r) + tlog ( and set L1 (s | h) =
1 fork = 1. Then
t t t
Res Liyzp(s [ X) =D xa(m) D xa(ha(1)) - D xu(hi(1))
se=lk hy=1 ha=1 hr=l
DRy (1) (1Y
k—1 k ah (1)
cesSp—1 | A1y h ) —————— .
5z skt | hi, ... hi1) Fog a(y) (T;>Ct
Proof. Let us assume that & > 1 and s (k) = s = l.. Now, s + 27}, = tl(%g% which implies

that a***+27% (y) = (2. Thus, o~ (ssF2r0) (4)) — ¢ is an analytic function with simple
zeros at [;,. Then

lim sk = I = Res ! = !
s =0 @20(y)) ~ k(T = a o))~ (= a2 (y) |,
_ 1
tloga(y)

The residue of (%, 5(s|h) along the hyper plane s; = Iy, is given by

ResChzp(slh) = lim (s — 1) D*/2(y) i (—81>(_1)r1 i (_S’“)(—l)m

Sk =0 1 s Tk
—hi(s1+2r) —(hg(1)(sk+2rk)
azmtI(y) o e e (y)
1— a—t(sk(1)+2’r‘k(]))(y) 1 — a—t(sk+27'k)(y)

K

= D1U2(y)

i
o

1

—h] (81+2’I‘])

<—:1>(_1>r, io (7"?_11)(_1)%]
)

a_<hk—](1)(5k—]+27'k—l)(y)
1 — a-terb=D2re (k=) ()

—~

Y

1= a—tGr2m(D) (g) .

sp=lg sEp=lg
_ —hi(1)(sk+2ry)
Sk/z Tk Sk _ a (y)
« Jim D) 1 () ox - 0) f -
From the above expression, after applying limit, the terms containing only r; butnotry,- - - , 75—

survives for ry = r and rest of the terms vanish.
Therefore, from the above calculation, we have

Reschapleln) = D420 3 () 30 () e

T1:0 Tl T)C,]:O rk_l
7h1(51+27‘1) 7(h~_](1)(8 —11+27 _])
x—© W) et (y)
1-— a*t(8k71(1)+27“k71(1))(y) 1-— a*t(skfl(k*1)+2m71(kfl))(y)

(=D (1 —he(D)a
x / t
tloga(y) \ 7},

k—1 /2 . 7Zk C;hk(wa
= ey Sk, ... hg_1) D —1)"* = —.(4.1
EZB(Sla s Sk l| 1 s Ik 1) (y)( ) (T%)tloga(y) ( )
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Therefore, using (3.5) and (4.1), we have

t t t
sl}glskﬁ’gZB(s lx) = Z x1(h1) Z x2(h2(1)) - - Z Xk(hk(l))slsglskCE‘ZB(Sih)
hi=1 ho=1 hi=1
t t t
= > ) Y xalha(1) - Y xw(hu(1))
hy=1 ho=1 hi=1
D2 (y) (=)™ (=1 —ant)
XCEZB<517"‘7S]€—1|h17"'5hk’—l tlogcy(y)(r;c)ct .
This finishes the proof. O

For a € Z, let us define the Gauss sum

Ghna) = Y, x@)¢

z  (mod t)

For fixed (hy, ..., hi_1) € Z";', we have

>07

t

Zxk (e ()G = 37 x(=Dxw(—ahy(1)¢ "

hi=1 =1
= xx(=1G(xk,a)
as x is periodic modulo ¢. The following result related to Gauss sum is found in [6].

Lemma 4.2. For d = gcd(a, t), if we assume that x can not be defined modulo %, then G(x, a) =
0.

It is known that the Dirichlet L-function L(s, x) is holomorphic on the whole complex plane
where y is non-principal and the function L(s, x) has trivial zeros at non-positive integers. For
the function L%, 5 (s | x), we have the following result.

Lemma 4.3. Let x;, be non-principal character modulo t. Then the function L% ,5(s | x) is
holomorphic on the real axis of sy.

Proof. From Theorem 3.2, the series £, 5(s | x) is holomorphic except the singularities given
by (3.4). If s (k) is a real number, then 2a/t = 0. Slnce € Z, then t|a or %|a with respect
to ¢ is odd or even that implies that gcd (a,t) = tor £ Therefore m = lor2. As xy is
non-principal, the character x;, cannot be defined for modulo 1 or 2. Using Lemma 4.2, we have
G(xx,a) = 0, which desires the result. O

In the following theorem, we calculate the residues of L%, (s | x) along the hyperplanes
Ba)forl <d<k-1.

Theorem 4.4. Let k > 1 and d be positive integers such that 1 < d < k — 1. Let rly---r} be

non-negative integers. Let l;;(d) = —2r}.(d) + tlgg% Then

Rels (d>£i§323(5 |x) = D*I2(y)¢E 5 (slx) Z <_8d>(—1)”~-~ <_Sk>(—1)”€

sk (d)=l ra>0,....r1,>0
ri(d)=ry,(d)

o ha+ (Sk(d+1>+27‘k(d+1))(

t t

y)
Z xi(hn) x---x Z Xk(hk(l))l — o tsk(@tD)+2r(d D) ()
hi=1 hi=1

Ct—ahd(l)

Oéihk (Sk+2’l”k) (y)

[—a 2m)(y) ~ tlogaly)’

X eee X
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Proof. Let si(d) = ly(d) = —2r}(d) + joas. Now (si(d) + 2r},(d)) loga(y) = 3 that

implies o (@+2ri(d) (y)) = ¢& Thus, for 1 < j < d, we obtain

O[fh( k(d)+27}.(d ( ) Ct (1)(sg(d)+2ry,(d ( ) Cf

7

and aft(sk(d)+27’;¢(d)) (y) — 1.

’

Hence, o~ t(sx(D+2r5(d) () — 1 is an analytic function with simple zeros at Iy, (d) for 1 < d < k.
By proceeding as in the proof of Theorem 4.1, we have

lim Sk (d) — lk (d) . Res 1 o 1
si(d)=lx(d) 1 — a=tEr@2red) (y) sy (d)=tp(d) | — o=t (y) — tlogaly)

Now we evaluate the limit as follows:

lim  D*+@/2 (_Sd) —1 rd...(—8k> —1)7*
sk (d)—1(d) W > rg )Y Tk =D

d
’l"d,‘..,’l‘k:()

—ha(sk(d)+2r(d)) _ a—Pr(se+2ry)
o W) (sk(d) = (@) | oy
1 — (@ +2rk(d) (y) 1 — a—txt2rs) ()
In the above calculation after applying the limit, only those terns containing rg, . .., 7, Wwill sur-

vive when 7y (d) = r},(d) and rest of the terms will vanish.
Therefore, the above limit reduces to

~han(sk(d+D)+2re (d+1))(

1,(d)/2 —Sd r —Sk e &7 y)
D) Y (e () e

a—hk(8k+2’r’k)(y) Ct ahg

X oo X - a—t(8k+27"€)(y) tlog Ol( )

Therefore, the residue of (¥, 5 (s|h) along the hyper plane s;(d) = I1(d) is given by

Res h
(@) ()CEZB( s|h)

= smlff}k(d) (5x(d) = 1x(d))CE , 5(sh)

—  p/2(y) prani(D2(y) i (;‘Tl>(_1)n...(—3d1>(_1)m-1

Tlyeeey rd,1:0
« i —Sq a_hl(sk(l)+2Tk( ))(y)
_ T4 1 — a—tse(D)+2rk(1) )(y)

o Tra- 1(sk(d=1)+2r (d— ])(

(d)=lk(d)

y)

X .. X
_ ~—t(sp(d—1)+2rr(d—1
1 — a~tlsr(d=1)+2ri(d=1)) (y)) o (@)=ta(d)
Oé_hd(sk( )+2Tk(d))(y) —hk(€k+2rk)(y)
li d) — Il (d .
Xsk(d)gk(d)(Sk( ) k( ))1 — a—t(sk(d)+2rk(d)) (y) 1 — o—tlskt2r) (y)

= DR (s, sacalh o ha) Y (_sd>(—1)”-~<_8k>(—1)”

Td
’I’dZO,...,T‘k 20
ri(d)=ri(d)

a*hd+1(8k(d+1)+2’l‘k(d+l)) (y) a*hk(sk+27’k)(y) Ct_ahd(l)

. a—ter (@D 2@ ) (5} T q-tent2n) (y) X tlogaly)’ (4.2)
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By virtue of (3.5) and (4.2), we have
1§els (d>£];5ZB(S | x)

sk (d)=lx

= D ) Y xalha(l Z Xk (R (1 RfilS (Bzp(s/h)
h=1 ha=1 hy=1 o
t t
= D ) Y xalha(l Z Xk (hi (1)) D72 ()
hi=1 ha—1 hi=1
—S —S
X %ZIB(S],-”,Sd—lVll,---7hd—1) Z < d>(—1)rd...< k>(—1)rk
a0, >0 N 4 Tk
i (d)=r}(d)
. a~hasi (s (D420 (d+1) (1)) e (snt2m) () g“hd“)

| — a— s 2@ D) () T = a-teer2m(y) * tlogal(y)

- DRt T (e (e X

rq>0,...,75, >0 hi=1

ri(d)=r} (d)
7hd+1(sk(d+1)+2rk(d+l))(y) O[ﬁhk(skﬂ}zrk)(y) Ct ahd(l)
e hzl Xk (R (1 — o sk (@D F2rk(d D) () 1 sk +2ri) (1) tloga( )’
k
This completes the proof. O

5 Values of Euler-Zagier multiple L-functions involving balancing-like
polynomials associated to Dirichlet characters at negative integers

In this section, we discuss the values of £% (s | x) at negative integers. First we give a
sufficient condition for £% , (s | x) to be holomorphic at (sy, ..., sx) = (—ny,..., —ng), where
n; € Nfori=1,... k. Letus denote ny(d) =ng+---+ng,1 <d < k.

Lemma 5.1. Let (ny,...,ny) € N¥ and x be a Dirichlet character of modulus t, where t is a pos-
itive integer. Then the function L%, , (s | x) is holomorphic at (sy,...,s;) = (=n1,...,—ng) if
and only if

ng(l) #0 (mod 2), nk(2) #0 (mod 2),...,nk(k) Z0 (mod 2).

Proof. The infinite series (3.3) is holomorphic except the poles derived from

(at(sk(l)+2rk(l))(y) _ 1) NI (at(sk+27’k)(y) _ 1) —0.

This is true if and only if, one of the following equations holds:

tsk(1) = =2trp(1),ts5(2) = —2trg(2), - -+ ,tsp = —2try,
with tr(1) =0 (mod 2), tri(2) =0 (mod 2),...,tr, =0 (mod 2), which desires the result.
|

For 1 < d < k, let us denote
o~ ha(=nk(d)+2ri(d)) (4))

1 — o t=nn(d)+2rk(d) (y)

(5(1(7’d,...7’k;hd) = (—1)” (51)

In particular,

(_l)Tla—}”(—nk(l)JrZTk(]))(y)
1 — a—t=n@2re(D) () 7
1— a—t(—nk(k‘)ﬂm(k))(y)

51(7“1,...,7“k;h1) =

O (ris hy) =
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By replacing r4 by ng — r4 in the above notation (5.1), we have

o~ (—ne(@+2(na—ra+ri(d+1) (

v, (5.2)

(Sd(’ﬁh ey TR hd) = (—l)nd_”
1— a—t(—nk(d)+2(nd—m+m(d+1))) (y)

Further, we denote

00(T1y - s7k) = 01(T1, -y TR RY) X G272, TR ) X e X Ok (g B,
op(Tiy oy feys ey Pepy ooy Tk) = 01(P1, o Peyy oo Pepy ooy TR R
X oo X Oy (Peyy v Peyy oo TRy ey )0y (Peys ooy Py ooy TR Pey) (5.3)
XX e (Peyy oy Tri ey ) X oo X O (T3 ).
The expression o (r1,...,7e,,. .., c,,-.,Tk) precisely represents that p number of integers in
the tuple (ry, ..., ) are replaced from r; to n; —ry for 1 < ¢ < p, whenever these terms appears

in that corresponding d;(r, . . . 7x; h;) as in the above expression.
Using the above notations, we prove the following proposition which is very essential to
prove our main result.

Proposition 5.2. Let W be the non-trivial automorphism of Gal(Q+/D(y)/Q) and o, as in the
expression (5.3). Then for any 0 < p < k, we have

P (0p(T1s ey PeyseesTeyseeos ) = (D)™ WD (04 (Pry ooy Peym1u ey e ey Teys Py e -5 T8)) -
(5.4)
Proof. Now,
Op(T1y ooy oy Pepy ooy Tl) = 01(P1y ooy Py oy Pepy e oy s R
X oo X gy (Peys ooy Tepy ooy T hey)
X oo X Oy (Peyy oo TRy hey ) X X Ok (rhs )

o (=520 1 (D re(ep DS (e 7)) ()

1 — aft(fnk(l)-ﬂ(rcl—l(1)+Tk(6p+1)+2f:1(”cr,*“t)))(

=(-1)"
y)

o ey (S (e 20k (et DS (ney=re) ()

| — ot (e t20nlep+)+30 (ne, ~7e,))) (

X oeee X (_1)"01 “Tey
y)

a fen (_"k(cp)+2(7'k(cp+‘)+"0p —T'Cp)) (

y)
—t (—nk (ep)+2(rk (c,,+l)+ncp —Tep )) (

X e X (—=1)er T Tep
1-a y)
o (y) (5.5)

1 — aft( ng (k)+2rk (k)) (y)

X e x (=17

Further simplification gives

—ng(1) —|—2(rcl,1(1) + ri(cp + i (ne, — rct
= —[nl—i—---—l—nc,_l—i—ncl+~-~+ncp;---+nk]+2[T1+-~-+rc,_1
e, i1 4+ T+ Y (0, —7e,)]
i1 o k

— le(l)—Z(Z(nt—Tt)-f- > (nt—rt)—i—Zrct). (5.6)
t=1

t=1 t=cp+1
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Similarly,

P k p
—nk(c1)+2 ri(cp + +Z Te, — Te,) —nk(cl)—2< Z (nt—rt)+2rct> (5.7)
t=1

t=cp+1 t=1
and
k
—ni(cp) +2(re(ep + 1) +ne, —7e,) = ni(cp) ( Z ng—ry) + 'I"Cp> (5.8)
t=cp+1

Using (5.6), (5.7) and (5.8) in (5.5), we have

Jp('f‘h...,fcl,...,fcp,...,rk)
oM (=2 (S e Sl e 2 ) )

g —1 T
( ) 1 — a—t(nk(])—Z( 251:171(nt_rt>+2f:cp+l(nt—rt)""z:f:l Tct))(

y)

ot () =2( Sy tu—r 4 SE e, )) ()

l—a~ f(ﬂk(fl (Et epa1 (M —Te) 300 1T0t))(

X oo X (_1)7101—7'01
y)

a—th ("k(cp)—z( Zf:cp+1 (nt—rt)ﬂLTcp)) (y)

Xoooo X (—=1)%p " Tep
(=1 L aft(nk<cp>f2(zfchﬁ(nﬁn)w%))(

Y)

o~ (=re () +2r () (v)

XX (=1)" .
( ) 1 — a,t(fnk(k)ﬁ—z’l‘k(k)) (y)

Similarly, we can deduce

ak_p(rl,...,rcl_l,rcl,...,rcp,rcpﬂ,...,rk)

Ozihl( (1)+2( o (nt*Tt)‘FZ?:CPJr](’I’Lt*T’t)JrZ?:l ’I"ct))(y)

1 — ot 2( S0 )t remr )45 7))

= (-Hpm™
)

a*hq (*nk(61)+2( Ef:cpﬂ(”t*Tt)JrZ?:l Tct)) (y)

X oo X (—=1)"e
= = gt 2(Shennro+ S re,))

y)

o hen (Fmaen 142 (S = r,)) ()

X oo X _1 Tep
( ) {_ a-t(—?lk(cp)+2(Zf:cp+](nt—7't)+7"cp)) (

y)
o~ (= B)+2(m () = (k) (v)

X oo X (_1)”1‘?_7%

1 _ a_t(—nk(k)+2(nk(k)—7“k(k>>) (y) .
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Since o(y)B(y) = 1, then

O'k,p(ﬁ,...,7’“\C1_1,7“C1,...,T’Cp,fcml,...,?"k)
ﬂ*hl (nk(l)*2( PO (=7t )+ 3 e 1 (e —re)+ 307, 7’%)) (y)

= (=nm
1= gt (e =2( i e+ Sl =)+ T8 7))

Y)
e (e =2( Sy n=ro+ T2 re,))

1= gt =2(She ntnro+ S e ))

X oo X (71)“1
y)

/B—hcp (nk(cp)_2< Ef:6p+l<nt_’rt)+rcp)> (y)

Xooo X (—=1) ep
(=1 s t(ni(ep)— (Zfch+l(n,,—rt)+rcp))(

y)
—hi | —np(k)+2ry(k
NE—Tk ﬁ k( L) H ))(

X oo X (=)™
( ) 1—,8_( k)27 (k )

= (—1)"’“(])‘1-’(01,(7“1, R Y PN

y)

y)

)-

This ends the proof. O

(
)

Proposition 5.3. Let k be a positive integer andn = (ny,...ny) € N¥. Let A € No, and /D (y)
be an irrational number. Then (¥, 5(—n|h) € Q except for singularities.

Proof. Consider n = (ny,...n;) € N¥_ for some positive integer k. The binomial coefficient

T

(”) —0forr >ni, 1 <i<k.

Then using the notations ng(d), r(d) in (3.3), we have

Chzp(—nlh)
ny nk —hi(=nk(1)+2r,(1))
— —nk(1)/2 n 1\ L. Nk _1\Tk « (y)
D (y)zo(m)( 1) Zo (Tk>( 1) 1 — a—t=ne(D+2re(1) ()
1= Tk=
—h(—ng(k)+2rk(k))
oy () (5.9)
1 — o sk F2rs(®) ()
It is clear that Z 2z = Z zp—; for any finite sequence of complex numbers {z;} and (") =
=0 =0
(,,”,)- Therefore, we can write (5.9) as
(5zp(—nlh) (5.10)

_ D)y (:11)(_1)1»]_.. "f (nkl)(_l)ml

TE—
T[ZO ’I“k,IZO k—1

Nk (_1)rka—hl(—nk(l)JrZTk(l))(y) a—hk(—nk(k})+27k( ))(y)
1 — a—t(—nk(1)+2rk(l))(y) 1 — a—t(=nk(k)+2ri(k (y)

N i Nk (_1)nk—rk.a—hl(—nk(1)+27"k,1(1)+2(nk—rk))(y) o a—hk(7lk—27"k)(y)
1— a—t(—nk(1)+2rk_1(1)+2(nk—7‘k))(y) 1— a—t(nk—27”k)(y) ’

By continuing in this process for each index r;, where ¢ = £ — 1,k — 2,...,1 and using the
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notations in (5.1), we have

Chap(oniy = PN (M) () [Ha<h>

T =0 Tk =0 i=1

k k

s (H(Si(n—,..‘,fc,‘..,rk;hi)>

c=1 i=1

i(ri,...,Tc,...,rd,...,rk;hi)

+

AN

[s]

AN

Y

IN

ES

7N
—
>

Using notations in (5.3), the above equation reduces

D—nk(l)/Z
(hzp(—nh) = Z,C(y){ao(?“u---,m)

k k
+§ g o (ST U N IR

p=11<ci << <cp<k

From Proposition 5.2, for any 0 < p < k,

P (0 (115 ey PeyseesTeyseeos ) = (D)™ W (04 (Pry o Poym1u Ty ey Teys Py e -5 T8)) -
It is clear that, if even number of n;’s are odd in the tuple (ny,...,n), then (—1)™() = 1 and
hence
W(op(ri,...,fepyenesfoysos i) = (ak,p(ﬂ,...,7%1,1,7"01,...,rcp,fcpﬂ,...,fk)).
If odd number of n;’s are odd in the tuple (n, . ..,ny), then (—1)"*() = —1 and therefore
‘P(ap(rl,...,fcl,...,fcp,...,rk)) = —0k—p(Ply - Perm 1y Teys s Teps Pepirs oo Th)-

As W is the non-trivial automorphism of Gal(Q+/D(y)/Q), then

op+1¢(op) € Qand o), — ¢(0p) € \/D(y)Q.

k
LetX(rl,...,rk):ao(rl,...,rk)JrZ Z op(T1,. s feyssenis T,y 1), then

p=11<¢;<cr < <cp<k

Dme(D/2(y)

(Bzp(—nfh) = ok X(ri, -5 mk)-
The following two cases arise.
Case-I : (Even number of n;’s are odd in the tuple (ny,...,ng).)
In this case, % is a rational number. Now
‘P(X(rl,.‘.,rk)) = \P(O'()(Tl,...ﬂ"k))
k—1

+\P<Z Z Up(rl,...,fcl,,...,fcp,...,rk))

p=11<c|<er<---<cp<k—1

—|—‘P(0k(f’\1, . ,7’;]@))

k—1
= Uk(flau«,fk)"'Z Z Jp(T'l,...,fcl,,...7fcp,...,’)"k)

p=1 1<ci<er<-<ep<k—1
—|—O’0(T‘1, . ,Tk)
== X(’/’],...,’/‘k),
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which implies that X (ry,..., 7)) € Q. Therefore, ¢}, z(—nlh) € Q.

Case-1I : (Odd number of n;’s are odd in the tuple (n,...,ng).)
In this case, % € v/D(y)Q. Now

X(Th...,f‘k) = 00(7"1,---77%) —|—Ul(7ﬁl7...,7‘k) + ---—I—Uk,l(fl,?%,...,?ak,l,?‘k)
+0k(7217~~-,fk)
= 0’0(7“1, “ee ,Tk) —T(O’o(’l‘l, ‘e ,’I“k))

—i—O‘l(f],...,rk)*IP(O—](IFIV"?T]C)) +e
tor-1(F1, 72, ) = ok (P1, 72, 7k)) €4/ D(y)Q.

Therefore, in this case (%, 5 (—nlh) € Q. This completes the proof. O

The following result deals with the values of Euler-Zagier multiple L-functions involving
balancing-like polynomials associated to Dirichlet character.

Theorem 5.4. Let k be a positive integer and n = (ni,...n;) € NF. For A € Nxy, /D(y)
irrational number and X1, . .., x. Dirichlet characters, then L%, 5(—n|x) is rational except for
the singularities.

Proof. Note that

Lhzp(-nx) =Y xi(h) Y xalha(1) - Y xu(hi(1)¢hzp(—nlh).

hi= hy=1 hi=1

As y;’s are Dirichlet characters and using Proposition 5.3, we have L%, (—n|y) is rational
except for the singularities. O
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