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Abstract : Famous Naimark-Han-Larson dilation theorem for frames in Hilbert spaces states
that every frame for a separable Hilbert space # is the image of a Riesz basis under an orthogonal
projection from a separable Hilbert space 7{; which contains H isometrically. In this paper, we
derive dilation result for p-approximate Schauder frames for separable Banach spaces. Our result
contains Naimark-Han-Larson dilation theorem as a particular case.

1 Introduction

Let K be the field of real numbers R or the field of complex numbers C and H be a separable
Hilbert space over K. We start with the definitions of Riesz basis and frame for 7.

Definition 1.1. [3, 4] A sequence {7, }, in H is said to be a Riesz basis for # if there exists an
orthonormal basis {w,, },, for H and a bounded invertible linear operator T : { — # such that

Tw, =7, VneN.

Definition 1.2. [14] A sequence {7}, in H is said to be a frame for A if there exist a,b > 0
such that

allal* < (b, m) P < BRI, VheH.

n=1

Theory of frames found its uses in sampling theory, filter banks, wireless communication,
wavelet theory etc [29, 5, 9, 21]. It also motivates the study of framelets and multiframelets
[17, 16,27, 13]. Dilation theory usually tries to extend operator on Hilbert space to larger Hilbert
space which are easier to handle as well as well-understood and study the original operator as
a slice of it [26, 2, 30]. As long as frame theory for Hilbert spaces is considered, following
theorem is known as Naimark-Han-Larson dilation theorem. This was proved independently by
Han and Larson in 2000 [19] and by Kashin and Kukilova in 2002 [23]. We refer the reader to
[12] for the history of this theorem.

Theorem 1.3. [19, 23] (Naimark-Han-Larson dilation theorem) Let {1, }, be a frame for H.
Then there exist a Hilbert space H, which contains H isometrically and a Riesz basis {wy, }r, for
H1 such that

Tn = Pw,, VYneN,
where P is the orthogonal projection from H, onto H.

Reason for names Han and Larson in Theorem 1.3 is clearly evident whereas that of Naimark
is that Theorem 1.3 is a particular case of famous Naimark dilation theorem (see the introduction
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of the paper [12]). To the best of our knowledge, proofs of Theorem 1.3 can be found in [7],
[19], [25] and [12]. By the way, proofs of dilation theorem in the finite dimensional case can
be found in [18] and [8]. In this paper, we derive dilation theorem for p-approximate Schauder
frames for separable Banach spaces (Theorem 2.13). Theorem 1.3 then becomes a particular
case of Theorem 2.13.

2 Dilation theorem for p-approximate Schauder frames

Following theorem is the fundamental result in frame theory for Hilbert spaces which motivates
the definition of frames for Banach spaces.

Theorem 2.1. [ 14, 19] Let {7y, }., be a frame for H. Then

(i) The map S; : H > h— > " (h, )T € H is a well-defined bounded linear, positive and
invertible operator. Further,

(general Fourier expansion) h = Z(h7 Sl ), = Z<h,Tn>ST_1Tn, Vh e H.

n=1 n=1

@2.1)

(i) The map 0, : H > h — {(h,7)}n € 2(N) is a well-defined bounded linear, injective
operator.

(iii) Adjoint of 0. is given by 0% : (>(N) 3 {an}n > > one | anTn € H which is surjective.
iv) S, = 6%6,.
(v) P = 0,.810% : *(N) — ¢*(N) is an orthogonal projection onto 0, (H).

Let & be a separable Banach space and X be its dual. General Fourier expansion in Equation
(2.1) allows to define the notion of Schauder frame for X.

Definition 2.2. [6] Let {7,}, be a sequence in X and {f,}, be a sequence in X*. The pair
({fn}ns {mn}n) is said to be a Schauder frame for X if

T = an(:v)m, Ve e X.
n=1

Notion of Schauder frame has a very natural generalization which is stated as below.
Definition 2.3. [15, 31] Let {r,,},, be a sequence in X" and {f,},, be a sequence in X'*. The pair
({fn}n, {Tn}n) is said to be an approximate Schauder frame (ASF) for X’ if

Spr 1 X3z Sprxi= an(l‘)Tn eX
n=1

is a well-defined bounded linear, invertible operator.

Recently, a particular case of Definition 2.3 was studied by same authors of this paper by
defining p-approximate Schauder frames (p-ASFs).

Definition 2.4. [24] An ASF ({f.}n, {7n}n) for X is said to be p-ASF, p € [1,0) if both the
maps

O : X3 a0z = {fn(z)}n € P(N),

0, : P(N) 3 {an}tn — 0:{an}tn = Zanrn cXx
n=1

are well-defined bounded linear operators.
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Remark 2.5. It is known that every p-approximate Schauder frame is an approximate Schauder
frame and every Schauder frame is an approximate Schauder frame. We now give an example
to show that the set of all p-approximate Schauder frames is strictly smaller than the set of all
approximate Schauder frames. Let X = K. Define 7,, := #, fu(z) =2,V € K, ¥n € N. Then

Yoo fu(@)T = %zx, Va € K. Therefore ({ f,, }n,{7n}n) is an approximate Schauder frame for
X. Let 2 € K be a non-zero element. Then for every p € [1, ),

m
Z|fn(as)|p:m|m|p—>oo as m — oo.
n=1

Thus {f,(z)}, ¢ ¢P(N) for any p € [1,00) and hence ({f}n,{7n}n) is not a p-ASF for any
p € [1,00). It is noted that there is a bijection between the set of approximate Schauder frames
and the set of all Schauder frames (for instance, Lemma 3.1 in [15]).

Advantage of p-ASF is that it gives a result similar to that of Theoerm 2.1.
Theorem 2.6. [24] Let ({fn}n,{Tn}n) be a p-ASF for X. Then

(i) We have
=3 (faS7D(@) 0 = fula)Sihm, Vre X
n=1 n=1

(i) The map 6y : X > x — {fn(x)}, € P(N) is injective.

(iii) The map 0, : (P(N) 3 {an}n — >ve | anTy € X is surjective.
(iv) Sy, = 0,05.

(V) Py = HfS;iQT : P(N) — ¢P(N) is a projection onto 0 (X).

In order to derive the dilation result we must have a notion of Riesz basis for Banach space.
There are various characterizations for Riesz bases for Hilbert spaces (see Theorem 5.5.4 in [10],
Theorem 7.13 in [20], and a recent generalization by Stoeva in [28]) but they use (implicitly or
explicitly) inner product structures and orthonormal bases. These characterizations lead to the
notion of p-Riesz basis for Banach spaces using a single sequence in the Banach space (see
[1, 11]) but we do not consider that in this paper.

To define the notion of Riesz basis, which is compatible with Hilbert space situation, we first
derive an operator-theoretic characterization for Riesz basis in Hilbert spaces, which does not

use the inner product of Hilbert space. To do so, we need a result from Hilbert space frame
theory.

Theorem 2.7. [22] (Holub’s theorem) A sequence {7}, in H is a frame for H if and only if
there exists a surjective bounded linear operator T : EZ(N) — H such that Te, = T, for all
n € N, where {e,, }, is the standard orthonormal basis for (*(N).

In the sequel, given a space X, by I we mean the identity mapping on X.
Theorem 2.8. For sequence {1, }, in H, the following are equivalent.
(1) {7n}n is a Riesz basis for H.
(i) {7 }n is a frame for H and
05705 = Iy, (2.2)
Proof. (1) = (ii). Itis well-known that a Riesz basis is a frame (for instance, see Proposition

3.3.51in [10]). Now there exist an orthonormal basis {w;, }, for 7 and bounded invertible
operator 7' : H — H such that Tw,, = 7, for all n € N. We then have

S;h = i(hﬂ'nﬁn = i(h, Twp)Twy
n=1 n=1

=T (Z(T*h,wn)wn> =TT*h, YheH.

n=1
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Therefore

0,870 {an}n = 0. (TT*) 10 {an}n = 0. (T*) ' T7'0  {an }n

(
=0.( <Z a'rﬂ’n) = )71T?1 (i a"Tw”>
=1
) £l
<Z an T* wn,ka> CL
k=1

[e.©]

i <Z anwmwk> ex = {ap}r, Y{an}n € F2(N).
k=1

(i1)) == (i). From Holub’s theorem (Theorem 2.7), there exists a surjective bounded linear op-
erator T : ¢*(N) — H such that Te,, = 7,,, for all n € N. Since all separable Hilbert spaces
are isometrically isomorphic to one another and orthonormal bases map into orthonormal
bases, without loss of generality we may assume that {e,, }, is an orthonormal basis for
and the domain of 7" is . It now reduces in showing 7" is invertible. Since 7" is already
surjective, to show it is invertible, it suffices to show it is injective. Let {a,}, € (*(N).
Then {a,}, = 0, (S-'0{a,},). Hence 0, is surjective. We now find

0rh = Z<h77n>en = Z<h7T6n>en =T"h, VheH.

n=1
Therefore
Ker (T) = T*(H)* = 0, (H)* = H+ = {0}.

Hence T is injective.

Theorem 2.8 leads to the following definition of p-approximate Riesz basis.

Definition 2.9. A pair ({f,}n, {7 }») is said to be a p-approximate Riesz basis for X if it is a
p-ASF for X and 057 0. = ().

Example 2.10. Let X’ be a Banach space which admits a Schauder basis {w;, } and let {¢,},,
be the coordinate functionals associated with {e,},. Let U,V : X — X be bounded linear
operators such that VU is invertible. Define

fon=06U, 7, =Vw,, VYnel.

Then ({f }n, {Tn}=) is an approximate Schauder frame for X. If VU = I, then ({ /s }n, {70 }n)
is a Schauder frame for X.

Example 2.11. Letp € [1,00) and U : X — ¢P(N), V : (?(N) — X be bounded linear operators
such that VU is invertible. Let {e,, },, denote the canonical Schauder basis for /?(N) and {(, }»,
denote the coordinate functionals associated with {e,, },, respectively. Define

fon=CGU, 1, =Ve, VnelN
Then ({fn}n, {Tn}n) is a p-ASF for X.

Example 2.12. Let p € [1,00) and U : X — (?(N), V : ¢?(N) — X be bounded invertible linear
operators. Let {e, }n, {Cntns {fn}n, and {7}, be as in Example 2.11. Then ({fn}n, {7n}n) is
a p-approximate Riesz basis for X.
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We now derive the dilation theorem.

Theorem 2.13. (Dilation theorem) Let ({ fn}n, {7n}n) be a p-ASF for X. Then there exist a Ba-
nach space Xy which contains X isometrically and a p-approximate Riesz basis ({gn}n, {wn}n)
for X\ such that

fn:gn‘PP(a Tn = Pwn, Vn €N,

where P : X| — X is an onto projection.

Proof. Let {e, }, denote the standard Schauder basis for /7 (N) and let {(, },, denote the coordi-
nate functionals associated with {e, },,. Define

X =X (Ipw) — Prr)(P(N), P:Xi320y—r00cd;
and
Wy, = Tn ® (Igp(N) — Psr)e, € X, Gn = fn ® Cn(Igp(N) —Pr,)e X, VYneN
Then clearly X contains X" isometrically, P : X; — X is an onto projection and

(gnPa)(@) = gn(Plxw) = gn(x) = (fo ® Ga(Lpp) — Pr,r)) (2 ©0) = fu(z), Vo€ X,
Pw, = P(Tn D (Igp(N> — vaT)en) = Tn, Vn € N.

Since the operator Ij»(y) — Py, is idempotent, it follows that (1) — Py.-)(¢P(N)) is a closed
subspace of ¢ (N) and hence a Banach space. Therefore X is a Banach space. Let z @y € &)
and we shall write y = {a, },, € ¢’(N). We then see that

Z(Cn(jel’( ~ Py ;) ZCn Tn ZCn(Pf,T(y))Tn

Z ({ar}r) ™ ZCn 0757 0-({ar}r))n
ZC” <0fS (Z aka)> Tp = ZanTn - Z Cn (Z akGfo,iTk> Tn
Z Cn (Z ag Z fr(Sﬁ.}—Tk)er> Tn

P%S H

Q
3
Il

k=1 r=1

Zzakz.fr fTTk Cn er)n

n=1 k=1 r=1

Zzakfn f.,-Tk ZanTn Zakz.fn f.,-Tk

n=1 k=1

oo
— E Q)T =0 and
k=1

Mg ﬁMg

3
Il

pnqg

3
Il

p"qg

3
Il
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Z.fn IZP PfT an an PfTe7L

n=I

:an( an 2)07S} 1 0ren = Zf"( Zf“ ©)05Sp

n=1 = n=1

:an(z>en72fn ka f.,—Tn €r = an Zan fTTn)ek

n=1 n=I n=1 k=1

= Z.fn( Zan fk SfTTn € — an X)en — ka (an fTTn>
n=1

k=1 n=1 n=I n=I

= an(z)en - ka(:c)ek =0.
k=1

n=1

By using previous two calculations, we get

= Z In (2 @ y)wn = Z(fn D Cn(IZP(N) — P )z @ y)(rn ® (IKP(N) — Prr)en)
n=1
=D (fn(@) + (GalLer) = Pre)) (W) (70 & Loy — Pr.r)en)
= Z fa(@)T + Z(Cn(IeP(N) - Pfﬂ'))(y)T’ﬂ> ®
n=1 n=1

OUERS

n=1 n=1

Z fn(@) Ty — Prr)en + Z(Cn(]zp(N) — Py ) () Ly — Pf,r)en>

= (Sfrz+0)@ (O + Iy — Pr.7) Z Ca((Ter () — Pf,‘f‘)y)en>

= 8572 ® (I — Prr) Uy — Prr)y = Sy ® (Ipvy — Prr)y
= (Str ® Iy — Pr.r)) (@ @ y).

Since the operator Iy — Py - is idempotent, Iy»(y) — Py becomes the identity operator on
the space (Izp(n) — Py -)(¢P(N)). Hence we get that the operator S, ., = Sf- @ (Ipn) — Pf.r)
is bounded invertible from X onto itself. We next show that ({g,, }n, {wn }») is @ p-approximate
Riesz basis for X. For this, first we find 6, and 6,,. Consider

99(1' 2] y) = {gn(m S y)}n = {(fn =) Cn(Iep(N) - Pfﬂ'))(x @ y)}n
= {fn( ) + Cn((IZP (N) — an-)y)}n = {fn(x)}n + {C’n((IZP(N) - an’)y)}n
=0pr+ ZCn((IeP(N) = Pr)y)en =0z + (Ipw) — Prr)y, Ve@ye X

and

ew{an}n - ianwn Zan Tn D Iep Pf,7->€n)
n=I

n=1

= <Z anTn> @ <Z an(IeP(N) - Pf,7)6">
n=1 n=1

=0{antn © (L) — Pr.r) <Zanen>

=0 {an}n ® (Igﬂ(N) — Pr ) {antn, Y{an}tn, € P(N).
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Therefore
Pywlan}n =045, 0{an}n = 045, L(0-{an}n ® () — Pr.r){an}n)
= 04(S7 1 ® (L) — Prr))(0{an}n & Loy — Prr){an}n)
=04 (S 10:{an}n © (Lo — Prr)*{an}n)
= 04(S710-{an}n ® Lenv) = Pr.r){an}n)
= 05(S710-{an}n) + (Lo — Pre)(Ln) — Pr.r){an}n
= Prrlantn + () — Pre){antn = {antn,  V{an}n € £7(N).

Following dilation result of Han and Larson [19] is a particular case of Theorem 2.13.

Corollary 2.14. [ 19, 23] Let {7,,}, be a frame for H. Then there exist a Hilbert space H, which
contains H isometrically and a Riesz basis {wy, }r, for H, such that

Tn = Pw,, VnéeN,
where P is the orthogonal projection from H; onto H.
Proof. Let {7}, be a frame for H. Define
foiH2he fo(h) = (h,7) €K, VneNl.

Then 6; = 6,. Note that ({f,}n,{7n}n) is a 2-approximate frame for . Theorem 2.13 now
says that there exist a Banach space X; which contains # isometrically and a 2-approximate
Riesz basis ({gn }n, {wn }n) for Xi = H & (Lo — Pr)(¢*(N)) such that

fn:gnP\H7 Tn:Pwnu VTLEN7

where P : X; — H is an onto projection. Since (Ir2qy) — Pr)(¢*(N)) is a closed subspace of
the Hilbert space ¢*(N), X1 now becomes a Hilbert space. From the definition of the operator P
we get that it is an orthogonal projection. Now to prove Theorem 1.3, we are left with proving
{wn }~ is a Riesz basis for X;. To show {w,, }, is a Riesz basis for X, we use Theorem 2.8. Since
{7n}n is a frame for H there exist a, b > 0 such that

allhl* <Y (b, m) P < BRI, VheH.

n=1

Let h ® (Ippw) — Py.r){ar}r € X1. Then by noting b > 1, we get

Z| (h& (Ingv — Pr){an e, wn)|? —Z| (h® (Ipw) — Pr){aete, 7 ® (Iegy — Pr)en)
= n=1

ZZ (R, 7 |2+Z| (em) = Pr){ar}e, (Iegy = Pren)|?

ZZ [(hy T |2+Z| Teg) = Pr) gy = Pr){artr en)?

n=I

=Sl |2+Z| (Lo — Po){ait s ea)?

=D Wh )P+ [(Tegy — Pofar)sl?
n=1

< OlIAI* + 1Ty — Pr){artel®
< bRl + (L) = Pr){ar}l?)
= bllh @ (Tepy — Pr){ax bl
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Previous calculation tells that {w,, },, is a Bessel sequence for X;. Hence S,, : X} 2 2 ® {ax}r —

S0 1 {x @ {ak }k, wn)wn € X is a well-defined bounded linear operator. Next we claim that

gn(x ®{artr) = (x @ {agtr,wn), V2@ {agtr € X1,¥Vn e N. (2.3)

Consider

gn(z @ {ar}r) = (fn © Gullewy) — Pr))(z ® {ak}r)
= fu(®) + Gu((ew) — Pr){arte) = fa(z) + G ({ar}r) — CGa(Pr{arte)
= fa(@) + G (artn) — ¢a (087102 {ar i)

= fn(a:) +a, — Cn <97—S7__l (i aka>>
k=1

= fn(m) + an — Cn <Z ak975;17k>

k=1

:fn($)+an_Cn <Zakzs TkaTr r>
k=1 =1

= fo(z) + an — Zak<5;l7'k,7-n> = (z, 1) + an — Zak(ST_lTk,Tn>

k=1 =1
and
(x © {artr,wn) = (@ © {artr, T © (Inn) — Pr)en)

= (@, ) + ({ax}k, (IZZ(N) = Pr)en) = (x,m) + ({ax}k, en) + ({ar}r, Pren)
= (2, Tn) + an — ({ar}r, 0-57'0%en) = (x,7) + a, — {an}r, 057" 7,)

= (z, ) + an — {ar i, {<S7__]Tn,7'k>}k> = (x,T) +an — Zak<5;17'n,7‘k>

= (z, ) + an — Zak<m,5;lrn) =(x, ) +an — Zak<ST_lTk,Tn>.
k=1 k=1

Thus Equation (2.3) holds. Therefore for all « & {ax}r € &),

Sg(@ @ {arkr) =Y gn(e & {axhi)wn = > (@ & {ar}r, wn)wn = Su(@ @ {ar}r).

n=1

Since S ., is invertible, S., becomes invertible. Clearly S,, is positive. Therefore

1
W\lgll2 < (Sug,9) < [SLlllgl?, Vg € X
w

Hence

1 oo
Wllgll2 < lgswa) > < ISLlllgl?, Vg € A,
@ n=1

That is, {wy, }, is a frame for X}.
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Finally we show Equation (2.2) in Theorem 2.8 for the frame {w,, },,. Consider

0.5, 05 {an}tn = 0,5," (f: anwn> =0, (i ans;lwn>
n=1 n=1
ianSwlwn,wk> = iian(sglwn,ww

k=1 n=1

el
Il
—_

M

an{(S7' ® (I — Pr)) (e @ (I — Pr)en), 7 @ (Ipgw) — Pr)ex)

ol
M8

E
Il
-
3
Il
-

an((S7 ' @ (Tem) — P))en, 1 ® (Ie) — Pr)er)

o
[M]8

E
Il
—
3
Il
-

an (S "7, ) + ((Lpwy — Pr)en, (I — Pr)ex))

o
WK

E
I
3
Il

1

ZanST_lTn,Tk> —l—ZZan Pf‘r)e’n)(-[[?( N) — P;)ey)

M

k=1 \n=1 k=1 n=1

= PT{an}n + Z Z an<(Igz(N) - PT)en, 6k>
k=1 n=1

—P{an}n+ZZan (en,ex) ZZanPen,ek
k=1 n=1 k=1 n=1

= P{an}tn + iakek — iiaanS;]H:emek}
k=1 k=1 n=1

= P{an}tn + Zakek — ZZ@,L(ST_]T,“ 0rep)
k=1 k=1 n=1

= P{an}tn + Zakek - Zzan<5;]Tn7Tk>

k=1 k=1 n=1
= P{an}tn + Zakek — PAantn = {an}tn, V{an}n € A(N).
k=1
Thus {wy, }, is a Riesz basis for X} which completes the proof. m|
We now illustrate Theorem 2.13 with an example.

Example 2.15. Let p € [1,00). Let {e,}, denote the canonical Schauder basis for ¢?(N) and
{¢x }n denote the coordinate functionals associated with {e, },, respectively. Define

R:P(N) 3 (xn)p2; = (0,21,22,...) € P(N),
L:P(N) > (2,)52 > (22,23, 24,...) € (P(N).

Then LR = Ijp(y). Example 2.12 says that ({f, ‘= (nR}n, {70 = Len},) is a p-ASF for (7(N).
Note that 0y = R and 6, = L. Therefore Sy, = LR = Iy»(y) and Py, = RL. Then

(IZP( N) — Pf'r)(xn)n 1 = (Tn)nly — RL(20);2
= (xn)ff:l — (0,22, 23,...) = (21,0,0,...), V(z,)2, € P(N)
which says that (Iy»n) — Py,-)(¢P(N)) = K. Using Theorem 2.13,

n=1

X = L°(N) ® (I vy — Pr.)(P(N)) = £7(N) © K = (P (NU{0})
PP(NUA{0}) 3 (zn)nZo = (zn)nly € £7(N),
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wp =711 D Iep 71 = Le; & (Igp( N) — Pfﬂ.)Le] =060,

( — Pyr)
wr =T ® (Izp — Py 7)1 = Len ® (Ippvy — Pr,r)Lea
( — Py )

=e1 P Igp e1=e1 P RLey =1 D0,

Wn = Tn D (IZP(N) - Pfy,,-)Tn = Le, P (IZP(N) — Pf,T)Len
=en1® Upm) — Prr)en-1 =en 1 ®RLen 1 =en1@ep1, Yn>3,
n:anBCn(I/p( Pf'r)—CnR@CnRL R (I/P )@L)v Vn €N

and ({gn }n, {wn }n) is a p-approximate Riesz basis for £?(N).
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