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Abstract In this work, new subclasses of analytic and univalent functions are defined using a
generalized Struve function of order p. The upper estimates for the second Hankel determinants
of the classes are established. Results obtained generalize some earlier known results.

1 Introduction

Let C denotes the set of complex numbers such that p,b,c € C, k = p + b;’—z #0,—-1,-2,---
and z € U = {z € ¢: |z| < 1} be a complex variable.

In the usual notation, we let A denote the class of functions f(z) which are analytic on the
unit disk and of the form

f(2) :z—l—ZanZ” (1.1)
n=2

and is normalized by the condition f(0) = f’(0) — 1 = 0. Also, let S be the subclass of A
consisting of univalent functions in U.
A function f € A is said to be in the class S* of starlike functions if it satisfies the following

condition: ()
zf'(z
Re( &) ) >0, zeUl. (1.2)

Similarly, a function f € A is said to be in the class C' of convex functions if it satifies the
following condition:

Zf”(2)>

Re( 1+ >0, zeU (1.3)
( f'(2)

For the two functions f(z) of the form (1.1) and h(z) = z + Y b,2™ which are analytic in

n=2

U, the convolution (or Hadamard product) of f and & is denoted by (f * h)(z) and given by

(f*h)(2) :z—l-Zanbnz". (1.4)
n=2
It is well known that

0o (_1)n <Z)2n+p+l

Hy(z)=z+ = , zeC (1.5)
: ;)F(H%)F(ww%) 2
and 2n+p+l

> (=)™ <z) e
Wppel2) =2+ = , z2eC 1.6
pe(2) nzi()r(n+%)l“(p+n+bi22) 2 (1.6)
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are particular solutions of certain second-order nonhomogeneous differential equations and are
respectively called Struve and generalized Struve functions. Let

b+2\ —»-
Up,b,e(2) = 2”\f1"< 5 )z T wpp (V7). (1.7)
By utilizing the Pochhammer symbol, (k),, = er(j;)") =k(k+1)---(k+n—1), one can
write the following form of w,, p .(2):
e &) L )
Uppe(2) =Y o2 = by + bzt b2t 4 (1.8)
= (D (k)

_ b+2 _ (=D)"e"T()0(k)
kfp_,_%#07_17_2’...,banf0rn>O bo=1.

We note that the function u, . is analytic in C, and satisfies the condition u,, , .(0) = 1. For
more information on Struve function (1.5) and its generalized form (1.6), see [[13],[18],[19],[20]].

Also, let
n—1

Ipbc(2) = 2tp (2 z—i-z 1( ) = (1.9)

Orhan and Yagmur [13] investigated the geometric properties of the functions given by (1.9) and
they include univalency, starlikeness, and convexity properties of the functions.
Following (1.4) and by making use of (1.1) and (1.9), Raza and Yagmur [16] defined the
function
( ch )n— 1

Tope(2) = (f ¥ gppe)(2) =2+ ) r————anz" 1.10
pbe(2) = (f % gppc)(z) = 2 ;(%)n_l(k)n_laz (1.10)

For the purpose of this present work and for convenience, we shall let

& ;c n—1
Tppe(z) =0 = {G G(z) = Z R 4 @ z”,feA} (1.11)
n=2 E n—1
4 is the class of generalized Struve function.
We claim that
&2 3 4
& 3 C 4 C 5
=2 - A = - 1.12
Gle) =2 = gros + pop w2’ = ggaas’ + o ase (1-12)
where Ik )
+n )
(k)l - kl7 (k)z - k27' ;(k)n - W —_— kn, Vn E N

The conic region Qj was introduced and studied by Kanas and Wisniowska [5] and it was
given by
Qr = {u+iv:u® >k (u—1)?%+k?}, kE>0.

The above region represents the right half plane for £ = 0, a hyperbola for 0 < £ < 1, a parabola
for k = 1 and an ellipse for k& > 1.

Now, let P denote the class of functions such that p(0) = 1 and Rep(z) > O for z € U. The
class of functions in P are called Carathéodory functions (see [6]).

Also, let P(pg), 0 < k < oo denote the class of functions p, such that p € P,and p < py, in U,
where the function p;, maps the unit disk conformally onto the region ; : 1 € Q. For functions
that play the role of extremal functions for these comic regions and the variant definition of Q,
one may see Ramachandran et al. [15] and Oladipo [12] respectively.

If the functions f(z) of the form (1.1) and h(z) = 2z + >, by2" are analytic on U, then f
is said to be subordinate to h , written as

f(z) <h(z), zeU
if there exits a Schwarz function w(z) analytic on U with w(0) = 0 and

lwz)| =zl <1, zeU
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such that
f(z) =h(w(z)), =zeUl.

This is known as subordination principle and the details can be found in [17], [9] and [2]. In
particular, when h € S,

f<h < f(0)=h(0) and f(U)c hU).

As consequences of the definitions of Carathéodory functions and subordination principles,
equations (1.2) and (1.3) can be written equivalently as follows:

p(2) = Z]{;S) < pr(2) (1.13)
and .
p(z) =1+ ZJJ:,(S) < pu(2). (1.14)

Therefore, by virtue of (1.13) and (1.14) and the properties of the domains, we have

k

Re(p(z)) > Re(px(z)) > Ll

The ¢*"* Hankel determinant for ¢ > 1 and n > 1 is stated by Nooman and Thomas [10] as

Qn an+1 - An+q+1
An+1 e QAn+q
Hy(n)=| . . . : . (1.15)
An+tg—1 Ontq " Qpy2(g—1)

Many authors including but not limited to [11, 3, 7] have considered the determinant given by
(1.15). Tt is very obvious from H,(n) that H,(1) is the Fekete-Szego functional. For f € S, and
1 a real number, Fekete and Szegd further generalized estimate a3 — pa3).

We now use the concept of starlike, convex and conic region to give the following definitions:

Definition 1.1. A function f € A is said to be in the class XS™ if the following subordinate hold

2G'(2)
G(2)

<pr(z), zeUl. (1.16)

Definition 1.2. A function f € A is said to be in the class X'C if the following subordination hold

2G"(2)

e

<pr(z), zeUl. (1.17)

Thus, it follows that f € XC < zf' € XS*.

Our focus in this paper is to determine Hankel coefficient estimates for the functions in the
classes XS* and XC.

2 Preliminaries and Definitions

Some basic results which are relevant to our main results shall be stated as lemmas to set a good
background for the works in this paper.
Arising from the definition of class P, of all functions p analytic in U for which Re(p(z)) > 0
and for z € U, we let
p(z)=14cz+ 2>+ . 2.1

Lemma 2.1. [14] If p € P, then |ci| < 2 for each k.
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Lemma 2.2. [1] Let p € P. Then

2(l—0), if o<0
<! 2 if 0<o<2
200-1), if o>2

ot
C) — 00—

Lemma 2.3. [8] Let the function p € P be given by the power series (2.1), then
20 = +a(4—c}) (2.2)
for some z, || < 1 and
des=c +2(4—eyx — (4= +2(4 — ) (1 —|z*)z (2.3)
for some z, |z| < 1.

Lemma 2.4. [4] Let 0 < k < oo, be fixed and py be the Riemann map of D C C onto €y,
satisfying pi,(0) = 1 and Re(p},(0)) > 0. If pr(z) = 1+ Piz + Py2> + -+, then

ff}; for 0<k<1,
Pi(z) =1 2 for k=1, 2.4)
k> 1.

4(k:271)K27Ek)(1+k)\/E for

Lemma 2.5. Forn € N, k = p+ %2 £ 0,—1,-2.--- and p,b € C. If (k); = ki, (k) =
ka, -y (K)p = F(Fk(z)”) =k(k+1)---(k+n— 1), then the following assertions are true:

(i) Ifp=—1and b =2, then k| = 1,
(ii) If p=—1and b = 2, then ky =2,
(iii) If p = —1 and b = 2, then k3 = 6.

Proof. (i) Let the assumption of the Lemma 2.5 holds. Then k; = (k); = k. So that by
definition,
b+2 2p4+b+2

1
2 2

k=p+

whenp = —1,b=2.
(ii) Let the assumption of the Lemma 2.5 holds. Then k, = (k)» = k(k + 1). So that by
definition

2 b+2 2 b+2 2 b+2 2 b+ 4
k<k+1):(p+2+ >(p+2+ +1):<p+2+ >(p+2+ >:2’

whenp=—1,b=2.
(iii) Let the assumption of the Lemma 2.5 holds. Then
k3 = (k)3 = k(k + 1)(k + 2). So that by definition

2p—|—b—|—2> <2p+b+4) <2p+b+2+2>

2 2 2

2p+b04+2\(2p+b+4\(2p+b+6
2 2 2

6,

k(k+1)(k +2) = <

whenp =—1,b=2. O

In what follows, we shall state and proof the main results in this paper. We are motivated by
the results in [15].
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3 Main Results
Theorem 3.1. If f € XS, then

100k2
|a2a4—a3|<wV2+ oV + 2

P

b=A—p— TP+ BP0 =t (L - 2 Pf) and

4ct

200k3 —Thyct
v T2 P?—8u
= Th3 et —100k2 Pl'
aa—dp—( =2

Proof. Let f € XS™, then

G'(2)
G(2)

z

< pr(2) (3.1)

where
p(2) =14+ Pz 4+ P2 4 -

By virtue of subordination relation (3.1), it can be seen that the function p(z) given by

1+p, !
p(e) = ) 2 g0) =0, g < 1
1—p; (a(2))
is analytic and has positive real part in U. We also have that
G'(2) p(z) =1
= 32

is analytic and has positive real part in U.
From (3.2), we have that

2G'(z) = G(2)px (igz;;i), zeU. (3.3)

By simple calculation, we get

1_Laz+ﬁazz_iaz3+ﬂa 4
3k 2 20k, 2 14k; 144k, °

0k, 56k; 144k,

2 2
pici pica  piey | P26 o
{1 + = z+ (2 1 + n )z ] 3.4)

2 3 4
:<1621a22+2c a3z — c asz’ + < a5z4~~>

In order to determine a;, az and a4, we equate the like terms in (3.4) as follows: for a;, we have

C o 3k1P]Cl — 200,2
e = < o )Z (3.5)

for a3, we have

32 2 e , cb cl 2 Pieo P C% ch% 2
20k, 2 T 206, T T2k ° ( 2 4 T3 )Z (3:6)
and for a4, we have
3 2 3 2 2
c 3 ¢ P 4 c 3 c Pico  Picy | Py 3
-~ _ 3 _ 3_ = - . 3.7
14 5 7 40k, B° T 36k; Y° 6k1“2( 2 1 1) (3.7)
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A little computation on (3.5), (3.6) and (3.7) yields the following:

3k1P161

Ay = —
C

a3 :ﬁ(Pl - P+ Pz)kzcl + 7k2P162

C C

_ W 4p, —op— 2P — P +3P2 3P|

a4_6c3l<: 2 =205 2P — P] +3P =3P P

7k3 2 7k3

62k‘ |:4P2 4P1+3P1 6162767]61]3163.

For the purpose of brevity, we let
A(P) = P? — P, + P,, B(P) =4P, —2P; — 2P, — P} + 3P} — 3P, P,
and C(P) = 4P, — 4P, + 3P}, so that

ay = _3]{:]P1C] (38)
C
_ 5, 5
a3z = @ (P) + gkzpl (&) 3.9
7k3 3 7k3 7]€3
= _—"_B(P)di - —=C(P — 2 Pies. 1
s 663k1 ( )cl 6021171 C( )CICZ 6[171 14 (3 0)

Now, from (3.8), (3.9) and (3.10), we have that

7k 7k
S S C(P)Pidey + —2 Plejes (3.11)

Tks
B(P)Pic} + 1

43 42

25 25
a3 = 1a AP k3t + = (A(P)kgPlc%cZ + kgpfcg). (3.12)

a4 — —

Therefore,

7k 25
azay — a3 = (—40§B(P)P1 - 464,4(13)21@5) ct

Tk 2 2 Tk
+ <3C’(P)P] — —SA( )P1k2> cier — > 3P126163. (3.13)

12 4 gatihe +
Substituting for ¢; and ¢3 from Lemma 2.3 into (3.13) and letting ¢; = t we get

Tk 25 o Tk 25 ,
10 B(P)P; — @A(P) ks + 70( )P — gA(P)Plkz

Thse* — 1002\ ] 4
+< 16¢* i

Tk 25 2 Ty 25k3\ 5] . )
Bo(pP)p — == A(P)P, I8\ P24t
+ |gac)n - sraPn + (R - 52 ) et
 Tks 25k3
16 4c
7k
+ ?3131 4 — (1 — |z?)2. (3.14)
Since |t| = |ei| < 2 by making use of Lemma 2.1, we may assume without restriction that
0 <t < 2. Then using the triangle inequality with p = |z|, we obtain
Tks
16

arayg — a% I|:

—2P}(4 - t)x? — P4 —*)%a?

|azas — a3| A+ pt® (4 — )p + =PI (4 — 1) p?

+

25k2 Tk
e 2Pl (4— )2P2+T3P12t(4_’52)(1—f02)

= F(t,p,ka), (n=2,3) (3.15)
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where
—Tks3 25 2 7k:3
25 2 Tkyc* — IOOkg 2
and )
~ Tks 25 2 Tks  25k; 2
= 22 C(P)Pi = T A(P)PIRS + ( 7 Lt
Then
or Tks 2 25A(P )k2 2 2 Tks 5 5
ap_“t (4—12) + 8P1 24 —-tHp+ S P2 (4 —2)p 4P1t(4 t*)p.

Clearly, %—i > 0 which shows that F'(¢, k,,, p) is an increasing function on the interval [0, 1]. This
implies that the maximum occurs at p = 1. Therefore

max F (¢, kn, p) = F(t, kn, 1) = H(t, ky).

Now,
7k 25k2
F(t kn, 1) = H(t, k) = MY+ pt?(4 — %) + 163 PIE(4— ) + 2 PR(4 — 1)
7k 25k2 Tk  50k3 100k2
—(A_M—15P12+4 2P1) +{4 +(43— 7 >P1} 2P] (3.16)
Now,
] 2
H(t, k) = ¢t* + ot® + Oc(ikz P?, (3.17)
where
- Tks 251<;§ 5
L T
Tks  50k2
O':4M+ (4 042)P12
= dpt? + 20t (3.18)
Hy = 12¢4t* + 20 < 0. (3.19)
For optimum value of H (¢, k,, ), we consider H; = 0 so that
2 C4
X (200192264%3 ) P2 — 8y
2= —V. (3.20)

AN — 4y — [w} P?

4ct

Substituting the value of ¢> from (3.20) in (3.19), it is possible to show that

ThsP?  257K2P? Thy  SOK2
Htt—lz{/\—u— Zl+ o }v+2[4 +<43—C42>P12].

Therefore, by the second derivative test, H (¢, k,, ) has maximum value at ¢, where t? is given by
(3.20). Substituting the obtained value of ¢? in the expression (3.16), which gives the maximum
value of H(t, k,) as

100/{2

|azay — a3| < YV? 4oV + P2.
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Theorem 3.2. If f € XC, then

100k3

|agas — a3| < 1 Vi+ o1V + 9¢ Pt

2 2
7/112)\2*,“27(%"‘?IZ‘%)P&J‘:4“24_(73%75‘;)5‘2)32“”[1

1600k2 —63k3C4 Y\,
(2 )y
Vi= 63k3 et —800k2 1-
A—dpuy— | ———F—=

288c4

Proof. Going by the definition of the class S* and C, it follows that the function f € X'C if and
only if z f’ € XS*. Therefore by replacing a,, by na,, in (3.8), (3.9) and (3.10), we obtain

0y = —2kifie (3.21)
2c
_ 5 A 2 5
az = @ (P)kzcl + 30 2/452P]Cz (3.22)
Tk3 L) Tks
= P)e} — 515 C(P)eres — 52 Pies. 2
= 3ok, DG T ggap, O Pae — g e (3:23)

where A(P), B(P) and C(P) are as defined earlier under the proof of Theorem 3.1.
From (3.21), (3.22) and (3.23) we have that

Tk3 25
a2a4—a%: <—3203_B(P)P1 36¢ 4A( ) ) ?

Tk 25 25 Tk3
+<32320( )P, — 9C4A(P)P,k§>c%@ 94P1 K3c3 + 3 B P2, (3.24)

Substituting for ¢; and ¢3 from Lemma 2.3 into (3.24) and letting ¢; = t we get

—Tk3 25 ks 25
a4 — a% :|:320?’B(P)P1 — @A( ) k/’z + 64c ZC(P)PI — @A(P)P]k%

1152¢4

Tk 25 2 Tks 25]{:% 2|42 2
—C(P)P, — —A(P)P, — P, 4 —

- [64020( Vo= fgaAPIPik (64 iget )] )
Tk3 222 25K3 2\2, 2
128P1(4 )t 36c4P1(4 t°)x

4 Ths po Pit(4 — ) (1 — |z[*)2. (3.25)
64

Since |t| = |ei| < 2 by making use of Lemma 2.1, we may assume without restriction that

0 <t < 2. Then using the triangle inequality with p = |z|, we obtain

Tks
lasay — a3| <Dot* + ot* (4 — 12)p + —= P22 (4 — 12)p?

128
ZSk% 2 2\2 2 7k3 2 2
= B(t,p k), (n=2,3) (3.26)
where
Tk 25 7k:3

25 ) (63ksct — 800K\
~ AP Pk + ( sz )1
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and
k3 25 Tko 25k;§ 5
= ggaC PP — gz AP Pk + < 64 184 )1
Then
6F2

Clearly, 52 > 0 which shows that F5(t, k,, p) is an increasing function on the interval [0, 1].
This implies that the maximum occurs at p = 1. Therefore

max Fs(t, ky, p) = Fa(t, kn, 1) = Hy(t, ky).

Now,

FZ(tzkn; 1) = HZ(ty kn)

Tk 25k2
_ 4 204 _ 42 3P24_2 2 p2(4 _ 42)2
Aat” + puat( t)+128 T ( t)+3641( t°)
Tk 25k 5\ 4 Tk S0K3\ ] 2
= —p — —=P? P, 4 P,
(Az TR IRl L R v roe R
100k3
+ . 2P (327)
Now,
2
Hy(t, kn) = U1t* + oy t* + 1(9)0f2 P2, (n=2,3) (3.28)
C
where
Tks3 25k3
= Spry 2
V1= = g P Sga
Tks  50k3
— 4 2 2 P2
o1 2 + ( 0 0 ) i
(Ha), = 4nt® + 201t (3.29)
(Ha)ee = 124117 + 201 < 0. (3.30)
For optimum value of H;(t, k), we consider (H;): = 0. So that
1600k2 —63k;c*
) (W) PP =8
= 63k3c'—800K2 | 2 Vi (3.31)
4Ny — 4y — {Wz} P

Substituting the value of > from (3.31) in (3.30), it is possible to show that

(Hp)e = 124V + 20

21k;  25K? Tks  100k3
= {mz — 1245 — (623 - 3C4Z>P5]V1 + [8uz + (163 — 9642>P12] <O0.

Therefore, by the second derivative test, Hy(, k,,) has maximum value at ¢, where ¢ is given by
(3.31). Substituting the obtained value of ¢? in the expression (3.28), which gives the maximum
value of H,(t, k,,) as

1003 _,

lazas — a3| < 1Vi+ o1V + o

P2,
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4 Applications

In this section, we shall exhibit some interesting consequences of our results as applications.
By making use of Lemma 2.5 and letting ¢ = 2 in Theorem 3.1 and Theorem 3.2 we have the
following:

Corollary 4.1. If f € £S7, then

lazay — a3| < YV?* + oV + 25P}

2
wz)\—u—%Pf,U:4u—2PlzandV: 4p —8u

—dp—Tpr

Which corresponds to the result in Ramachandran et al. [[15], Theorem 1] when ¢ = 7,
oc=vand V = B.

Corollary 4.2. If f € EC, then

V=X — o — 2P oy =4p, — 1Pl and V| =

25
|azas — a3| < 1Vi+ a1V + gplz

2
%Pl —8ua
4)\274”27%}912 :

Which corresponds to the result in Ramachandran et al. [[15], Theorem 2] when ¢y = 7,
O'Zﬁandvl ZBl.

5 Conclusion

Generalized Struve function has been used to define new subclasses of analytic and univalent
functions and the upper bounds for the second Hankel determinants are obtained. The upper
estimates obtained are the best possible. Some earlier known results, which are special cases of
the results obtained are pointed out as applications.
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