
Palestine Journal of Mathematics

Vol. 11(2)(2022) , 406–412 © Palestine Polytechnic University-PPU 2022

THE QUATERNIONIC RULED SURFACES IN TERMS OF
ALTERNATIVE FRAME

Abdussamet Çalışkan
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Abstract In this paper, we investigate the quaternionic expression of the ruled surfaces drawn
by the motion of the Alternative vectors. The distribution parameters, the pitches, and the angle
of pitches of the ruled surfaces are calculated as quaternionic.

1 Introduction

The quaternion was discovered in 1843 by William Rowan Hamilton [18]. Quaternions arose
historically from Hamilton’s essays in the mid-nineteenth century to generalize complex num-
bers in some way that would apply to three-dimensional (3D) space. A feature of quaternions
is closely related to 3D rotations, a fact apparent to Hamilton almost immediately but first pub-
lished by Hamilton’s contemporary Arthur Cayley in 1845 [1]. The technology did not penetrate
the computer animation community until the landmark Siggraph 1985 paper of Ken Shoemake
[11]. The importance of Shoemake’s paper is that it took the concept of the orientation frame for
moving 3D objects and cameras, which require precise orientation specification, exposed the de-
ficiencies of the then-standard Euler-angle methods, and introduced quaternions to animators as
a solution. Classical differential geometry is the study of local properties of curves and surfaces.
Recently, Shaikh et.al initiated the study of surface curves differently, especially, rectifying,
osculating and normal curves on a surface by considering isometry between two surfaces and
investigated their invariance under such maps [2, 3, 4, 5]. The Serret-Frenet formulae for quater-
nionic curves in IR3 and IR4 were introduced by K. Bharathi and M. Nagaraj [9]. There are
lots of studies that investigated quaternionic curves by using this study. One of them is Karadağ
and Sivridağ’s study whose they gave many characterizations for quaternionic inclined curves in
IR4 [13]. Şenyurt et al. calculated curvature and torsion of spatial quaternionic involute curve
according to the normal vector and the unit Darboux vector of Smarandache curve [15]. In [16],
the authors investigated the ruled surface as spatial quaternionic. They quaternionally calculated
the integral invariants of the ruled surface.

A surface is said to be "ruled" if it is generated by moving a straight line continuously in
Euclidean space IR3. Ruled surfaces are one of the simplest objects in geometric modeling. One
important fact about ruled surfaces is that they can be generated by straight lines. A practical
application of ruled surfaces is that they are used in civil engineering. The result is that if
engineers are planning to construct something with curvature, they can use a ruled surface since
all the lines are straight. Among ruled surfaces, developable surfaces form an important subclass
since they are useful in sheet metal design and processing [6, 10].

In this study, we investigate the ruled surfaces drawn by the motion of the Alternative vec-
tors as quaternionic. We calculate integral invariants of the ruled surface with the theory of
quaternion.

2 Preliminaries

In E3, the standard inner product is given by

〈x, x〉 = x2
1 + x2

2 + x2
3 (2.1)
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where x = (x1, x2, x3) ∈ E3. Let α : I → E3 be a unit speed curve denote by {~T (s), ~N(s), ~B(s)}
the moving Frenet frame. ~T (s) is the tangent vector field, ~N(s) is the principal normal vector
field and ~B(s) is the binormal vector field of the curve α, respectively. The Frenet formulas are
given by [12]

~T ′(s) = κ(s) ~N(s), ~N ′(s) = −κ(s)~T (s) + τ(s) ~B(s), ~B′(s) = −τ(s) ~N(s). (2.2)

Here curvature and torsion of the curve α are defined with [12]

κ(s) = ‖α′′(s)‖, τ(s) = 〈α
′(s) ∧ α′′(s), α′′′(s)〉
‖α′(s) ∧ α′′(s)‖2 · (2.3)

The vector W is called the unit Darboux vector and defined by [17]

~W =
~w

‖~w‖
=

1√
κ2 + τ 2

(τ ~T + κ~B). (2.4)

The Darboux vector is perpendicular to the principal normal vector field ~N. If ~C is taken as
~C = ~W ∧ ~N, then { ~N, ~C, ~W} are another orthonormal moving frame along the curve α. This
frame is called an alternative frame. The derivative formulae of the alternative frame are given
by  ~N ′

~C ′

~W ′

 =

 0 β 0
β 0 γ

0 −γ 0


 ~N

~C
~W

 (2.5)

where β =
√
κ2 + τ 2 and γ = κ2

κ2+τ 2

(
τ
κ

)′
. The relationship between the Frenet and alternative

vactors are {
~C = −κ~T + τ ~B
~W = τ ~T + κ~B

or

{
~T = −κ~C + τ ~W
~B = τ ~C + κ ~W

(2.6)

where principal normal vector ~N is same in both frames, κ = κ
β and τ = τ

β [14, 7].

Real quaternion is defined by the 1, e1, e2, e3. 1 is a real number, e1, e2, e3 are vectors with the
following properties:{

e1
2 = e2

2 = e3
2 = e1 × e2 × e3 = −1, e1, e2, e3 ∈ IR3

e1 × e2 = e3, e2 × e3 = e1, e3 × e1 = e2.
(2.7)

The 4-dimensional real Euclidean space IR4 is identified with the space of real quaternions

K =
{
q = d+ ae1 + be2 + ce3|a, b, c, d ∈ IR, ~e1, e2, e3 ∈ IR3}

in [9, 8].
Let q1 = Sq1 + Vq1 = d1 + a1e1 + b1e2 + c1e3 and q2 = Sq2 + Vq2 = d2 + a2e1 + b2e2 + c2e3 be
two quaternions in K, the quaternion multiplication of q1 and q2 is given by

q1 × q2 = d1d2 − (a1a2 + b1b2 + c1c2) + (d1a2 + a1d2 + b1c2 − c1b2)e1

+ (d1b2 + b1d2 + b1a2 − a1b2)e2 ++(d1c2 + c1d2 + a1b2 − b1a2)e3.

The symmetric real-valued bilinear form h which is defined as

h : K×K→ IR

h(q1, q2) =
1
2
(q1 × q̄2 + q2 × q̄1) (2.8)

is called quaternion inner product [9]. Let q be a real quaternion. Its conjugate is q̄ = Sq − Vq.
The norm of a real quaternion is a real number in the form of

N(q) =
√
h(q, q) =

√
d2 + a2 + b2 + c2. (2.9)
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If N(q) = 1, q is called a unit quaternion. Invers of real quaternion is q−1 =
q̄

N(q)
· Quaternion

the division is noncommutative, and is defined by the (order-dependent) relations r1 = q1 ×
q2
−1, r2 = q2

−1 × q1. Where r1 is the right division, r2 is the left division [8]. The three-
dimensional real Euclidean space IR3 is identified with the space of spatial quaternions

Q = {q ∈ K | q + q̄ = 0}

in the obvious manner [9]. In this case, the elements of Q are q = ae1 + be2 + ce3. As a result,
the quaternion multiplication of the two spatial quaternions is [8]

q1 × q2 = −〈q1, q2〉+ q1 ∧ q2. (2.10)

Definition 2.1. Let s ∈ I = [0, 1] be the arc parameter along the smooth curve

α : [0, 1] → Q

α(s) =
3∑

n=1

αi(s)ei.

This is called a spatial quaternionic curve [9].

Definition 2.2. A ruled surface in IR3 is a surface that contains at least one 1-parameter family
of straight lines. Thus a ruled surface has a parametrization in the form

ϕ : I × IR → IR3

(s, v) → −→ϕ (s, v) = −→α (s) + v−→x (s). (2.11)

where we call α the anchor curve, X the generator vector of the ruled surface [12].

The quaternionic express of distribution parameter (drall) belonging to the ruled surface is given
by [16]

Px =
h(~x× ~x′, α′)

N(~x′)2 =
1
2

(
(~x× ~x′)× α′ + α′ × (~x× ~x′)

)
N(~x′)2 · (2.12)

The angle of pitch and the pitch of the closed quaternionic ruled surface, λ
x

and L
x
, are equal

to the projection of the generator x on the Steiner rotation vector ~D and the Steiner translation
vector ~V [16]

λ
x

= h(
−→
D,−→x ), (2.13)

L
x

= h(
−→
V ,−→x ). (2.14)

3 The Quaternionic Ruled Surfaces in terms of Alternative Frame

The ruled surfaces drawn by the motion of the Alternative vectors are given by

ϕN (s, v) = ~α(s) + v ~N(s),

ϕC(s, v) = ~α(s) + v ~C(s),

ϕW (s, v) = ~α(s) + v ~W (s).

Using the equation (2.12), the distribution parameter of the closed spatial quaternionic ruled
surface drawn by the motion of the principal vectors ~N belonging to the spatial quaternionic
curve α is

P
N
=
h( ~N × ~N ′, ~α′)

N( ~N ′)2
· (3.1)
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Considering the equation (2.5), we obtain

h( ~N × ~N ′, ~T ) = h( ~N × ~N ′,−κ~C + τ ~W )

=
1
2

(
( ~N × ~N ′)× (−κ~C + τ ~W ) + (−κ~C + τ ~W )× ( ~N × ~N ′)

)
=

1
2

(
τκ(~T × ~C)− ττ(~T × ~W ) + κκ( ~B × ~C)− κτ( ~B × ~W ) + τκ(~C × ~T )

+κκ(~C × ~B)− ττ( ~W × ~T )− κτ( ~W × ~B)
)

=
1
2

(
τκ(κ− τ ~N)− ττ(−τ − κ ~N) + κκ(−τ − κ ~N)− κτ(−κ+ τ ~N)

+τκ(κ+ τ ~N) + κκ(−τ + κ ~N)− ττ(−τ + κ ~N)− κτ(−κ− τ ~N)
)

= τ

and

N( ~N ′)2 = h( ~N ′, ~N ′) =
1
2

(
~N ′ × ~N ′ + ~N ′ × ~N ′

)
= ~N ′ × ~N ′ = κ2 + τ 2.

If these values are substituted in equation (3.1), PN =
τ

κ2 + τ 2 is found.

By taking into consideration the equation (2.12), the distribution parameter of the closed spatial
quaternionic ruled surface drawn by the motion of the vector ~C belonging to the spatial quater-
nionic curve α is

P
C
=
h(~C × ~C ′, ~α′)

N(~C ′)2
· (3.2)

Considering the equation (2.5), we can write

h(~C × ~C ′, ~T ) = h(~C × ~C ′,−κ~C + τ ~W )

=
1
2

(
(~C × ~C ′)× (−κ~C + τ ~W ) + (−κ~C + τ ~W )× (~C × ~C ′)

)
=

1
2

(
(γ ~N − β ~W )× (κ~C − τ ~W ) + (−κ~C + τ ~W )× (−γ ~N + β ~W )

=
1
2

(
γκ( ~N × ~C)− γτ( ~N × ~W )− βκ(( ~W × ~C)) + βτ( ~W × ~W )

+γκ((~C × ~N))− γτ(( ~W × ~N))− βκ(~C × ~W ) + βτ( ~W × ~W )
)

= −τ

and

N(~C ′)2 = h(~C ′, ~C ′) =
1
2

(
~C ′ × ~C ′ + ~C ′ × ~C ′

)
= ~C ′ × ~C ′ = β2 + γ2.

If these values are substituted in equation (3.2), PC =
−τ

β2 + γ2 is found.

By considering the equation (2.12), the distribution parameter of the closed spatial quaternionic
ruled surface drawn by the motion of the vector ~W belonging to the spatial quaternionic curve α
is

P
W

=
h( ~W × ~W ′, ~α′)

N( ~W ′)2
· (3.3)
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Considering the equation (2.5), we can write

h( ~W × ~W ′, ~T ) = h( ~W × ~W ′,−κ~C + τ ~W )

=
1
2

(
( ~W × ~W ′)× (−κ~C + τ ~W ) + (−κ~C + τ ~W )× ( ~W × ~W ′)

)
=

1
2

(
γ ~N × (κ~C − τ ~W ) + (−κ~C + τ ~W )× (−γN)

=
1
2

(
γκ( ~N × ~C)− γτ( ~N × ~W ) + γκ(~C × ~N)− γτ(( ~W × ~N)

)
= 0.

If these values are substituted in equation (3.3), PW = 0 is found.

Corollary 3.1. The distribution parameters of the closed spatial quaternionic ruled surfaces
drawn by the Alternative vectors are 

PN =
τ

κ2 + τ 2 ,

PC =
−τ

β2 + γ2 ,

PW = 0.

Corollary 3.2. The ruled surface drawn by the motion of the vector W is developable as quater-
nionic.

According to the equation (2.14), the pitches of the closed spatial quaternionic ruled surfaces
drawn by the motion of the Alternative vectors ~N, ~C, ~W belonging to the spatial quaternionic
curve α are as follows:

L
N

= h(

∮
d~α, ~N) = h(

∮
~Tds, ~N) =

1
2

(
~T

∮
ds× ~N + ~N × ~T

∮
ds
)

=
1
2

(∮
ds
(
(−κ~C + τ ~W )× (− ~N)

)
+

∮
ds
(
~N × (κ~C − τ ~W )

))
=

1
2

(∮
ds(−κ ~W − τ ~C) +

∮
ds(κ ~W + τ ~C)

)
= 0.

L
C

= h(

∮
d~α, ~C) = h(

∮
~Tds, ~C) =

1
2

(
~T

∮
ds× ~C + ~C × ~T

∮
ds
)

=
1
2

((
(−κ~C + τ ~W )× (−C)

) ∮
ds+

(
C × (κ~C − τ ~W )

) ∮
ds
)

=
1
2

(
(−κ+ τ ~N)

∮
ds+ (−κ− τ ~N)

∮
ds
)

= −κ
β

∮
ds.

L
W

= h(

∮
d~α, ~W ) = h(

∮
~Tds, ~W ) =

1
2

(
~T

∮
ds× ~W + ~W × ~T

∮
ds
)

=
1
2

((
(−κ~C + τ ~W )× (− ~W )

) ∮
ds+

(
~W × (κ~C − τ ~W )

) ∮
ds
)

=
1
2

(
(κ ~N + τ)

∮
ds+ (−κ ~N + τ)

∮
ds
)

=
τ

β

∮
ds.
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Corollary 3.3. The pitches of the closed spatial quaternionic ruled surfaces drawn by the Alter-
native vectors are 

LN = 0,

LC = −κ
β

∮
ds,

LW =
τ

β

∮
ds.

According to the equation (2.13), the angles of pitches of the closed spatial quaternionic ruled
surfaces drawn by the motion of the Alternative vectors ~N, ~C, ~W belonging to the spatial quater-
nionic curve α are as follows:

λ
N

= h( ~D, ~N) =
1
2

(
~D × ~N + ~N × ~D

)
=

1
2

(
− (~T

∮
τds+ ~B

∮
κds)× ~N + ~N × (−~T

∮
τds− ~B

∮
κds)

)
=

1
2

(
− (~T × ~N)

∮
τds− ( ~B × ~N)

∮
κds− ( ~N × ~T )

∮
τds− ( ~N × ~B)

∮
κds)

)
=

1
2

(
−
(
(−κ~C + τ ~W )× ~N

) ∮
τds−

(
(τ ~C + κ ~W )× ~N

) ∮
κds

−
(
~N × (−κ~C + τ ~W )

) ∮
τds−

(
~N × (τ ~C + κ ~W )

) ∮
κds)

)
= 0,

λ
C

= h( ~D, ~C) =
1
2

(
~D × ~C + ~C × ~D

)
=

1
2

(
− (~T

∮
τds+ ~B

∮
κds)× ~C + ~C × (−~T

∮
τds− ~B

∮
κds)

)
=

1
2

(
− (~T × ~C)

∮
τds− ( ~B × ~C)

∮
κds− (~C × ~T )

∮
τds− (~C × ~B)

∮
κds)

)
=

1
2

(
−
(
(−κ~C + τ ~W )× ~C

) ∮
τds−

(
(τ ~C + κ ~W )× ~C

) ∮
κds

−
(
~C × (−κ~C + τ ~W )

) ∮
τds−

(
~C × (τ ~C + κ ~W )

) ∮
κds)

)
= −κ

β

∮
τds+

τ

β

∮
κds,

λ
W

= h( ~D, ~W ) =
1
2

(
~D × ~W + ~W × ~D

)
=

1
2

(
− (~T

∮
τds+ ~B

∮
κds)× ~W + ~W × (−~T

∮
τds− ~B

∮
κds)

)
=

1
2

(
− (~T × ~W )

∮
τds− ( ~B × ~W )

∮
κds− ( ~W × ~T )

∮
τds− ( ~W × ~B)

∮
κds)

)
=

1
2

(
−
(
(−κ~C + τ ~W )× ~W

) ∮
τds−

(
(τ ~C + κ ~W )× ~W

) ∮
κds

−
(
~W × (−κ~C + τ ~W )

) ∮
τds−

(
~W × (τ ~C + κ ~W )

) ∮
κds)

)
=

κ

β

∮
κds+

τ

β

∮
τds.

Corollary 3.4. The angle of pitches of the closed spatial quaternionic ruled surfaces drawn by
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the Alternative vectors are 
λN = 0,

λC = −κ
β

∮
τds+

τ

β

∮
κds,

λW =
κ

β

∮
κds+

τ

β

∮
τds.
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