Palestine Journal of Mathematics

Vol. 11(2)(2022) , 413419 © Palestine Polytechnic University-PPU 2022

Derivations and Centralizers in Rings
Meena Sahai and Sheere Farhat Ansari
Communicated by Ayman Badawi

MSC 2010 Classifications: Primary 16W25, 16R50; Secondary 16N60.

Keywords and phrases: Semiprime ring, Derivation, Centralizer, Generalized derivation.

Abstract Let R be an associative ring with identity e and let £, D and T" be additive maps
from R into itself. The main aim of this article is to obtain some identities involving at the most
4 terms satisfied by F, D and T on the semiprime ring R which is m-torsion free for some m
so that F, D and T become a Jordan generalized derivation, derivation and centralizer on R,
respectively.

1 Introduction

Let R be an associative ring with identity e and center Z(R). For 2,y € R, the Lie commutator
[, y] = zy — yz. Recall that, if aRb = 0 implies a« = 0 or b = 0, then R is prime and if a Ra = 0
implies a = 0, then R is semiprime. For n > 1, R is n-torsion free if nx = 0, forall z € R
implies z = 0.

An additive mapping D from R into itself is said to be a derivation if D(zy) = D(x)y +
xD(y), for all z,y € R and is said to be a Jordan derivation if D(2?) = D(z)z + xD(z), for
all z € R. Clearly, every derivation is a Jordan derivation but converse, in general, is not true.
Herstein [6], asserts that on a 2-torsion free prime ring every Jordan derivation is a derivation.
Further, Cusack [3] generalized Herstein’s result to 2-torsion free semiprime rings. An additive
mapping D : R — R is a Jordan triple derivation if D(zyx) = D(z)yz + D (y)z + xyD(x),
for all z,y € R. One can easily see that any derivation is a Jordan triple derivation. Bresar [2]
has proved that, on a 2-torsion free semiprime ring any Jordan triple derivation is a derivation.

An additive mapping 7" from R into itself is said to be a left (right) centralizer if T'(xy) =
T(z)y (T(zy) = 2T(y)), for all z,y € R and is said to be a left (right) Jordan centralizer if
T(2?) = T(z)z (T'(2*) = 2T (x)), for all x € R. An additive mapping 7 : R — R is called
a centralizer if it is both left and right centralizer. In [13], it is proved that, on a 2-torsion free
semiprime ring any left (right) Jordan centralizer is a centralizer. Further, T is a left (right)
centralizer if and only if T is of the form T'(z) = az (T'(z) = za), for some fixed a € R.
Vukman and Kosi-Ulbl [10] proved that if 7" is an additive mapping and R is a 2-torsion free
semiprime ring such that 37 (zyz) = T(x)yx + 2T (y)z + xzyT (), for all z,y € R, then there
exists an element A\ € C such that T(z) = Az, for all x € R. In [11], they proved that if
n > 2 and R is a 2, n-torsion free semiprime ring such that 27 (z" ™) = T(x)z" + 2"T(z),
for all z € R, then T is a centralizer. Further, if R is a 2-torsion free semiprime ring such that
2T (xyz) = T(x)yx + xyT(x), for all 2,y € R, then T is a centralizer. In [7], it is proved
that if m,n > 1 and R is an (m + n + 2)!-torsion free semiprime ring such that 7'(z™*"*!) =
™ T (x)z™, for all z € R, then T is a centralizer.

An additive mapping F from R into itself is called a generalized derivation if F(zy) =
F(x)y + xD(y), for all z,y € R, where D is a derivation. We can easily see that F' is a
generalized derivation if and only if F' can be written in the form F' = D + T, where D is
a derivation and T is a left centralizer. An additive mapping is called a generalized Jordan
derivation if F(z?) = F(z)z + xD(z), for all # € R, where D is a Jordan derivation. An
additive mapping F is called a generalized Jordan triple derivation if F(zyz) = F(z)yr +
zD(y)x + zyD(x), for all z,y € R, where D is a Jordan triple derivation. Vukman [9], proved
that if R is a 2-torsion free semiprime ring and F is either a generalized Jordan derivation or a
generalized Jordan triple derivation, then F' is a generalized derivation.

In [4, 5], Dhara and Sharma show that, an additive map satisfying an identity having (n + 2)
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terms is a derivation, centralizer and Jordan generalized derivation whereas in [12], Yadav and
Sharma proved that, an additive map satisfying an identity having just five terms is a derivation,
centralizer and Jordan generalized derivation. In this article, we show that, an additive map
satisfying an identity having at most four terms is a derivation, centralizer and Jordan generalized
derivation.

2 Centralizers

First we prove some results on additive mappings which are centralizers.

Theorem 2.1. Let R be an (n + 1)!-torsion free semiprime ring, where n. > 1 is a fixed integer.
IfT : R — Ris an additive mapping such that 2T (z"*') = T'(2™)x + 2T (2") for all x € R,
then T is a centralizer.

Proof. For x € R, we have
27 (2" = T(2™)x + 2T (2™). 2.1
Replacing z by x + ke in (2.1), where k£ is any positive integer, we get
2T (x + ke)" ! = T(x + ke)™(z + ke) + (z + ke)T(z + ke)™.

Expanding the powers of = + ke,

1 1
2T<xn+l+"'+ <n+ >kn11‘2—|— <n:; >kn$+l€n+l€)

n—1

=T+ -+ " Ve 2%+ (" )kl 4 ke (z + ke)
n—2 n—1
+(@+ke)T|z"+ -+ Ve (" )kl ke ).
n—72 n—1
Using (2.1) and rearranging the above terms by collecting the terms involving equal powers of

k, we have >0 k' fi(z,e) = 0, for all z € R. Now by putting k = 1,2,...,n, we get a system
of n homogeneous equations, with coefficient matrix

1 1 1 - 1

2 22 23 ... Qn
V=

n n?t nd . onn

Since |V| is a product of positive integers, each of which is < n and since R is (n + 1)!-torsion
free, this system has only a trivial solution. In particular, f,(z,e) = 0 implies that

n

2(” + 1>T(a:) — T(e)a + 2(n " 1)T(Jc) + 2T (e).

So,
2T (z) = T(e)x + xT(e) (2.2)

forall z € R. Now f,,_(z,e) = 0, gives

2<"+ 1>T(x2) = ( " 1> (T(z)x + 2T (x)) +2( " 2)T(9c2).

n—1 n— n—
Multiplying both sides by 2 in the above equation, we get

anT(x?) = 2n(T(x)z + 2T (x)).
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Since R is (n + 1)!-torsion free ring, the above equations can be reduced to
4T(2*) = 2(T(2)x + 2T (z)). (2.3)

Using (2.2) in (2.3) gives [[T'(e), z], x] = 0, forall z € R. Now by [8, Theorem 2], T'(e) € Z(R).
Thus T'(z) = T(e)x = 2T (e) and T is a centralizer. i

Theorem 2.2. Let R be an (n + 2)!-torsion free semiprime ring, where n. > 1 is a fixed integer.
IfT : R — R is an additive mapping such that 3T (z"?) = T(x)x""! + 2T (z")z + 2" "' T(z)
forall x € R, then T is a centralizer.
Proof. For x € R, we have

37(z"*?) = T(x)z™ " + 2T (2™)z + ="' T (). (2.4)
Replacing x by = + ke in (2.4), where k is any positive integer, we get

3T (z 4 ke)™? =T (x + ke)(z + ke)" ! 4 (z + ke)T(x + ke)"(z + ke)
+ (z + ke)" ' T (x + ke).

Expanding the powers of x + ke, we get

2 2
3T<£L’n+2+"‘+ (n: >kn$2+ <Zil>kn+lm+kn+26>

1 1
=T(z + ke) <x”+‘ oot (”+ )k”—‘m2+ (”: )k”x+k"+‘e>

n—1

+(x+ke)T<x”+-~'—0—< " >k”2x2+< " >k”1x—|—k‘”e>(m+ke)
n—2 n—1

1 1
s (s (1 oo

Using (2.4) and rearranging the above terms, we get Zf;’ll kK fi(z,e) = 0, for all z € R. Pro-
ceeding in the same way as in the proof of the Theorem 2.1, f;(xz,e) = 0, for all z € R and
i€{l,2,...,n+ 1}. In particular, f,+(z,e) = 0 implies that

3 (” + 2> T(z) =27 (z) + (n " 1) T(z) + (” * 1) T(e)z + oT(e) + T(e)a

n—+1 n

1

+ (”+ ):CT(e).
n

We have,
2(n+2)T(z) = (n+2)(T(e)z + zT(e))

for all z € R. Since R is (n + 2)!-torsion free,
2T(xz) =T(e)x + 2T (e) (2.5)

for all z € R. Now f,(x,e) = 0, gives

3 (” + 2) T(?) = (” - 1)T(:r);v + (Z " DT(e):& +aT(e)x + (

n

" l)xT(x)

- (n . 1>T(“’)x + (n ! 2)T(332) + (n ' 1)1‘T(gc)
+ (Zf szT(e).
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We get,

n(n+1)

3 (T(e)x? + 2°T(e))

(n* 450+ 3)T(2?) =2n + 1)(T(z)x + 2T (x)) +
+ 2T (e)x.

Multiplying both sides by 2 in the above equation and using (2.5), we get (n+ 1)[[T'(e), z],x] =
0, which yields [[T'(e),z],z] = 0 for all z € R. Now by [8, Theorem 2], T'(¢) € Z(R). Thus
T(z) =T(e)x = zT'(e) and T is a centralizer. o
Theorem 2.3. Let R be an (n + 2)! and (3n + 1)-torsion free semiprime ring, where n > 1 is a
fixed integer. If T : R — R is an additive mapping such that 2T (z"*?) = 2T (x)x™ + 2"T(z)x
forall x € R, then T is a centralizer.

Proof. For x € R, we have
2T (2"2) = 2T (z)a" + 2" T (x)z. (2.6)

Replacing = by = + ke in (2.6) and expanding the powers of x + ke, we get

2 2
2T (x”” Foot (”: )k:”acz + (Z + )k:"“x + k”*%)

+1

=(x + ke)T(z + ke) (x" 4t < " 2> k"2 + ( " 1)k"19:—|— k”e)
n_

+ (:I:" +- 1t <nn2)k”_2x2 + (nn 1>k"_1x—|—k”e)T(m%—ke)(m%—ke).

Using (2.6) and rearranging the above terms, we get Z?Ll kifi(z,e) = 0, for all z € R. Hence
fi(z,e) =0forallz € Rand: € {1,2,...,n+ 1}. In particular, f,1(x,e) = 0 implies that

2(n+1)T(z) = (n+ 1)(T(e)x + 2T (e))
for all z € R. Since R is (n + 2)!-torsion free, we get
2T (z) = T(e)x + xT(e) 2.7

forall z € R. Now f,(z,e) = 0, gives

2(” + 2) T(2?) =2T(x) + (n " l)xT(e)x + (n " I)T(x)m + (n " Z)T(e)x2+

n

That is,

(n+2)(n+ )T(z*) =(n+ 1) (2T (z) + T(z)x) + 2nzT(e)z+

@(T(e)xz +22T(e)).
Multiplying both sides by 2 in the above equation and using (2.7), we get
(Bn+ D[[T(e),z],z] = 0. (2.8)

Since R is (n + 2)! and (3n + 1)-torsion free, [[T'(e), z],z] = 0, for all z € R. Now by [8,
Theorem 2], T'(e) € Z(R) and (2.7) implies that T is a centralizer. i
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3 Derivations

In this section, we discuss derivations and Jordan derivations.

Theorem 3.1. Let R be an (n + 1)!-torsion free semiprime ring, where n. > 1 is a fixed integer.
If D : R — R is an additive mapping such that D(z"*') = D(a")z + 2" D(x) for all x € R,
then D is a derivation.

Proof. For x € R, we have
D(z") = D(a™)x + 2" D(x). (3.1

Replacing x by e in (3.1), we get D(e) = 2D(e) which implies D(e) = 0. Further, replacing =
by « + ke and expanding the powers of = + ke, we get

1 1
D<$n+l++<n+ )knlx2+<n: )knﬂf+kn+1€>

n—1

=D(a"+- 4+ " Ve 22+ " )kl ke (z + ke)
n—2 n—1
n n n—2,2 n n—1 n
+ 2"+ + kM xt + K"z + k"e | D(z + ke).
n—2 n—1
Using (3.1), rearranging the above terms and using the fact that D(e) = 0, we get >, k' f;(z) =

0, forallz € R. So f;(z) =0, forallz € Randi € {1,2,...,n}. In particular, f,_1(z) =0
implies that

<Z+ 1)D(x2) = (nn I)D(x)a: + <n ﬁ 2)D(x2) + (nn 1)3:D(x).

D(z2*) = D(z)z + zD(x)

for all z € R. Thus D is a Jordan Derivation. Therefore by [3, Theorem 6], D is a derivation. O

We have

Theorem 3.2. Let R be an (n + 2)! and (2n + 1)-torsion free semiprime ring, where n > 1
is a fixed integer. If D : R — R is an additive mapping such that D(z"*?) = D(z)x"*! +
xD(z™)x + 2" D(z) for all x € R, then D is a derivation.

Proof. For x € R, we have
D(z""?) = D(x)z" ™ + zD(z™)x + 2" ' D(x). (3.2)

Replacing z by e in (3.2) gives, 2D(e) = 0. But R is 2-torsion free, so D(e) = 0. Now, replacing
x by « + ke in (3.2) and expanding the powers of = + ke, we get

D(x’L+2—|—...+ (n:2>k”x2+ (Zi?)knﬂx_l_knﬂe)

1 1
:D(I+I€6>($n+l++ (n+])]{jn1$2+ (n+ >kn$+kn+16>
n

+ (m+ke)D(x"+~-~+ ( " Z)k”_zxz—i- ( " 1>k"_1x—|—k:”e) (x + ke)
n— n—

1 1
+ (In+1_~_”.+ (Zi_])knlxz"i_ (n: >knx+kn+16>D(;c—|—k6).

Using (3.2), rearranging the above terms and using the fact that D(e) = 0, we get > | k' f;(z) =
0, forallz € R. So fi(z) = 0forallz € Rand i € {1,2,...,n}. In particular, f,(z) = 0
implies that

() er=( Jotme (7 e (7 Jerer
(n ﬁ Z)D($2) " (n:l_ 1>xD(x).
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After simplification, we get (2n + 1){D(2?) — D(z)z — xD(z)} = 0 for all z € R which
yields D(2?) = D(x)x + xD(x). Thus, D is a Jordan Derivation and by [3, Theorem 6], a
derivation. o

Theorem 3.3. Let R be an (n + 2)! and (2n + 1)-torsion free semiprime ring, where n > 1
is a fixed integer. If F, D : R — R are additive mappings such that F(x"*?) = F(z)z""! +
xD(z™)x+2" " D(x) forall z € R, then D is a Jordan derivation and F is a Jordan generalised
derivation.

Proof. For x € R, we have
F(m"”) = F(I)InJrl +azD(z™)x + x”“D(az). (3.3)

Replacing x by e, we get 2D(e) = 0 and so D(e) = 0. Now, replacing = by = + ke in (3.3) and
expanding the powers of x + ke, we get

2 2
F<:c"+2 + -+ <n: >k"z2 + <Z_—:: 1>k"+lx + k"”e)

—F(x+ke)(m"+1+-..+ (n+1>kn_]x2+ (n+1>knx+kn+]e>

n—1 n
+(z+ke)Dl 2"+ + Ve 22 (" )kl ke (z + ke)
n—2 n—1

+ (x"+1 +-+ (Zi— i)k”_]xz + (n—;— 1>k"x+k”+]e>D(x—|—ke).

Using (3.3), rearranging the above terms and using the fact that D(e) = 0, we get Z?jll K fi(x,e) =
0, for all z € R. Hence, f;i(z,e) = O0forallz € Rand i € {1,2,...,n + 1}. In particular,
fn+1(z) = 0 implies that

(n+ 1)F(z) = (n+ 1){F(e)r+ D(x)} =0
for all z € R. Since R is (n + 2)!-torsion free,
F(xz) = F(e)x + D(z) 3.4

forall z € R. Now f,(z,e) = 0, gives

(n ’ 2)F(a:2) _ (n - 1>F(x)a: + (Zf DF(e)xz + (n " l>xp(x)+
(o (7)o (" Yoo

Using (3.4), we get (2n + 1){D(2?) — D(z)z — 2D(x)} = 0 which yields D(z?) = D(z)z +
xD(z) for all z € R. Hence D is a Jordan derivation. Again by (3.4), we have F(2?) =
F(e)z*+ D(2?) = F(e)2*+ D(z)z +zD(z) = F(x)x+xD(x) forall z € R and F is a Jordan
generalized derivation. O
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