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Abstract The goal of the present article is to introduce a new sequence of operators, i.e.,
a-Baskakov-Gamma operators with two shifted nodes, 0 < p < v, to approximate a class
of Lebesgue measurable functions on [0, cc). We give basic results and study the rate of con-
vergence. Further, local and global approximation properties are investigated in terms of first
and second-order modulus of smoothness, Peetre’s K-functional and weight functions in several
function spaces. Lastly, A—statistical approximation results are obtained.

1 Introduction

The theory of linear positive operators deals with questions that arise in the approximate rep-
resentation of an arbitrary function by simpler functions. Operator theory is a growing field of
research of approximation theory for the last two decades with the advent of the computer. Sev-
eral mathematicians, e.g., Acar et al. ([1], [2]), Mohiuddine et al. [14], Ana et al. [3], 1(;62 et
al. ([11]), [12]), Kajla et al. ([13]) constructed new sequences of linear positive operators and
studied the rapidity of convergence and order of approximation in diffrent function spaces in
terms of several generating functions. In the recent past, for g € C[0, 1], m € Nand a € [-1, 1],
Chen et al. [6] constructed a sequence of linear positive operators as follows

Ton,a(959) Zg( )pmz y)  (yelo1]), (1.1)

where p|° 0> -, pg‘f‘l) =yand

pay) = [(l—a)y(mi—2>+(1—a)(1—y)(n;__22>+ay(1—y)(7>}

-y (m>2)

The operators defined in (1.1) are named as a—Bernstein operators of order m. One can note
that for o = 1, the relation (1.1) is reduced to classical Bernstein operators in [5].

The rate of convergence, shape-preserving characteristics and Voronovskaja type results for
these constructed linear positive operators have been studied in [6]. The bivariate version of
«a— Bernstein-Durrmeyer operators was developed and investigated by Micldu s and Kajla [13].
Kantorovich variant of a—Bernstein operators was constructed and studied by Mohiuddine et al.
[14]. Later, Aral and Erbay [4] introduced a parametric extension of Baskakov operators, for
f € Cpl0,0), (space of bounded and continuous functions) as follows

Loa(fiz) = > Q% (a)f ( ) (1.2)

k=0
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where n > 1,z € [0, 00) and
k—1
@) _ T ar (n+k—1 1 n+k-—3
Quilz) = (1+1.)n+k1{1+1~< k (1=a)(1+2) k-2

+ (1—a)x<n+:_l>}7 (1.3)

with (") = ("}) = 0.

Motivated by the above, we introduce a generalisation of operators (1.2) with two non-negative
shifted nodes, 0 < p < v, to approximate in a wider class, i.e., space of Lebesgue integrable
functions as follows:

y & o nk+)\ oo . nt—l—,u
i) = Ly [ () 0
k=0

where A > 0 and Q;“,)C(x) is given by (1.3) and the Gamma function is defined as

Cn= [ e s = = DT —1) = (- )L (15)
0

In the ensuing sections, we obtain basic lemmas and investigate rate of convergence, order of
approximation, local and global approximation results in terms of modulus of continuity, Pee-
tre‘s K-functional, second-order modulus of smoothness, Lipschitz class and Lipschitz maximal
function, weighted modulus of continuity for the operators defined in (1.4). In the last section,
A—statistical approximation properties are studied for these operators.

2 Preliminary Results

Lete,(t) =t"and . (t) = (t—)", r € {0, 1,2} denote the test functions and central moments
respectively. We have the following lemmas.

Lemma 2.1. For the operators (1.4), we have

"\ /r\ nia"? ;
Pho(t"sz) = ) =8B (),
(17 ) ;(Z)(HW W(52)
where B;, ,(f;x) are defined by
A+

B, . (fiz) = ZQE,?}C(:U)W/O RN e=mt £ (1) dt, 2.1)
k=0

where QELO‘Z (z) is given by (1.3) and the Gamma function is defined in (1.5)
We have the following lemma.

Lemma 2.2. For the operators given by (2.1), one obtains

B;a(eo;x) = 1,

2 A1
fenz) = (1+Z(a—1)) o+ 200
Bia(era) = (1+2(a=1))a+ 22

4o — 2 doa—4+ (2 1
By  (exz) = x2(1+ < 3)+x( )\+3+ a4t /\2—|—3)(a ))
’ n n n

M +3042
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We now prove Lemma 2.1.

Proof. From (1.4) and (2.1), we have

. > o k+/\+1 . nt‘i‘,u
P =Y S e e (S )

S Qe sy [ e
(n+ o) YT A1) ¢ ’

and hence the lemma. |
The following lemma computes central moments of our operators.
Lemma 2.3. For r € N, we obtain the relation
PR 2)i) =3 (1) (o P 2)

7
=0

Proof. We write from (1.4)

I
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7N\
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Lemma 2.4. For the operators given by (1.4), we have
Pﬁjg(eo;x) =1,

n+2(a—l)>x+,u+/\—|—l

Phalensz) =

Ao —
P (ex: ) (nn+ a 3) 2

T

+

(n 2ﬂ+2/\+3) 4(a—1)(ﬂ—1)+(2)\+3)(a—1)>x
(n+v)?
(uu+/\+ + (A +1 )()\+2)>.

(n+wv)?

+

Proof. Using Lemma 2.2, by Lemma 2.1, we will have

Pik(ena) = (8) B 1)

1

v 1 - * i
Prt(ers) = Z() B ()

=0
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)

_ <n+2(a—l)>x+,u+)\+l

n-+v n+v
2
2 n1u2 [ )
P (enia) = (.)Bmw;x)
, ZZ(:) 7 (Tl+ )2 s
0 2 0 2 Tll,lt2_1
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)ik
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R e H (RO By

- ()
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e,
<n2u+2>\+3) (a—l)(u—1)+(2/\+3)(0‘_1))x
(n+v)?
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which completes the proof of Lemma 2.4.
Lemma 2.5. For the operators P} (.;, ) introduced in (1.4), we obtain
Plv(osz) =1,

;Ll/
Prial

(
P(ia) = (
(

n+2a-1) > p+A+1
-1+ —-
n-+v n—+v

(drte )y (o) )
(n 2+ 2A+3) +4(a— 1)(u—1) + (A +3)(a — 1))

(n+v)?

2<”+/\+1)>z+ <u(u+k+1)+(/\+l)(/\+2))'

n+v (n+v)?

Proof. Making use of Lemma 2.4, from Lemma 2.3, we get

Pl“l( > ):17

1 1
Prt(whia) = (o) (-0 0P (i) + (| ) (o) P s0)
B n+2(a—1) p+A+1
-t ( n+v )x—i— n-+v

_ <n+2(a—l) —1)x+M+)\+l
n+v n+v
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Pt(uin) = (o) (<o 0P (i) + (1) (o Pp i)
= (5) orzprei
— 2?0 <”+2(0‘1)> o (,m+1>

e
+(n2:——:2VA+3)+4(a(l—z() )+(2)\—|—3)(a1)>x
+(uu+)\+ln+(y)\)+ )(>\+2)>

n(n +4a — 5 n+2a-1) 1) a2
<<n 2u——:2)\+3))+4(£1)(+ 1)+>(2/\—|>—3)(a1)
“(( ()2 )
2(;;:_);—:1)) +<ﬂ(u+/\+a—:—(y)\)2—i—1)()\+2)),
which proves Lemma 2.5. O

Definition 2.6. Let f € C[0, o). Then, modulus of continuity for a uniformly continuous func-
tion f is defined as

w(f;0) = sup [f(t1) — f(t2)l, t1, 1 € [0, 00).

[t1—t2] <6

The following relation holds.

e - st < (14 OS2 Yo,

We prove the following theorems.

Theorem 2.7. Let P(.;.) be the operators given by (1.4). Then, P, = f on each compact

subset of [0, 00) where = stands for uniform convergence and f € C[0,00) () {f x>0, 1+(r)2

is convergent as T — oo}‘

Proof. In the light of Korovkin’s theorem, it is sufficient to prove that

PrE(;.) — ei(x), fori =0,1,2.

n,o

Using Lemma 24, it follows that PLlY(esz) —  efx) as n  — oo,
for ¢ = 0, 1,2 and hence the proof of the theorem. O

Example 2.8. One can note that, for the following set of parameters = 0.1, v = 0.4, A= 1.5
and o = 0.5, the operators P2, (f;2) converge uniformly to the function f(z) = 2° — 5z + 4
(refer to Fig. 1, 2 below).

We state the following theorem from [16].

Theorem 2.9. Let L : C([a,b]) — B([a,b]) be a linear and positive operator and let ¢, be the
function defined by

pu(t) = [t — |, (z,t) € [a,b] x [a,b].
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Figure 1. Approximation by operator P2, (; ;) for the function f(x) = 2° — 5z + 4

Error

Figure 2. Graphical analysis of error estimation of operators Py, (; , ;) for different values of

Then for f € Cgla,b] and x € [a,b] and any & > 0, the operator L verifies
[(Lf)(@) — f(z)] < [f(2)]|(Leo)(z) — 1]
+ {(Leo) (@) + 67"/ (Leo) (2)(Lig2 ) () oy (8).

Using this theorem, the following estimate is obtained.

Theorem 2.10. Let the operators Pk (.;.) be introduced by (1.4) and f € Cp[0,00). Then

where § = mo (V3 2).

Proof. Making use of Lemmas 2.4, 2.5 and Theorem 2.9, the following is obtained

[Pk (fr) — F@)] < {1+ 67 PLE(fr0) (W3 2) oo £:6).

On choosing § = /Ph’a(12;u), we arrive at the desired result. o

3 Pointwise Approximation Results
Let Cp[0,c0) be the space of real valued continuous and bounded functions equipped with the

norm ||f|| = sup |f(x)|. Forany f € Cp[0,00) and § > 0, Peetre’s K-functional is defined as
0<z<o0

Ka(g,8) = inf{|f — hl| +8|h"|| : h € CB[0,00)}
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where C%[0,00) = {h € Cp[0,00) : k', h" € Cg[0,00)}. From DeVore and Lorentz [[7], p.177,
Theorem 2.4], there exists an absolute constant C' > 0 in such a way that

K> (f:0) < Cun(fi V).

Lemma 3.1. Consider the auxiliary operators as

P (i) = Pk (i) o+ fia) = (PEHE oy AL

n+v n—+v
Then, for f € C%]0,00) one has
Pas () = f@)] < &R,
where
& = PLiWha) + (PLi(e)”
Proof. Using definition of operators in (1.4), one obtains
Ph(lia) =1, Pld(dix) = 0 and [PLY(fi2)] < 3| £]. 3.0

In the direction of Taylor’s series, for g € C%[0, 00), one can write

t

ot) = g(z) + (t — 2)g'(2) + / (z — v)g" (v)dv. (3.2)

x

On applying operators (1.4) on both sides of (3.2), we get
t
Pha(h;x) — h(z) = I (x)Phg(t — x:x) + Pre </ (t —v)h" (v)dv; U> :

which, with the help of (3.1), gives

N R t
Br(f12) — hx) = PU ( [ v)h"@)dv;u)

¢
=Phu (/ (t— v)h"(v)dv;u)
/(M’Zl(f”l))w“m] ((n+2(a 1)>x+ gt A1 v)

n—+v n—+v

x

g" (v)dv.

[P (f52) = f(@)| P < </:(t—v)h”(v)dv;x)‘

nt2(a—1) A+
< ntv ) o+ 20
+

x

(<n+2(a—l)>x+,u+)\+1 _v> W (0o

n+v n+v

(3.3)

Since

t
[Jtt= @] < (=02 | 7], 64

xT
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we have

Phalen) 2
/ (Pfl”jg(el;x) —v) B (v)dv| < <Pﬁg(t — v;x)> | A" . (3.5)

In the light of (3.3), (3.4) and (3.5), we obtain
Phi(hsa) = h(x)] < & 1",
which completes the proof of the lemma. O

Theorem 3.2. Let f € C%[0,00) and operators P45 (.;.) be constructed in (1.4). Then, there
exists a constant C' > 0 such that

| PL752) ~ 10) 1< Con (£ 3VEE) (s Phtwio)),
where £ is defined in Lemma 3.1.
Proof. For h € C%4]0,00) and f € Cp[0,00) and by the definition of 73;;;5(.; .), we have
[Pak(fr) = F(@)| < [PIEE(F = By )| +1(f = h)(@)] + [P (hs ) — h(x))]

n+2a-1) p+A+1
+‘f( n—+v >x+ n+v )—g(x).

Lemma 3.1 and relations in (3.1) yield
[P (fi0) = F@)] <AIf = k]| + [PlE(hs 2) — h(z)]

f(n+2(a—l))x+/¢+>\+l>_g(x)

+ n—+v n—+v

<AL = Bl + €I + w (3 Pl (s ).

With the aid of definition of Peetre’s K-functional, we get
1
PLL(0) - J(@)] < Cun (13 3V ) + w3 PEE (Vi)
which is the desired result. O

We consider the Lipschitz type space [15] as

[t—x|”

Lip" %2 (p) = {feCB[O 00) : |f(t)_f(x)|§Mm

tx,t € (O,oo)},

where M > 0 is a real constant; &y, k, > 0, p > 0 and p € (0, 1].
The following estimate is obtained.

Theorem 3.3. For f € szk"kz( ), the following estimate is obtained

ki + kox?

P (f2) — ()] < M<””) ,

where x > 0 and n},(z) = Phok (3 x).

n,x
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Proof. For p =1, we have
Pra(fse) = f(@)] < Pra(lf(t) — f(@)) (=)

< MPHY =l )
(t + kiz + kp?)2

forall ¢,z € (0,00), we get

: 1 1
Slnce t+k x+kya? < kiz+kyz?

M
(k1 + kpa?)?

BII—=

(Pha((t —2)* )

Pha(fiz) = flx)] <

vl @) i
- kix + ko |

This implies that for p = 1 this result stands good. Now, for p € (0, 1) and using Holder’s

2

inequality, on choosing p = = and q= , one gets

L
2

[Pk fs) - ()] < (P“”((If() f@))?:a))

SIS

Since Hklukﬂz < kwikﬂz forall t,x € (0,00), we obtain
(- 2Pi2) )
Py (|t — x|* 2
v (f. _ <M n
|Pn,(x<f’z> f(‘r)‘ — ( k].”L' + ]{?2$2 )

< ()

Hence, we arrive at the desired result.

4 Global Approximation

From [9], we recall some notation to prove the global approximation results.

For the weight function 1 + z? and 0 < z < oo, we define By, ,2[0,00) = {f(z) :

|f(@)] <

My (1 + x%), My is constant depending on f}, C1,2[0,00) C By ,2[0,00), space of continuous

L&)

\
Tta? and

functions endowed with the norm || f||{,2 = sup
z€[0,00)

Cl+z2[0 00) = {f € C1442[0,00) & lim %

z—00 | T

Theorem 4.1. Let P}k (.;.) be the operators given by (1.4) and PkY(.;.) :

Bi,,2[0,00). Then, we have
Tim [PE(F2) — flle0r = O,

where f € C*_,[0,0).

1+22 [
Proof. To prove this result, it is sufficient to show that

lim [P (ei;x) — 2|12 =0, i =0,1,2.
n—00 ’

From Lemma 2.4, we get

[Pha(liz) — 1
PHY : _ 0 2= su n,o
|| n,a(eo QZ‘) 4 ||1+ 2 me[OEo) 1+£L’2

=0fori=0.

ck

1+22

=k, where kis a constant}.

[0,00) —
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For i = 1, we have

(n+2(al) . 1) + pHAL

n+v n+v

||735,’Z(61§17)—x1||1+m2= sup

z€[0,00) 1—|—£L’2
:<n+2(a—l)_1> sup i
n-+v z€[0,00) 1+$
p+A+1 1

su ,
n+v zG[O,IZo) 1+ 2?

which implies that || P44 (e1;2) — x| ;4,2 — 0 ann — oo.
Finally, for ¢ = 2, one obtains the following

Phoi (e2;2) — 2?

Pl (eg;2) — a* = su
|| n,a( 25 ) ||l+as2 zg[o}zo) 1+ 22

() = ()
((n 20+ 2\ +3) + (a(— 1+)(u)2— 1)+ (22 +3)(a — 1))

() o ()

(nn+4a > <n+2(a1))> z?
-2 — sup
(n+v)? n+v vef0,00) 1+ 72

n(2p+2X2+3) + 4(a—1)(u—l)+(2)\+3)(a—l))

IN

+

(
(

(n+v)?
1
2<u+/\+ )) sup x i
n-+v 2€[0,00) 1+
plp+F2X+ D)+ A +1D)(A+2) sup 1 7
:L’G[O:)o)l_'_x2

+( (n+v)?
)

which implies that ||P£%(e2;2) — 2|14,2 — 0 as n — oo and this completes the proof of the
theorem. O

5 A-statistical Approximation

Gadjiev et al. [10] were the first to introduce statistical approximation theorems in operators
theory. We recall some notation from [10]. Let A = (a,,x) be a non-negative infinite summability
matrix. For a given sequence x := (zy), the A-transform of = denoted by Az : ((Ax),,) is defined
as

LS
= E AnkTk,
k=1

provided the series converges for each n. A is said to be regular if lim(Az),, = L whenever
limz = L. Then z = (z,,) is said to be a A-statistically convergent to L i.e. sty — limz = L if
forevery € > 0, limy, 3.1, 15 @k = 0.

We prove the following theorem.

Theorem 5.1. Let A = (anyx) be a non-negative regular summability matrix and © > 0. Then,
we have

sta — lim||PLY(fi2) = fllisae =0, forall f € Cf, [0, 00).
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Proof. From ([8], p. 191, Th. 3), it is sufficient to show that for \; = 0,
sta —lim [|PLY(eis ) — el 1402 = 0, fori € {0, 1,2},

From Lemma 2.4, we have

I |(nt2(e=-1) g+ 1
BV (o m) _ 1
IPales: ) =2l mes[gf,o)1+x2< n+v )x—l— n+v
2(a—1
B st Gl Y R v
ntv relone) 1 T2
pw+A+1 1
—| sup 5
n+v z€[0,00) 1 +x
§1n+2(al>1‘+‘u“+1‘_
2 n—+v n4+v
Then, we get
1 n+2(a—1) A+l
tg—lim= |———= — 1| = sty — lim|——| =0. 5.1
sta lrILnZ n+v ‘ sta — oM n+v 1)

Now, for a given ¢ > 0, we define the following sets

Jp = {n: HP,‘f”O’j(el;x) —z|| > e},

This implies that J; C J, U J3, which shows that Zk]eJl Gnk, < Zk,er Ank + Zkler Ank-
Hence, from (5.1) we get '

sta —lim||PEY(e1;2) — 2| 1402 = 0.
n ,
Similarly, one can show that

n,o

sty —lim ||P2Y (ex; ) — 2|1 102 = O.
n

This completes the proof of Theorem 5.1. O

6 Conclusion

The motive of the present paper was to give a better error estimation of the generalised a—Baskakov-
Gamma operators with two shifted nodes 0 < p < v. This type of generalisation yields better
error estimation for certain functions in comparison to the «—Baskakov-Gamma operators. We
investigated some approximation results by means of the well-known Korovkin-type theorem
and given graphical presentation. We have also calculated the rate of convergence by means
of Peetre’s K-functional and second-order modulus of continuity. Lastly, we studied the global
approximation results.
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