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Abstract In this article, we study some sequence spaces originated with an infinite Hilbert
matrix and a Musielak-Orlicz function. Some topological and algebraic properties of new formed
spaces are discuss. The a-, 5- and - duals are also determine. Finally, an attempt is made
to characterize some matrix transformations between these spaces. Hilbert matrix is used for
authentication, confidentiality to study cryptographic methods and frequently used in the security
systems also.

1 Introduction and Preliminaries

The Hilbert matrix has played a prominent role in the structure theory of several branches of
mathematics. Indeed, it serves as one of the most vivid examples for many unusual aspects in
operator theory (see [4, 9]). In linear algebra, a Hilbert matrix introduced by Hilbert in (1894),
is a square matrix with entries being the unit fractions H = (h;;) = W%l foreach i,j € N. Let
us consider the matrix H as follows:

1 1/2 1/3 1/4

12 1/3 1/4
13 1/4
1/4

which is called an infinite Hilbert matrix. An inequality of Hilbert [9] asserts that the matrix H
determines a bounded linear operator on Hilbert space of square summable complex sequences.
For Example, 5 x 5 Hilbert matrix is as follows:

1 1/2 13 1/4 1/5
12 1/3 1/4 1/5 1/6
1/3 1/4 1/5 1/6 1/7
1/4 15 1/6 1/7 1/8
1/5 1/6 17 1/8 1/9

The Hilbert matrix can be regarded as derived from the integral

1
He:wﬁy:/jﬂﬂ’%m
0

It arises in the least squares approximation of arbitrary functions by polynomials.



56 Kuldip Raj, Ayhan Esi and Charu Sharma

Let w be the space of all real or complex sequences. We shall write ¢, ¢y and [, for the
sequence spaces of all convergent, null and bounded sequences, respectively. Moreover, we
write bs and cs for the spaces of all bounded and convergent series, respectively. Let X and Y
be two sequence spaces and A = (a,y) be an infinite matrix of real or complex entries, where
n,k € N. Then we say that A defines a matrix mapping from X into Y if for every sequence
x = (x1) € X, the sequence Az = {A,(z)} isin Y, where

Ay (x) = Zankxk (n € N). (1.1

k

converges for each n € N. By (X, Y") we denote the class of all matrices A suchthat A: X — Y.
For a sequence space X, the matrix domain X 4 of an infinite matrix A is defined by

Xa={z=(xp) cw: Az € X} (1.2)

which is also a sequence space. A matrix A = (a,) is called a triangle if a,;, = 0 for k > n
and a,,, # 0 for all n € N. For the triangle matrices A, B and a sequence z, A(Bx) = (AB)x
holds. We remark that a triangle matrix A uniquely has an inverse A~! = B and the matrix B is
also a triangle.

A B-space is a complete normed space. A topological sequence space in which all coordinate
functionals y, 7, (x) = zy, are continuous is called a K-space. A BK-space is defined as

a K-space which is also a B-space, that is, a BK-space is a Banach space with continuous
o0

1
coordinates. For example, the space I,,(1 < p < o0) is a BK-space with ||z||, = (Z |xk|p> ’
k=0
and ¢y, ¢ and [, are BK-spaces with ||z||o, = sup |zg|.
k

A sequence (b,,) in a normed space X is called a Schauder basis for X if for every x € X
there is a unique sequence («,) of scalars such that x = Y~ «a,,by, i.e.,

m
an—Epwn
m
n=0

The notion of difference operator in the sequence spaces was firstly introduced by Kizmaz [12].
The idea of difference sequence spaces of Kizmaz was further generalized by Et and Colak [8].
Later concept have been studied by Bektas et al. [6] and Et et al. [7]. Now, the difference matrix
A = §,,;; defined by

=0.

5o D (-1 <k <n)
" o, (0O<n—Tlorn>k).

The difference operator order m is defined by A™ : w — w, (Alz)y = (2, — xx_1) and A"z =
(A'z)y o (A™~'z)y, for m > 2.
The triangle matrix A™ = 5 defined by

n—k
0, (0 < k <max{0,n —m}orn>k)

sm) _ (—=1)n~k ( m ) , (max{0,n —m} <k <n)

for all k,n € N and for any fixed m € N.

The infinite Hilbert matrix is defined by H = (h;;) = (W%J for each i, j € N. The inverse of

Hilbert matrix is defined by

= ) = (TS ) () ()

for all 4, j,n € N. In [18], Polat and [11] Kirisci and Polat have defined some new sequence
spaces by using Hilbert matrix. Let h., ho and h, be convergent Hilbert, null convergent Hilbert
and bounded Hilbert sequence spaces, respectively.
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An Orlicz function M : [0,00) — [0, 00) is a continuous, non-decreasing and convex such that
M(0) =0, M(z) > 0 for z > 0 and M (z) — oo as & — co. Lindenstrauss and Tzafriri [13]
used the idea of Orlicz function to construct the following sequence space

sl

) < oo, for some p > 0}
p

ZM:{z:(zk)Gw: OOM(
k=1

The space ¢,; with the norm

l|z]] :inf{p >0: iM('?) < 1}
k=1

becomes a Banach space which is called an Orlicz sequence space. A sequence M = (M) of
Orlicz functions is said to be Musielak-Orlicz function (see [15, 14]). For more details about
sequence spaces see ([16, 20, 19]) and references therein.

Let X be a linear metric space. A function p : X — R is called paranorm, if

(P1) p(z) > Oforall z € X,

(P2) p(—z) = p(z) forall z € X,

(P3) p(z +y) < p(x) +p(y) forall 2,y € X,

(P4) if (\,) is a sequence of scalars with \,, — A as n — oo and (z,,) is a sequence of
vectors with p(z, — z) — 0 as n — oo, then p(A\,z, — Az) = 0 as n — oo.

A paranorm p for which p(x) = 0 implies = 0 is called total paranorm and the pair (X, p)
is called a total paranormed space. It is well known that the metric of any linear metric space is
given by some total paranorm (see [22, Theorem 10.4.2, pp. 183]).

Let M = (Mjy) be a sequence of Orlicz functions, p = (px) be a bounded sequence of
positive real numbers, u = (uy) be a sequence of positive real numbers and H = (h;;) be an
infinite Hilbert matrix. In the present paper we defined the following sequence spaces:

he (A M, u,p) =

{x = (zx) Ew: nler;okXi; p— ]1€ — {Mk<|ukA(;n)zk)rk exists, for some p > 0},

hO(A(m)aMa U,p) =

1 {M (\ukA(m)xM

{:z: = (z1) €w: nlgrolog;m ; )]pk = 0, for some p > 0}

and
hoo (A('m)’ M7 U,p) =

{x =(zx) Ew: stllpzn: p— ]1€ 3 [Mk<|ukA:1)zk|)rk < oo, for some p > 0}.
k=1

If My, (z) = =z, forall k € N. Then above sequence spaces reduces to h. (A", u, p), ho(A™), u, p)
and heo (A™), u, p).

By taking (p) = 1 and (ux) = 1, forall k € N, then we get the sequence spaces h, (A(m), ./\/l),
ho (A, M) and he (AT, M).
We define the sequence y = (y,,) which will be frequently used, as the HA(™)-transform of a
sequence as below:

M,u,p)

(gn) = (HAM™g)' (1.3)

o i X (DR 2\ ]
= Zn+k—1[Mk< P : >]

k=1

for each k, m,n € N.
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The following inequality will be used throughout the paper. If 0 < p, < suppr = R,

K = max(1,28-1), then
Jar + bl < K {|ag | + b [P} (1.4)

for all k and ay,, by, € C. Also |a|P* < max(1, |a|H) forall a € C.
The main purpose of this paper is to study and introduced some sequence spaces with Hilbert
matrix and a Musielak-Orlicz function. We shall study some topological and algebraic properties
of these sequence spaces. We shall determine the a-, 8- and ~y- duals of the spaces. Finally, we
also made an attempt to characterize some matrix transformations between these spaces.

2 Main Results

Theorem 2.1. Let M = (M) be a sequence of Orlicz functions, p = (pi) be a bounded se-
quence of positive real numbers and v = (uy) be a sequence of positive real numbers. Then
he (A" M, u,p), ho(A™, M, u,p) and heo (A"™), M, u,p) are linear spaces over the com-
plex field C.

Proof. We shall prove the assertion for h. (A<m>, M, u, p) only and others can be proved sim-
ilarly. Let z = (2),y = (yx) € hoo (A", M, u,p) and o, 3 € C. Then there exist positive
numbers p; and p, such that

|ukA(m>a:k\ Pk
su { (7)} < oo, for some >0
np Z F L1 P

and

supi*{ﬂ@(wﬂpk < oo, forsome p, > 0.
n k=1 P2 ’

Let p3 = max(2|a|p1,2|8|p2). Since M = (M) is a non-decreasing and convex so by using
inequality (1.4), we have

w3y (A s

g
= w3 [ () (P
< w3 e ()

o 3 (M)

< oy g ()

+ ngpZ =il k(|UkA;j)yk|>}pk

.

Thus, az + By € hoo (A, M, u,p). This proves that h.. (A, M, u,p) is a linear space.
Similarly, we can prove that ho(A™), M, u, p) and h.(A™), M, u, p) are also linear spaces. O

Theorem 2.2. Let M = (My,) be a sequence of Orlicz functions, p = (pi) be a bounded se-
quence of positive real numbers and v = (uy) be a sequence of positive real numbers. Then
hoo (A(m>, M, u, p) is paranormed space with the paranorm,

g(z) = 1nf{ ?k : (supz —|—k { (|ukA<:)xk|)rk)é <1, for some p > 0},
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where 0 < pi, < suppy = R, and G = max(1, R).

Proof. (i) Clearly g(z) > 0 for = (z1) € hoo(A™, M, u,p). Since M;(0) = 0, we get
9(0) = 0.

(i) g(—z) = g().
(iii) Letz = (zg) andy = (yx) € hoo (A(m), M, u,p), then there exist positive numbers p; and p»

such that
. 1 lup AT |\ 1PE
Sﬂp;n+k—1{M’“( o )] =1

and

S (A

Let p = p; + p2. Then by using Minkowski’s inequality, we have

N

S S N A
= S‘flp;n+;¢—1 M’“(mzlAerjkl)]
+ S:P; n+i— 1L (|u;?+ 02 )rk

(m) k
<p1+p2) npzn+k—1[ <|UkAp1 xk‘>}p

(m) k
* <P1ﬁ—zpz) S?zpki:ln-l—/lf— 1 {Mk<|UkAP2 yk|)r

9(m+y):inf{(p)%k : (Supz - 1 — {Mk('ukA(m)(mk + 9. )| )}pk) © <1, for some p>0}

noog Atk P
< inf{(pl)%k : (supim[Mk(mA:%k')rk)é < 1, for some p; > O}
" k=1
wint ()% < (sup >t [ (AN < forsome s > 0},
" k=1

Therefore, g(z+y) < g(z)+ g(y). Finally, we prove that the scalar multiplication is continuous.
Let A be any complex number. By definition,

g(Ax) = 1nf{ ?k : (supz —|—k { (|ukA p()\xk)|)rh>c <1 forsomep>0}

1

inf{(\)\|t ?k : (supz +k [ (lukA(tm)xk')rk)é <1, for some ¢ > 0},
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where t = ﬁ > 0. Since |A[P* < max(1, |\[*"PP*), we have
g(Az) < max (1, [A[F*PPF).

inf{(t)% : (supi:TH_llﬂ_l[Mk(|7¢LkA(:)$k'|)rk)é < 1, for some t > 0}.
" k=1

So, the fact that the scalar multiplication is continuous follows from the above inequality. This
completes the proof of the theorem. O

Theorem 2.3. Let M = (Mjy,) be a sequence of Orlicz functions, uw = (uy) be a sequence of
positive real numbers. If p = (py,) and q = (qi) are bounded sequences of positive real numbers
with 0 < p, < qi < oo for each k, then hg (A(m),/\/l,wp) C hoy (A(m)7/\/l, u,q).

Proof. Letx € ho(A™), M, u,p). Then

; n+}€7 I [Mk(ka(:)l‘H)rk —> 0asn — oo.

This implies that

n+k—1
for sufficiently large values of k. Since Mj, is increasing and py < g, we have

> () sy ()

k=1 k=1

[ (A

— Oasn — oco.

Hence, x € ho(A™), M, u, q). This completes the proof. o

My ()

Theorem 2.4. Let M = (My,) be a sequence of Orlicz functions and o = tlim — > 0. Then
—00

h() (A(m>a M7 U, p) - h() (A(m>7 Uu, p) .

Proof. In order to prove that ho(A™, M, u,p) C ho(A™), u,p). Let o > 0. By definition of ,

we have Mj,(t) > o(t), for all ¢ > 0. Since ¢ > 0, we have t < L Mj(t) for all ¢ > 0.
Let z = (1) € ho(A"™), M, u,p). Thus, we have

st <

which implies that = = () € ho(A"™), u,p). This completes the proof. o

Theorem 2.5. Let M’ = (M},) and M" = (M}!) are sequences of Orlicz functions, then
ho (A", M u, p) M ho (A", M4, p) € ho (AT, (M + M), u, p).

Proof. Letz = (x1) € ho(A™), M, u, p) N ho(A™, M”, u,p). Therefore,

> (A
k=1

and

S () e

Then, we have
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S oo (LAl

—n + k-1
2 1 \ukA(m)xH Pk
< K M
o e
i 1 |ukA(m)xk| Pk
KIS [y (MR
+ {;nJrk—l{ k( P )}
— 0Oasn — oo.
Thus,
S 1 / " ‘ukA(m)mM P
;Hk_l[(MﬁMﬂ(pﬂ — 0asn = oo
Therefore, © = (x1,) € ho(A™), (M’ + M"), u,p) and this completes the proof. o

Theorem 2.6. Let M’ = (M},) and M" = (M}!) be two sequences of Orlicz functions, then
hO (A(m)a M/7 U,p) - hO (A(7n)7 MI o MH7 Uu, p) .
Proof. Letz = (x1) € ho(A™), M’,u,p). Then we have

1

n (m) .
nlinéo; ntk—1 [M’;(‘UM m)]pk

=0.

Let € > 0 and choose § > 0 with 0 < § < 1 such that My (t) < ¢, for 0 < ¢ < 4.

. (m) .
Write yj, = —— [M / ( M)} and consider

n

D IMy(y)]PE =D [Mi(yw)]P* + > [M ()],

k=1 1 2

where the first summation is over y, < ¢ and second summation is over y; > J. Since M, is
continuous, we have

> My (i) < € 2.1

1
and for y; > 6, we use the fact that

Yk Yk
ey 2k
Wsg ST

By the definition, we have for y;, > ¢
Mk(yk) < ZMk(l)%.

Hence,

S M) < max (1, 2041571 ) D[] 22)
1

1
From equation (2.3) and (2.4), we have

h() (A(m)7 M/a U,p) c h() (A(m)7 MI © MH7 u, p) .
This completes the proof. O

Theorem 2.7.The Hilbert sequence spaces he(A™ M, u,p), ho(A"™ M, u,p) and
hoo (A(m>, M, u, p) are isometrically isomorphic to the space ¢, ¢y and |, respectively, that is,
he (AT, M, p) 2 ¢, o (A™), M, u,p) = o and hog (A™), M, u,p) = I,
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Proof. We only consider the case hyg (A(m), M, u, p) 2 ¢y and others will follow similarly. To
show the theorem, we must show the existence of linear bijection between the space
ho (A(m), M, u, p) and cy. For this, we consider the transformation 7" defined with the nota-
tion (1.3), from ho(A™), M, u,p) to ¢g by © — y = Tx. The linearity of T is obvious. Further,
it is trivial that z = 6 = (0,0,0...) whenever Tx = 6 and hence T is injective. Next, let
y = (yn) € co and defined the sequence = = (z,,) by

n n 771
=) [Z ( m+¢n— k:Z ) hﬁc]]yk’

k=1 Li=k
where h,! is defined by (1.3). Then,

i (0 0 (e
k=1

n— oo 14

= Xn: v {Mk<|w¢ S (=1)( T)xk_i\)rk

— n+k—1 P

S 1 Jur Y (D) R (w1 Pe
- kz_;n—kk—l[Mk( : p : )}
= lim y, =0.

n—oo

Thus, z € hy (A<m>, M, u, p). Consequently, it is clear that 7" is surjective. Because of the fact
that is linear bijection, hg (A(m), M, u, p) and co are linearly isomorphic. This completes the
proof. O
Remark 2.8. It is well known that the spaces ¢, ¢ and [, are BK-spaces. Let us considering
the fact that AU™ is a triangle, we can say that the Hilbert sequence spaces h.. (A(m), M, u, p),
ho (A™, M, u,p) and heo (A™), M, u, p) are BK-spaces with the norm defined by

2l = [ HA™ ]S 2.3)
_ - 1 g Do (1) () w—i] \ 7P
- [ (B |
Corollary 2.9. Define the sequence b'%) = (bsf€> (AT™), M, u,p)) o by
n m+n—i— — Pk
- |Uk Ez:k( J;Lfi l)hﬂ”
m Mk ) (TL Z k)
b (AT M, u, p) = ;[ ( p
0, (n <k)

for every fixed k € N. the following statements hold:
(i) The sequence b (A" M, u,p) is a basis for the space ho(A™, M, u,p) and every x €
ho (A(m>, M, u, p) has a unique representation of the form

v= 3 (Hate) .

k
(i)) The set {t,b1),b@ ..} is a basis for the space h.(A"™ M, u,p) and every
z € he(A"™, M, u,p) has a unique representation of the form
M,u,p

96:375-1—%: KHA(M)J:);@ —s}b(m,

n n m-‘rnf_ifl h_fl Pk

where t = tn(A(’”>,M,u,p) _ Z [Mk<‘uk Zz:k‘( pnfz ) ik ’)] for all k € N and
k=1

M,u,

s= Jim (HAM)

k—o0 k
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Corollary 2.10. The Hilbert sequence spaces hy (A<m)./\/l7 u, p) and h, (A(m)/\/l, u, p) are sepa-
rable.

3 Characterizations of Matrix Transformation and a-, 3- and ~- duals

Let A = (ank) be an infinite matrix of complex numbers, X and Y be subsets of sequence
space w. Let x = (1) and y = (yx) be two sequences. Thus, we can write zy = (Txyx),
Y ={acw:arcY}and M(X,Y) = Mpexz 'Y ={acw:azx €Y forall z € X}
for the multiplier space of X and Y . In the special cases of Y = {lj, cs, bs}, we write 2 =
70y, 2P = a7V xes, 27 =x Txbsand X = M(X,1;), XP = M(X,cs), X7 = M(X,bs)
for the a— dual, f— dual, y— dual of X. By A,, = (a,x) we denote the sequence in the n'"—

row of A, and we write 4, (z) = Zankxk Vn € N and A(z) = (A,(x)), provided 4,, € 2

k=1
for all n.

We shall begin with the lemmas due to Stieglitz and Tietz [21] which will be used in the
computation of the 5 and ~-duals of the Hilbert sequence spaces.

Lemma 3.1. [5] Let X, Y be any two sequence spaces. A € (X : Yr) ifand only if TA € (X :
Y), where A an infinite matrix and T a triangle matrix.

Lemma 3.2. Let A = (ayy;) be an infinite matrix. Then A € (cy : ¢) if and only if

supZ|ank| < o0 3.1)
"ok

lim,, a5 exists for all k. 3.2)

Lemma 3.3. (i) Let A = (ani) be an infinite matrix. Then A € (co : l) if and only if (3.1)
holds.
(i) A € (co : ¢s) if and only if

sup 30| <
™k n=0
Z anxconvergent for all k.

(1ii) A € (co : bs) if and only if (3.3) holds.

Lemma 3.4. Let A = (a,y) be an infinite matrix. Then A € (I« : ¢) if and only if (3.2) holds
and

lim) lage] = Y] lim anl. (3.3)
k k

Lemma 3.5. [2] Let U = (unk) be an infinite matrix of complex numbers for all n,k € N.
Let BY = (by,y) be defined via a sequence a = (a;) € w and inverse of the triangle matrix

bnk = Zajvjk
j=k
forall k,n € N. Then,
ng{a:(ak)ew:BUG(X:c)}

and
X} ={a=(ax) €w:BY € (X :lx)}
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Theorem 3.6. The (- and ~y duals of the Hilbert sequence spaces defined as

[ho(a M. up)]” = {a= (@) cw:V e (e},
(@ Mup)]” = fa=(w)ew:Ve(e:a),
[hoo(A mw,u,p)r = f{a=(m)ew:Ve(x:c)l
[ho (A" M, up)]" = o= (@) €w:V € (o)},
[he (™M up)] = fa= () €w:V € (i),
[hee (A<m>/\4,u,p)]7 = {a=(a) ew:V e (ln: o))

Proof. We shall only compute the - and - duals of A (A<m>./\/l, U, p) sequence space. Let h;,i
is defined by (1.3). Let us take any a = (ax) € w. We define the matrix V' = (v,;,) by

n n m4n—i—1 —1 Pk
e = Zle<uk|Zz_k( n—i )hikan|>‘| ' (3.4)

k=1 P

Consider the equation

n
E Rl =
k=1

m+k— J 1 Pk
Mk<ukzz ASh (I ! }awzlﬂ (3.5)

p

M+ I

M,

|
|

n-

<ukzl A (MR }ym

1 P

Vy

—

)
Using (3.7), we have az = (ajxi) € cs or bs whenever @ = (z,) € ho(A™ M, u, p) if and only
if Vy € corlo whenever y = (yi) € co. Then, from Lemma 3.1 and Lemma 3.5, we obtain that

B 7. .
a=(ay) € {ho(A(m)M,u,p)} ora = (a) € [ho(A(m)M,u,p)} if and only if V' € (cp : ¢)
or V € (cp : lo), which is required result. i

Therefore, the - and y-duals of Hilbert sequence spaces will help in the characterization of
matrix transformations. Let X and Y be arbitrary subsets of w. We shall show that the charac-
terization of the classes (X : Y7) and (X7 : Y') can be reduced to (X,Y’), where T is a triangle.
Since if the sequence spaces ho(A™ M, u,p) and cq are linearly isomorphic, then the equiva-
lence class = € hg (A<m)M, u7p) < y € ¢p holds. Then, by using the Lemmas 3.1 and 3.5, we
have

Theorem 3.7. Let us consider the infinite matrices A = (ani) and D = (d,). These matrices
get associated with each other by the relations:

n [ele] m+n—j—1 Pk
u o h an
dnk:Zle< klefk( n—j ) jk J|>‘|

k=1 P

Sfor all k,m,n € N. Then the following statements are true:

(i) A € (ho (A(m)/\/l, u,p) :Y) if and only if {ani }ren € {ho (A(m>./\/l, u,p)} ﬁfor alln € N and
D € (co:Y), whereY be any sequence space;

(i) A € (he(A™ M, u,p) : Y) if and only if {ans}ren € [hC(A<m>M,u,p)}ﬁf0r alln € N
and D € (¢:Y), where Y be any sequence space;

B
(i11) A € (hoo (A™ M, u,p) : Y) if and only if {ani }ren € [hoo (A M, u, p)] foralln € N
and D € (I : Y'), where Y be any sequence space.
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Proof. We suppose that the relation (3.8) holds between A = (a,x) and D = (d,,;). Since the

spaces ho(A™ M, u,p) and ¢ are linearly isomorphic. Let A € (ho(A™ M, u,p) : Y) and
B

y = (yx) € co. Then DHA™ exists and (a,) € {h() (A(m)/\/l,u,p)} for all k € N, it means

that (d,x) € ¢ for all k,n € N. Hence, Dy exists for each y € cy. thus, if we take m — oo in
the equality

m m |uk [Zl Z L, (7n+li j—1 )hz ]ank| Pk
Zankxk = Z [ ( | £oj= j _ Zdnkyk
k=1 k=1 p k

for all m,n € N which conclude that D € (¢y : Y). On the contrary, let (anx)ken €

B
{ho(A(m)M,u,p)} foreachn € Nand D € (cp : V) and & = (z3) € ho(A™ M, u,p).
Then it is clear that Ax exists. Thus, we attain from the following equality for all n € N

> dukyr =Y anktr,
k k

asm — oo that Az = Dy and it is easy to show that A € (ho(A"™ M, u,p) : Y). This completes
the proof. O

Theorem 3.8. Let us assume that the components of the infinite matrices A = (any) and E =
(enk) are connected with the following relation

" e Y7 (17 agel N 1
I e |

j=k

forall m,n € N and X be any given sequence space. Then, the following statements are true:
(i) A= (ank) € (X : ho(A"™ M, u,p)) ifand only if E € (X : co);

(i1) A = (ank) € (X : he(A™ M, u,p)) ifand only if E € (X : ¢);

(iii) A= (ank) € (X : hoo (A™ M, u,p)) ifand only if E € (X : o).

Proof. Let us suppose that z = (z;) € X. Using the relation (3.9), we have

™ m [ (1 G agezl N
Stew = 5[ 357 [ )|

k=1 Lk=1j=k P

N €XO)

for all m,n € N. Then, for m — oo equatlon (3.10) gives us that (Ez), = {HA")(Az)},.
Thus, we can obtain that Az € h()( ™M, p) if and only if £z € ¢. This completes the
proof. O

Now, we give some conditions:

li}gnan,c = O forall n, 3.7
lim Ek:ank = 0, (3.8)
lim. zk:|ank| = 0, (3.9)
lim zk]ank—an,mq = 0, (3.10)

sup > ank — ank| < O, (3.11)
n k)
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li}gn(ank — G k+1) exists for all k, (3.12)
lim Z L R 2,; | lim (ank — an 1)) (3.13)
sup | lilgn ank| < o0, (3.14)
Z Z Ank convergent, (3.15)
n k

11771an|§:@”,€| = 0. (3.16)
k. n=m

Corollary 3. 9 Let A = (ank) be an mﬁnite matrix. Then, the following statements hold:
(a) A= (ank) (h() (A( ./\/l u p) ) if and only if (3.1) holds with d,y, instead of ay;
(b) A= ank € (ho(A"™ M, u,p),bs) if and only if (3.3) holds with d,,. instead of any;

(c) A = (ank) € (he(A™ M, u,p),cs) if and only if (3.3), (3.4) and (3.19) hold with d,,y,
instead of ank,

(d) A = (ank) € (hoo (A™M,u,p),c) if and only if (3.2) and (3.5) hold with d.y, instead of
Anky

(e) A= (ank) € (hoo (A<m)/\/l, u,p) , cs) if and only if (3.20) holds with d,, instead of a,y.

Corollary 3.10. Let A = (a,i) be an infinite matrix. Then, the following statements hold:

(a) A= (ank) € (Lo, ho(A™ M, u,p)) if and only if (3.13) holds with e, instead of a;

(b) A= (ans) € (bs,ho(A™ M, u,p)) if and only if (3.11) and (3.14) hold with e,,;, instead of
Anfy

(c) A = (ank) € (bs,he(A™ M, u,p)
instead of any;

(d) A = (ank) € (cs, hC(A“")M,u,p))
Apky

(e) A = (ank) € (b, hoo (A™ M, u,p)) if and only if (3.11) and (3.15) hold with ey, instead
Ofank’;

(f) A = (ank) € (cs, hoo (A" M, u,p)) if and only if (3.15) and (3.18) hold with cy, = 0 for all
k €N, (3.12) and (3.13) also hold with o« = 0 with a(n, k) instead of any.

) if and only if (3.11),(3.16) and (3.17) hold with ey,

if and only if (3.15) and (3.2) hold with e, instead of

4 Examples

If we take any sequence spaces X and Y in Theorem 3.7 and 3.8, then we have several conse-
quences. For example, if we choose [, and the spaces which are isomorphic to [, instead of YV’
in Theorem 3.7, we obtain the following examples:

Example 4.1. The Taylor sequence space . is defined by ¢t/ = {:z: € w : sup | Z < )
neN

r)"“r’“_"xk] < oo} [10]. Let us consider the infinite matrix A = (a,;) and define the matrix
P = (pni) as
n 00 k 1— n+l,.k—n , . P
Pk =3 {Mk(‘uk 2 kn(n)( : r)"r a3k|>} " (kneN).
k=1

If we replace the entries of the matrix A by those of the matrix C' in Theorem 3.7. Then we get
the necessary and sufficient conditions for the class (ho(A™ M, u,p) : t5.).
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n
Example 4.2. The Euler sequence space el is defined by el = {a: € w: sup | Z < Z > (1—
neN ;7

n)”_krkwk‘ < oo} ([3] and [1]). We consider the infinite matrix A = (a,) and define the
matrix C' = (cpx) by
1 —7r)"Iriagyl

p

Cnk = i {Mk(‘Uk 2 G )}pk (k,n e N).

If we want to get necessary and sufficient conditions for the class (ho(A™ M, u,p) : €7.) in
Theorem 3.7, then we replace the entries of the matrix A by those of the matrix C.

Example 4.3. Let T,, = Ztk and A = (a,x) be an infinite matrix. We define the matrix

k=0
G = (gnk) by is defined by

= 3 [ (L Y e ),

T = p
Then the necessary and sufficient conditions in order for A € (ho (A(m)/\/l, U, p) : réo) are
obtained by replacing the entries of the matrix A by those of the matrix G in Theorem 3.7, where
rt_ is the space of all sequences whose R!-transforms is in the space 1., [15].

Example 4.4. If we take t = e in the space r%_, then this space become to the Cesaro sequence
space of non-absolute type X, [17]. As a special case, Example 4.3 includes the characteriza-
tion of the class (ho(A™ M, u,p) : rl.).

5 Conclusion

Hilbert matrix introduced in 1894 by Hilbert. Hilbert matrices whose entries are specified as
machine-precision numbers are difficult to invert using numerical techniques. The applications
of Hilbert matrix can be found in image processing and cryptography. In the present paper, we
have studied sequence spaces with the Hilbert matrix, Orlicz function and difference operator of
order m. We have calculated dual spaces and characterize matrix transformation between new
formed sequence spaces. In our further study, we shall plotted the images of these spaces by
using Mathematica. One can investigate different applications of the cryptography also.

References

[1] B. Altay and F. Basar, On some Euler sequence spaces of non-absolute type, Ukrainian Math. J. 57, 1-17
(2005).

[2] B. Altay and F. Basar, Certain topological properties and duals of the domain of a triangle matrix in a
sequence spaces, J. Math. Anal. Appl. 336, 632-645 (2007).

[3] B. Altay, F. Basar and M. Mursaleen, On the Euler sequence spaces which include the spaces l, and l,
Inform. Sci. 176, 1450-1462 (2006).

[4] J.Barria and P. R. Halmos, Asymptotic Toeplitz operators, Trans. Amer. Math. Soc. 273, 621-630 (1982).

[5] F. Bagar and B. Altay, On the space of sequences of p-bounded variation and related matrix mappings,
Ukranian Math. J. 55, 136-147 (2003).

[6] C. A.Bektag, M. Et and R. Colak, Generalized difference sequence spaces and their dual spaces, J. Math.
Anal. Appl. 292, 423-432 (2004).

[7]1 M. Et and A. Esi, On Kothe - Toeplitz duals of generalized difference sequence spaces, Bull. Malays.
Math. Sci. Soc. 23, 25-32 (2000).

[8] M. Etand R. Colak, On generalized difference sequence spaces, Soochow. J. Math. 21, 377-386 (1995).
[9] G. H. Hardy, J. E. Littlewood and G. Polya, Inequalities, Cambridge Univ. Press, U. K. (1934).

[10] M. Kirisci, On the Taylor sequence spaces of non-absolute type which include the spaces co and c, J.
Math. Anal. 6, 22-35 (2015).



68

Kuldip Raj, Ayhan Esi and Charu Sharma

[11]

[12]
[13]
[14]

[15]

[16]

[17]

(18]
[19]

[20]

[21]

[22]

M. Kirisci and H. Polat, Hilbert Matrix and difference operator order m, Facta Universitatis, Ser. Math.
Inform. 34(2), 359-372 (2019), https://doi.org/10.22190/FUMI1902359K

H. Kizmaz, On certain sequence spaces, Canad. Math. Bull. 24, 169-176 (1981).
J. Lindenstrauss and L. Tzafriri, On Orlicz sequence spaces, Israel J. Math. 10, 379-390 (1971).

L. Maligranda, Orlicz spaces and interpolation, Seminars in Mathematics 5, Polish Academy of Science
(1989).

E. Malkowsky, Recent results in the theory of matrix transformations in sequence spaces, Mat. Ves. 49,
187-196 (1997).

S. A. Mohiuddine and K. Raj, Vector valued Orlicz-Lorentz sequence spaces and their operator ideals, J.
Nonlinear Sci. Appl., 10 (2017), 338-353.

P.N. Ng, and P. Y. Lee, Cesaro sequence spaces of non-absolute type, Comment. Math. Prace Mat, 20
(1978), 429-433.

H. Polat, Some new Hilbert sequence spaces, Mus Alparslan Uni. J. Sci., 4 (2016), 367-372

K. Raj and S. Pandoh, Some generalized lacunary double Zweier Convergent Sequence spaces, Comment.
Math., 56 (2016), 185-207.

K. Raj and C. Sharma, Applications of strongly convergent sequences to Fourier series by means of mod-
ulus functions, Acta Math. Hungar., 150 (2016), 396—411.

M. Stieglitz and H. Tietz, Matrixtransformationen von folgenrdumen eine ergebnisiibersicht, Mathema-
tische Zeitschrift, 154 (1977), 1-16.

A. Wilansky, Summability through functional analysis, North-Holland Math. Stud., 85 (1984).

Author information

Kuldip Raj, Department of Mathematics Shri Mata Vaishno Devi University, Katra-182320, J & K, India.
E-mail: kuldipraj68@gmail . com

Ayhan Esi, Malatya Turgut Ozal University, Department of Basic Engineering Sciences, 44040, Malatya,
Turkey.
E-mail: aesi23@hotmail.com

Charu Sharma, Department of Mathematics Shri Mata Vaishno Devi University, Katra-182320, J & K, India.
E-mail: charu145.cs@gmail.com

Received: September 5, 2020
Accepted: May 23, 2021



	1 Introduction and Preliminaries
	2 Main Results
	3 Characterizations of Matrix Transformation and -, - and - duals
	4 Examples
	5 Conclusion

