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Abstract: In the paper, we study the uniqueness of meromorphic functions when linear
differential polynomials of some power of two meromorphic functions share a set of roots of
unity ignoring multiplicities. Our results are inspired by a recent work of Lahiri and Sinha
[Commun. Korean Math. Soc. 35(2020), no. 3. 773-787].

1 Introduction, Definitions and Results

In this paper, by meromorphic functions we will always mean meromorphic functions in
the complex plane. We adopt the standard notations in the Nevanlinna theory of meromorphic
functions as explained in [6, 13]. Let E denote any set of positive real numbers of finite linear
measure, not necessarily the same at each occurrence. For a nonconstant meromorphic function
f, we denote by T'(r, f) the Nevanlinna characteristic of f and by S(r, f) any quantity satisfying
S(r,f)=0o{T(r,f)}as (r = oco,r € E).

A recent increment to uniqueness theory has to considering weighted sharing instead of shar-
ing IM or CM, this implies a gradual change from sharing IM to sharing CM. This notion of
weighted sharing has been introduced by I. Lahiri around 2000, which measure how close a
shared value is to being shared CM or to being shared IM. The definition is as follows.

Definition 1.1. [8, 9] Let k£ be a nonnegative integer or infinity. For a € C U {00} we denote
by Ex(a; f) the set of all a-points of f where an a-point of multiplicity m is counted m times if
m < k and k+1 times if m > k. If Ex(a; f) = Ex(a; g), we say that f, g share the value a with
weight k.

The definition implies that if f, g share a value a with weight &, then z is an a-point of f
with multiplicity m(< k) if and only if it is an a-point of g with multiplicity m (< k) and 2 is an
a-point of f with multiplicity m (> k) if and only if it is an a-point of g with multiplicity n(> k),
where m is not necessarily equal to n.

We write f, g share (a, k) to mean that f, g share the value a with weight k. Clearly if f, g
share (a, k) then f, g share (a,p) for any integer p, 0 < p < k. Also we note that f, g share a
value ¢ IM or CM if and only if f, g share (a,0) or (a, o) respectively.

Definition 1.2. [8] For S € C U {oo} we define Fx(S; f) = UgesEx(a; f), where k is a non
negative integer or infinity. If Fx(S; f) = Er(S;g), then we say that f and g share the set S
with weight k and we write f and g share (5, k).

In 1996-1997, Fang and Hua [5], Yang and Hua [12] proved the following uniqueness the-
orem for nonconstant entire functions when the first derivative of some power of those share a
nonzero value.

Theorem A. Let f and g be two nonconstant entire functions and n(> 6) be a positive integer. If

n+ 4 n+ /
({H;) and (lel) share 1 CM, then either f(z) = cjexp(cz) and g(z) = c,exp(—cz), where

c1, ¢ and c are three constants satisfying (cic;)""'c¢? = —1 or f = wg for a constant w such that
wn+l =1.
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In 2002, Fang [4] improved Theorem A by generalizing the order of the derivative. Here is
the result.

Theorem B. Let f and g be two nonconstant entire functions and let n, k be two positive integers
with n > 2k + 4. If (")) and (g")*) share 1 CM, then either f(z) = cjexp(cz) and g(z) =
caexp(—cz), where ¢y, ¢, and c are three constants satisfying (—1)*(cic2)"(nc)?* = lor f = wg
for a constant w such that w™ = 1.

Yang and Hua [12] also proved that Theorem A is valid for nonconstant meromorphic func-
tions f and g, provided n > 11. In 2018, An and Khoai [1] improved that result of Yang and Hua
[12] and above theorem by considering some set sharing instead of value sharing. Their result is
as follows.

Theorem C. Let f and g be two nonconstant meromorphic functions. Suppose that n, d, k
be positive integers with n > 2k + 28 and d > 2. If E(S, (f*)*)) = E(S, (¢")*)), where
S = {z € C: 2¢ = 1}, then one of the following holds:

() f(z) = crezp(cz) and g(z) = crexp(—cz), where ¢y, ¢, and c are three constants satisfying
(1) (¢ye0) 4 (ne) 2% = 1;

(ii) f = wg for a constant w such that w"?% = 1.

Recently, Lahiri and Sinha [11] found some gap in the proof of Theorem C (Theorem 1 of
[1]) and also in the proof of Theorem 2 of [2]. They also suggested some corrections for the
same. In [11] Lahiri and Sinha improved Theorem C by relaxing the nature of sharing and using
a particular type of linear differential polynomial defined as follows.

Definition 1.3. [11] Let f be a nonconstant meromorphic function. Then L(f) a differential
polynomial of the following form: L(f) = f® forl = 1, 2, 3 and L(f) = 25;31 a; fU) + fO
for [ > 4, where a;, ay, --- ,a;_3 are constants.

The following are the results of Lahiri and Sinha [11].

Theorem D. Let f and g be two nonconstant meromorphic functions sharing (0o, 0) and n, d, [
be positive integers with n > 21 + 2 and d > 2. Let S = {a € C : a? = 1}. If L(f") and
L(g™) share (S,2), then one of the following holds:

() L(f") = wL(g"), where w? = 1;

(ii) f(2) = crexp(cz) and g(2) = czexp(—cz), where ¢y, ¢, and c are three constants satisfying
(c12)"{A 22;31 aj(nc)i+(nc) A Zij] aj(—nc)i+(—nc)'} =wandw? =1land A =0
ifl=1,2,3and A=1if] > 4.

Theorem E. Let f and g be two nonconstant meromorphic functions sharing (oo, 0) and n, d, [
be positive integers with n > max{3,2l+ 2} andd > 2. Let S = {a € C: a? = 1}. If (f*)?
and (¢g")" share (S,2), then one of the following holds:

(i) f = wg for a constant w such that w™?% = 1.

(i) f(z) = crexp(cz) and g(z) = caexp(—cz), where ¢;, ¢, and c are three constants satisfying
(=D (ere2)™(ne)? = w and w? = 1.

Regarding Theorems D and E it is natural to ask the following question.

Question 1.1. What will happen if we relax the nature of sharing of the set in Theorems D and
E?

We concentrate our attention to the above question and provide possible answers in this di-
rection. We now state our main results of the paper.

Theorem 1.4. Let f and g be two nonconstant meromorphic functions sharing (00,0) andn, d, 1
be positive integers withn > 21 + 3413 and d > 2. Let S = {z € C : 2¢ = 1}. If L(f™) and
L(g™) share (S,0), then one of the following holds :
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(i) L(f") = wL(g") where w® = 1,

(ii) f(z) = crexp(cz) and g(z) = crexp(—cz), where ¢y, ¢, and c are three constants satisfying
(c1e)"{A Zéj{ aj(ne)l +(ne)' HA Zéj aj(—nc)i+(—ne)'} =wandw? =1land A =0
ifl=1,2 3and A=1ifl > 4.

Theorem 1.5. Let f and g be two nonconstant meromorphic functions sharing (co,0) and n, d, 1
be positive integers withn > max{3,21+ 8414} and d > 2. Let S = {z € C: 2% = 1}. If (f)V
and (g™ share (S,0), then one of the following holds :

(i) f = wg for a constant w such that W™ = 1,

(ii) f(2) = crexp(cz) and g(2) = crexp(—cz), where ¢, ¢z and c are three constants
satisfying (—1) (cie2)"(ne)? = w and w? = 1.

Though the standard definitions and notations of the value distribution theory are available in
[6, 13], we give following definitions and notations used in this paper.

Definition 1.6. [7] Let a € C U {c0}. We denote by N(r,a; f |= 1) the counting function of

simple a-points of f. For a positive integer p, we denote by N(r, a; f |< p) the counting function

of those a-points of f (counted with proper multiplicities) whose multiplicities are not greater

than p. By N(r,a; f |< p) we denote the corresponding reduced counting function.
Analogously we can define N (7, a; f |> p) and N(r,a; f |> p).

Definition 1.7. [10] Let k be a positive integer or infinity. We denote by Ny (r, a; f) the counting
function of a-points of f, where an a-point of multiplicity m is counted m times if m < k and k
times if m > k. Then

Ni(r.a:f) = N(rya: f) + N(r,a: f [>22) + ..+ N(r,a; f |2 ).
Clearly Ni(r,a; f) = N(r,a; f).

Definition 1.8. [15] Let f and g be two nonconstant meromorphic functions sharing a value
a € CU {oo}. Let z) be an a-point of f of order p and an a-point of g of order . We denote
by Nr(r,a; f) (NL(r,a;g)) the counting function of those common a-points of f and g where
p > q (¢ > p), each a-point being counted once only.

Definition 1.9. [6, 8] Let f and g share a value a IM. We denote by N, (r,a; f, g) the reduced
counting function of those common a-points of f and g whose multiplicities are not the same.
Clearly N.(r,a; f,g) = Np(r,a; f) + Np(r,a;g).

2 Lemmas

Now we give some lemmas which will be needed to prove the results of this paper.

Lemma 2.1. [6, p. 43] Let f be a transcendental meromorphic function and let ay, az,- - , a4
be q distinct points in C U {cco}. Then

(g—2) Zﬁraj, )+ S(r, f).

Lemma 2.2. [3] Let f and g be two nonconstant meromorphic functions sharing (1,0). Then
one of the following cases holds.

(i) T(T, f) + T(r,g) < 2{N2(’I“,0;f) + NZ(T7 O;g) + NZ(T7OO;f) + NZ(T7OO;9)}
+3N.(r, 15 f,9) + S(r, f) + S(r, 9),

(ii) f (B+1)g+(A—B—1)

Bor(AB for some constants A, B.

Lemma 2.3. Let f and g be two nonconstant meromorphic functions sharing (1,0). Then

N.(r, 15 f,9) < N(r,0; f) + N(r,0;9) + N(r,00; f) + N(r, 005 g) + S(r, f) + S(r, g).
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Proof. The results follows from Lemma 8 of [14] and Definition 1.9. O
Lemma 2.4. [6, p. 55] Let h be a nonconstant meromorphic function. Then
T (r,L(h)) =+ 1)T(r,h) + S(r,h).

Lemma 2.5. [11] Let f be a nonconstant meromorphic function and n, [ be two positive integers
with n > 21. Then

(i) (n—20)T(r, f) +IN(r,00: f) + N (1, f7 ) < T, L(™) + S(r. f),
(ii) N (v, fi7e7) < IN(r,0; f) + IN(r, 003 ) + S(r, f).

Lemma 2.6. [11] Let f be a nonconstant meromorphic function and n,l be two positive integers
withn > 1+ 1. Then

T(r, f) <T(r, L(f")) + S(r, f)-

Lemma 2.7. [11] Let f and g be two nonconstant meromorphgic functions sharing (0o,0) and
such that L(f")L(g") = w, where w is a nonzero constant and n > | + 1. Then

£() = erexp(cz) and g(z) = e exp(—c2),

where cy, ¢ and c are three constants satisfying
-3 _ -3 '
(c1e2)"{A Y _aj(ne)’ + (ne) HAY a;(=ne)! + (—ne)'} = w,
j=1 j=1

with A=0ifl =1, 2, 3and A = 1ifl > 4.

Lemma 2.8. [11] Let f be a nonconstant meromorphic function and n, [ be two positive integers
withn > 1+ 2. Ifa € C— {0}, then

(rnf)<N (r, 1) + S0 f).

n—1[1-—2
g (/") —a

n—+1
3 PROOF OF THE THEOREMS

Proof of Theorem 1.4. Let F = {L(f")} and G = {L(g™)}?. Also let S be the set given by
{z€C:2z%=1}and u;, i =1, 2,--- ,d are roots of z¢ = 1. We define

Eo({L(f")}*,1) = UL  Eo(L(f"), ui) and Eo({L(g")}", 1) = UL, Eo(L(g"). ps)-

From Lemma 2.8 we can see that Eq({L(f")}%,1) and Eo({L(g™)}?, 1) are non empty. Since
L(f™) and L(g™) share (S,0), we get F and G share (1,0). From Lemma 2.2 we now consider
the following two cases:

Case 1. Let

T(r,F)+T(r,G) < 2{Ny(r,0;F)+ Ny(r,0;G) 4+ No(r,00; F) + Na(r,00; G)}
+ 3N.(r F,G) + S(r, F) + S(r, G) 3.1)

Since d > 2, we get

Ny(r,00; F) = 2N (r,00; F) = 2N (r, 00; f)
and N,(r,00;G) = 2N (r,00;G) = 2N(r,00; g); 3.2)

Ny(r,0; F) = 2N(r,0; F) and N»(r,0; G) = 2N(r,0; G). (3.3)
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From Lemma 2.3 we get,

N.(r,1;F,G) < N(r,0;F)+ N(r,0;G) + N(r,00; F) + N(r,00; G)
+ S(rnF)+S(r,G). (3.4)
Now
N(r,0;F)=N(r,0;L(f")) < N (r, [{C(T}”l)> + N(r,0; f~7)
T AW,
- N (r, L(fn)> + N 0; f) (3.5)
Similarly,
. . . gn—l . .
N(r,0;G) < N <r, L(g”)) + N(r,0;9). (3.6)

From Lemmas 2.4 and 2.6 we get,
S(r,F)=S(r,L(f")) = S(r, f) and S(r,G) = S(r,L(¢9")) = S(r,9). 3.7
Combining (3.1) - (3.7) we get,
T(r,F)+T(r,G) < T{N(r,00;f) + N(r,00:9) + N(r,0; f) + N(r,0;9)}

. fn—l . gn—l
+ 7{]\7 (r’L(f”)) +N (r’L(g")> }—i—S(nf) + S(r,g). (3.8)
For n > 2l and d > 2, using (1) of Lemma 2.5, we get from (3.8)
d(n = 20{T(r, f) + T(r,9)} < T{N(r,o0;f)+ N(r,00;9) + N(r,0; f) + N(r,0;9)}

{5 (i) (i) )
- v ledim) v ()

dlI{N(r,00; f) + N(r, oo'g)}+5’(r f)+S(r.g)
< T{N(r,oc; f)—i—N(roog)—i—N ,0; f) + N(r,0;9)}

n—l
* S{N (v 2m) + ¥ (2 }
— dli{N(r,o00; f) + N(r,00;9)} + (r, f)+S(rg) (3.9
Now using (2) of Lemma 2.5, from (3.9) we get,
d(n =20{T(r, f) + T(r.g)} < T{N(r,00;f)+ N(r,00:9)+ N(r,0;f) + N(r,0;9)}
+ SU{N(r,00: f) + N(r,0019) + N(r,0: f) + N(r,0: 9)}
— di{N(r,00; f) + N(r,00:9)} + S(r, f) + 5(r.g)
(7+3D){N(r,00; f) + N(r,00; 9)}
(7+5){N(r,0; f)+ N(r,0;9)} + S(r, f) + S(r.9)
(14 +8D){T(r,f)+T(r,g)} + S(r, f) + S(r.g).

Therefore n < 21 + 8414 This is a contradiction with the assumption that n > 21 + 814,

3

h

IN + A

Case 2. Let

_ (B+1)G+(A-B-1)
F= TTC e (3.10)




572 Pulak Sahoo and Anjan Sarkar

Now we consider the following two subcases.

Subcase 2.1. Let A = B (# 0). Then from (3.10) we get,

1 BG
ﬁ —_— m. (3-11)
If B = —1, then from (3.11) we get F.G = 1, i.e., L(f")L(g ") = «, where « is a constant
such that a? = 1. Then for n > [ + 1 from Lemma 2.7 we get f(z) = cjexp(cz) and g(z) =
czexp(—cz), where ¢;, ¢, and c are three constants satisfying
-3 _ -3 _
(c1e2)™{AY aj(ne)’ + (ne) HAY  aj(—ne) + (—ne)'} =w
j=1 j=1
where w? =1, A=0ifl =1, 2, 3and A = 1if > 4.
If B # —1, then from (3.11) we get
1 BG —1
F-B+)G-1 ™M= gr-Br
Therefore,
— — 1 — —( B+1
N ; F)=N —_—; N ; =N —7F ). 12
(r,0; F) (T, B 1,G> and N(r,o00;G) (r, TR ) 3.12)
Using (3.12) and from the second fundamental theorem of Nevanlinna we get,
T(r,F) < N(r,0;F) +N(r,B;_1 > + N(r,00; F) + S(r, F)
= N(r,0;F)+ N(r,00;G) + N(r,00; F) + S(r, F) (3.13)
and
— — 1 —
T(r,G) < N(r0,G)+ N (r, B 1;G> + N(r,00;G) 4+ S(r,G)
= N(r,0;G)+ N(r,0; F) + N(r,00; G) + S(r, G). (3.14)

Combining (3.13) and (3.14), we obtain
T(r,F)+T(r,G) < 2N(r,0;F)+ N(r,0;G) + N(r,00; F) + 2N (r,00; G)
+ S(r,F)+S(r,G). (3.15)

Now since N (r,00; F) = N(r, 00; f) and N(r, 00; G) = N(r, o0; g), using (3.5), (3.6), (3.7) and
(3.15) we get,

N W N GRS
T(r,F)+T(r,G) < {2]\7 (r, L(f")) +N (7’, L(g”)) } + {2N(r,0; f) + N(r,0;9)}

+ {N(r,00;f) +2N(r,00;9)} + S(r, f) + S(r,g). (3.16)
For n > 2l and d > 2, using (1) of Lemma 2.5 we get from (3.16)
d(n =20{T(r, f) + T(r,9)} < {N(r,00; f) +2N(r,00;9)} — dI{N(r,00; f) + N(r,00;9)}

A (i) - ()|
() o ()

{2N(r,0; f) + N(r,0;9)} + S(r, f) + S(r, g)

2N(r,0; f) + N(r,0;9) + S(r, f) + S(r, 9)
2T(r, f)+ T (r,g) + S(r, f) + S(r,9).

IN IN +
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Therefore n < 21 + %. This is a contradiction with the assumption that n > 2] + %.
Subcase 2.2. Let A # B.

If B # 0, then from (3.10) we get N (r,00; F') = N(r, 552;G). Also from (3.10) we can
write
(B— A)F+(A—B—1)
BF — (B+1) '

From this it follows that N (r, 00; G) = N(r, 21 F).

Therefore from the second fundamental theorem of Nevanlinna we get,

G:

T(r,F) < N(nO,F)—I—N(r,BJrl,F)—l—N(r,oo;F)—i—S(r,F)
= N(r,0,F)+ N(r,00;G) + N(r,00; F) + S(r, F) (3.17)
and
_ _/ B—-A _
T(r,G) < N(r,0,G)+ N <r, ;G ) + N(r,00;G) + S(r,G)
= N(r,0,G)+ N(r,00; F) + N(r,00;G) + S(r, G). (3.18)

Combining (3.17) and (3.18) we get,
T(r,F)+T(r,G) < {N(r,0,F)+ N(r,0,G)} +2{N(r,00; F) + N(r,00; G)}
+ S(rF)+5(rG). (3.19)

Since N(r,00; F) = N(r,00; f) and N(r,00;G) = N(r,00;g), using (3.5), (3.6), (3.7) and
(3.19) we get,

n—l n—1
T(r,F)+T(rG) < {N f(fn)> +N (Ta [?(g”)) } +{N(r,0; ) + N(r,0;9)}
+ 2{N(r,00: f) + N(r,00:9)} + S(r, f) + S(r.9). (3.20)
Forn > 2l and d > 2, using (1)

d(n = 20{T(r, f) + T(r,9)} < 2{N(r,00:f)+N(r,00:9)} — dI{N(r,00: f) + N(r,00:9)}
- () v (i) |
d{N (v Lf&nl)) (o Lg:gff)) }

{N(r,0; f) + N(r,0;9)} + S(r, f) + S(r,9)

+
< N(r,0;f)+N(r,0;9) + S(r, f) + S(r,9)
< T(r, f)+T(r,g) + S(r, f) + S(r,9).

of Lemma 2.5, we get from (3.20)

Therefore n < 21 + 1. This is a contradiction with the assumption n > 21 + Slle“.

If B = 0, then from (3.10) we get,
AF=G+(A—1) and G=AF — (A—1). (3.21)
If A# 1, then N(r,0;F) = N(r,1 — A;G) and N(r,0; G) = N (r, 251, F) . Proceeding as

above and using Nevanlinna second fundamental theorem we get,
T(r,F)+T(r,G) < 2{N(r,0,F)+ N(r,0,G)} + {N(r,00; F) + N(r,00; G)}
+ S(rF)+ S(r,G). (3.22)
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Since N(r,00; F) = N(r,o00; f) and N(r,00;G) = N(r,00;g), using (3.5), (3.6), (3.7), (3.22)
and (1) of Lemma 2.5 we get,

d(n = 20{T(r, f) +T(r,9)} < 2{N(r,0;f) + N(r,059)} + S(r, ) + S(r,9)
< 2{T(r,f)+T(r,g)} +S(r, f)+ S(r,9).

Therefore n < 21 + %, which is again a contradiction.

If A =1, then from (3.21) we get F' = G, i.e., L(f") = wL(g"), where w is a constant such

that w? = 1. This completes the proof of Theorem 1.4. O
Proof of Theorem 1.5. The proof of this theorem is similar to the proof of Theorem 1.2 of [11].
Hence we omit the proof. O
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