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Abstract The purpose of this paper is to prove some fixed point results for a mapping satisfying
generalized (¢, 1)-contractive condition in a complete partially ordered b-metric space. Also, we prove
some coincidence fixed point results for two self mappings S and f on a set X under a set of conditions,
where S satisfies a generalized (¢, 1)-contractive condition with respect to a function f in a complete
partially ordered b-metric space. Our results generalize, extend and unify most of the fundamental
metrical fixed point theorems in the existing literature. A few examples are illustrated to support our
results.

1 Introduction

The Banach contraction principle [1] is one of the most important results in the fixed point theory which
asserts that every contraction function in a complete metric space has a unique fixed point. After Banach
[1] proposed this important theorem, many researchers extended it to many directions, for example see
[2,3,4,5,6,7,8,9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20]. The usual metric space has been
generalized and enhanced in many different directions, one of such generalization is a b-metric space,
which was initiated by Bakhtin [21]. Czerwik in [22] extended the Banach contraction principle to
the frame work of complete b-metric spaces. Then after, many researchers obtained many important
results in b—metric spaces, for example see [23, 24, 25, 26, 27, 28, 29, 30, 32, 33, 34, 35, 36]. In 2015
Abdeljawad et al. [6] extended the Banach contraction principle to the frame of partial b metric spaces.
In the present paper, we will studied some fixed and common fixed point theorems in the frame of
ordered b— metric spaces.

2 Mathematical Preliminaries

The following definitions and results will be needed in what follows.

Definition 2.1. [21, 22] Amap d : X x X — [0,00), where X is a non-empty set is said to be a
b-metric, if the following conditions are satisfied for all z,y,z € X and s > 1:

(1) d(z,y) = 0if and only if z = y,

(i) d(z,y) = d(y,z),

(iii) d(z, 2) < s[d(z,y) + d(y, z)].

Then (X, d, s) is known as a b-metric space.

If (X, <) is still a partially ordered set, then (X, d, s, <) is called a partially ordered b-metric space.

Definition 2.2. [22] Let (X, d, s) be a b-metric space. Then

(1) A sequence {xz,,} is said to converges to x if lim,,__, , o, d(z,,x) = 0 and written as
lim, .z, = .

(2) {z,,} is said to be a Cauchy sequence in X if lim,, ;4 oo (2, 2 ) = 0.

(3) (X, d, s) is said to be complete if every Cauchy sequence in it is convergent.

Remark 2.3. If the metric d is complete, then (X, d, s, <) is called a complete partially ordered b-metric
space.
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3 Previous results

Definition 3.1. [35] Let (X, <) be a partially ordered set, let

f,S : X — X be two mappings. Then

(1) S is called a monotone nondecreasing, if

S(z) 2 S(y) forall z,y € X withz < y.

(2) An element z € X is called a coincidence (common fixed) point of fand .S if

fz = Sz(fz = Sz =x).

(3) fand S are called commuting if fSz = S fz, forall z € X.

(4) f and S are called compatible if any sequence {z,,} with

lim, oo fn =lim, 400 ST,y = p, for p € X, then lim,, o, d(Sfzp, fSx,) = 0.
(5) A pair of self maps (f, S) is called weakly compatible if fSx = Sfz, when Sz = fx
for some x € X.

(6) S is called monotone f-nondecreasing if

forany z,y € X.
(7) A non empty set X is called well ordered set if very two elements of it are comparable,
e,z Syory X xforx,y € X.

Lemma 3.2. [34] Let (X, d, s, =) be a b-metric space with s > 1 and suppose that {x,,} and {y,} are
b-convergent to x and y respectively. Then we have

1 . . .
?d(x,y)g lim infd(z,,y,) < lim supd(z,,y,) < s2d(z,y).

n—>-+0oo n—>-—+oo

In particular if © = y, then lim,, oo d(xp,, yn) = 0. Moreover, for each T € X, we have

1
;d(m,T)g lim infd(z,,7) < lim supd(z,,7) < sd(z,T).

n—s+oo n—>-+oo

4 Main Results

Definition 4.1. The notion of distance functions, given by Khan [37], play major role in our results. A
self mapping ¢ defined on [0, +00) is said to be an altering distance function, if it satisfies the following
conditions:

(i) ¢ is continuous,

(ii) ¢ is non-decreasing,

(iii) ¢(¢t) = 0 if and only if ¢ = 0.

Let (X, d, s, <) be a partially ordered b-metric space with parameter s > 1 and
S : X — X be a mapping. Set

d(y, Sy)[1 4+ d(z,Sz)] d(z,Sy)+ d(y, Sz) d(z, Sz)d(x, Sy)
1+ d(z,y) ’ 2s "1+ d(x, Sy) +d(y, Sz)’

d(z,y) }

M(z,y) = max{

Definition 4.2. Let ¢, € ®. We call the mapping S a generalized (¢, v))-contraction mapping if it
satisfies the following condition:

¢(sd(Sz, Sy)) < ¢(M(2,y)) — (M (z,y)), “.1)
for any z,y € X withz < y.

Theorem 4.3. Suppose that (X, d, s, %) is a complete partially ordered b-metric space with parameter
s> 1. Let S : X — X be a generalized (¢,)-contractive mapping. Suppose S is a continuous,
nondecreasing mapping with respect to <. If there exists xo € X with xy = Sxo, then S has a fixed
point in X.
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Proof. If there exists ¢ € X such that Szy = x(, then we have the result. Assume that zo < Szg.
Then construct a sequence {z,} C X by z,.; = Sx, for n > 0. Since S is nondecreasing, then by
induction we obtain that

ro<Sro=21 X ... 2, X STy, =T X .. “4.2)

If for some ny € N such that z,,, = x,,+1, then z,, is a fixed point of S and we have nothing to
prove. Suppose that x,, # x,; for all n > 1. Since z,-; = x, for all n > 1, then Condition (3)
implies that

o(d(zn, 2nr1)) = O(d(Szn_1,S2)) < ¢(sd(Szp_1,STn)) 4.3)
< ¢(M($n_1,17n)) _w(M<xn—lyxn))7 (44)
4.5)
where
Monorion) = moe [ Senplitenagin ) o st tnten)

d(xn_1,8n_1)d(@Zn_1,5Tn)
TFd(zn_1,5%n)td(@n,STn_1)’ d(@p—1,2n)

A(Tni1,%n)+d(@n,Tn—1) ATn_1,Zn)d(Tn_1,Zn11)
< max {d(wn,mn+1), ey S EY T C——y = d(@n—,2n)

< max {d(In; Tn+1 )7 d(In—l ) xn)}
If max{d(zy, Tn+1), d(Tn-1,%n)} = d(Tn, Tn+1) for some n > 1, then (4.3) implies that

P (2, 2n11)) < G(d(@n, Tni1)) = Y(d(@n, Tni1)) < (d(Tn, Tn 1)), (4.6)

which is a contradiction. This means that max{d(z,, xn+1), d(Tn-1,2n)} = d(xp_1,z,) for n > 1.
Hence, we obtain from (4.3) that

O(d(Tn, Tnt1)) < d(d(@n, Tn-1)) — V(d(Tp, Tn-1)) < H(d(Tn,Tn-1)). 4.7

So {d(zp,xn+1) : n = 0,1,2,..} is a decreasing sequence. Thus there exists ¢ > 0 such that
lim,, 4 oo d(%p, Tpy1) = t. Letting n — +o0 in (4.6), we get that

o(t) < o(t) — ¥(t),
which is correct only if ¢/(¢) = 0 and hence ¢ = 0. So

lim d(zp,2ns1) = 0. (4.8)

n—+oo

Now, we will show that (x,,) is a Cauchy sequence. Suppose to the contrary. Then there exist € > 0
for which we can find two subsequences (z,,,) and (z,,,) such that n; is the smallest index for which
d('rﬂbﬁxni) Z 67 g Z m; > 7:' (4'9)
that means
d(zpm;, Tn,—1) < €. (4.10)

Triangular inequality implies that

IN

Sd(gjmi—l , xmq) + Sd(l‘»,m ’ Inz)

d(xmi,—l ) In,)

and

IN

d(zmi—l y Ty — l) Sd(xm,q,—l 5 ajmi) + Sd(ajml 5 xni—l)

IN

SA(Xpm;—15 T, ) + SE.
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Taking lim sup in above inequalities and using (4.8) and (4.10), we arrive to

limsup d(xp,, _1,2n,) < 5%, 4.11)
n—+oo
and
lim sup d(@m,; —1, Tn,—1) < se. (4.12)
n—-+oo

So, we have the following:

: d(zp;—1,2n;) (1 + d(@m;—1, Tm,;)) )
limsu : L : = < limsupd(xp, —1,2,,)(1 +d 1,Tm,)) =0, (4.13
n—>+o<£) 1+d(mmifl7xni71) o n—>+O<IJ) (:C vl * 7)( + (l‘mz B 7>) ( )

2
s7et+e€
+ <

lim sup d(xmiil’x"i) + d(xnifla-rmi) <

4.14
n—-+oo 2s 2s o6 ( )

and

. d(xm,,l,l‘m,d(xm.,l,.ﬁn,)) .
lim su : : ! : <limsupd(xm, 1, Tm, d(Tm,—1,Tn,)) = 0. 4.15
TL~>+0(I>) 1 +d(l’m,;—17$n,) +d($ni—laxm7‘,) - n—)-ﬁ-og (x i o ‘ (:L' it . 1)) ( )

Also, from triangular inequality, we get

€< d(l'rm ) zn,) < Sd(gjrm , xmi—l) + 5d<xmi—l ) xm)

< sd(Tmy, Tm,—1) + szd(xmi,l,xni,l) + szd(xm,l,xm).

Taking lim sup in above inequalities and using (4.9), we get

€ .
— < limsup ATy, 1, T, 1)

S n—-+oo
Using the properties of 1,
. €
—w@ggga%mqﬁ%rn>s—w(§). (4.16)

Now, since z,,, and z,,, are comparable, we have

¢(Sd(xmwxm>) = (b(Sd(S%mi*hS‘r’ﬂi*l)) < ¢(M(Imi*1’xm*1)) - w(M(xmi*hx’ﬂi*l))’ (417)

where
e =
¢t —
T o N
So,

d(xm,',—lal'ni—l) S M(xmi—lal'n,',—l)

Using the properties of 1), we get
— (M (@m,—1,Tn,-1)) < —(d(Tm,—1, Tn;—1))-
From (4.17), we get
O d(Tm;, Tn;)) < O(M(Tm;—1, Tn;—1)) — Y(A(Tm,—1, Tny—1))- (4.18)

Taking the lim sup in (4.18) and using the inequalities (4.9), (4.12) — (4.15), we get that

52

¢wa<¢wa—w().
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(5)-0

By properties of 1, we conclude that ¢ = 0, which is a contradiction. So (z,) is cauchy. Since X is
complete, then there exists ¢ € X such that z,, — p.
Also, the continuity of S implies that

the last inequality is true only if

Sp=8( lim z,) = lim S(z,) = lm =z, =u 4.19)

n—-—+o0o n—>+oo n—>-+oo
Therefore 4 is a fixed point of S in X.

The continuity condition in Theorem 4.3 can be dropped if we assume that X satisfies the following
conditions:
(7) if a nondecreasing sequence {z,} — pin X, then z,, < pforalln € N, i.e., u = supx,,.

Theorem 4.4. In Theorem 4.3 all conditions are satisfied except the continuity of S. If X satisfies the
condition (i), then a nondecreasing mapping S has a fixed point in X.

Proof. From Theorem 4.3, we take the same sequence {x, } in X such that zy < 21 < ... <z, =<
Zpi1 = ..., thatis, {x, } is nondecreasing and converges to some p € X. Thus from the hypotheses, we
have x,, =< u, for any n € N, implies that y = sup x,.

Next, we prove that p is a fixed point of S in X, that is Su = p. Suppose that Sp # p.
Let

d(p, Sp)[1 + d(zn, Sz,)] d(xn, Sp) + d(p, Szn)
1+ d(zp, @) ’ 2s ’

M(zp,p) = max{

d(xy, Szp)d(Tn, Sp)
TF dan, Sp) + d(pn, ) 1

Letting n — 400 and from the fact that lim,,__, ., x,, = i, we get

lim M (z,, 1) = max {d(u, Sp), Cl(“’f”)o,o} = d(u, Sp). (4.20)

n—s+oo 2
We know that x,, < u for all n, then from contraction condition (3), we get

¢(d(xni1,Sp)) = ¢(d(Swn, Sp)) < G(sd(Stn, Sp)) < S(M (2, 1)) = (M (2, ). (421)
Letting n — +o00. By (4.20), we get

o(d(p, Sp)) < ¢(d(p, Sp)) — (d(p, Sp)) < d(d(p, Sp)), (4.22)

which is a contradiction. Thus, Sp = p, that is S has a fixed point p in X.

Theorem 4.5. In addition to the hypotheses of Theorem 4.3 (or Theorem 4.4), and adding this condition:
Every pair of elements has a lower bound or an upper bound. Then the fixed point of S is unique.

Proof. From Theorem 4.3 (or Theorem 4.4), we conclude that S has a nonempty set of fixed points.
Suppose that z* and y* be two fixed points of S. Then we claim that z* = y*.
Suppose that z* # y*. From the hypotheses we have

¢(d(Sz7,5y%)) < ¢(sd(5z7, 5y%)) < p(M (2", y")) = (M (2", y"))- (4.23)
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d(y*, Sy*)[1 + d(a*, Sz*)] d(a*, Sy*) + d(y*, Sz*)
M * * pr—
(1' » Y ) max{ 1+d(x*’y*) , 25 ,
d(z*, Sz*)d(z*, Sy*)
d * *
1+ d(z*, Sy*) +d(y*, Sz*)’ @ y")
—max{d@*’y*)[l+d<x*,w*>] dz®,y*) +d(y*,a*)  d(a”,a*)d(a",y")
Ldasys) 2s Tt d(a,y) +dlytat)

d(;v*,y*)}.
= max {07 7d(x s’ y ),O,d(x*,y*)}

=d(z*,y").

From (4.23), we obtain that

¢d(z”,y")) = ¢(d(Sz", Sy")) < d(d(z",y")) = ¢(d(z",y7)) < o(d(z",y")). (4.24)

which is a contradiction. Hence, z* = y*. This completes the proof.
Let (X, d, s, <) be a partially ordered b-metric space with parameter s > 1, and let
S, f: X — X be two mappings. Set

My(z,y) = max{d(fy’f%/gggj;g’sﬂld(fw,Sy);d(fy,Sx)7

d(fx,Sz)d(fz, Sy)
1+d(fz,Sy) + d(fy, Sz

),d(fx,fy)}. (4.25)

Now, we introduce the following definition.

Definition 4.6. Let (X, d, s, <) be a partially ordered b-metric space with s > 1. The mapping S :
X — X is called a generalized (¢, ¥)-contraction mapping with respect to f : X — X for some
pePandy € Yif

¢(sd(Sz, Sy)) < ¢(My(x,y)) — (M (z,y)), (4.26)
for any z,y € X with fx < fy, where M(z,y) as given by (4.25).

Theorem 4.7. Suppose that (X,d, s, <) be a complete partially ordered b-metric space with
s> 1. Let S: X — Xbe a generalized (¢, )-contractive mapping with respect to

f: X — X. Assume the following hypotheses:

(1) f and S are continuous.

(2) S is a compatible with f.

(3) SX C fX.

(4) S is a monotone f-non decreasing mapping.

If for some xy € X such that fxg < Sxg, then S and f have a coincidence point in X.

Proof. From (3) and (4), we construct two sequences {z,} and {y, } in X with
Yn = STy = fxpy1, Yn >0, 4.27)

such that
Jzo 2 fro 2o 2 fan 2 fang < (4.28)

If y, = Yn41 forsomen =0,1,2,3,.... Then y, = fy, = Syn, thatis y,, is a coincidence point of f
and S. So, we may assume that y,, # y,, 1 foralln =0,1,2,3,....
Given n € {0,1,2,3,...}. Since y,, = fx,41 and y,1 = fr,12 are comparable, we have

¢(Sd(ynayn+l)) = (b(Sd(SZ‘n, Syn-'rl)) < ¢(Mf(xnaxn+l)) - w(Mf(xnvxn+l))7 (429)
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where
A(fTni1,8Tn 1) [1+d(fTn,STn
Mi(xp, xn1) = max{ (fa “1+§(ﬁil[,fx7% wn)]
A(fxn,STni1)+d(fEnyi1,5Tn) d(fxn,S%n)d(fTn,STni1)
+ 2s + , 1+d(facn,.,Swn1)+d(fafn+:3xn)’d(fxn7fxn+1)}
_ AYn,yn T D1+d(Yn—1,yn)]  AYn—1,Yn11)+d(Yn,Yn)
o max { 1+d<yn—l-,yn) ’ +25 ’

A(Yn—1,Yn)A(Yn—1,Yn11)
1+d(yn_ 1 7yn+l)+d(yn7yn) ’ d(yn—l ’ yn)

IN

d(ynyy7L+l)[l+d(yn71 7971)] d(yn—l 1yn)+d(y'n,7yn+l)
max { Hdyn—1y) 2 ’

d(yn —1 7yn)d(yn7 1Yn+l )
Tr (e rdtn ) Yn—15Yn)

= max{d(yn—hyn)ad(yn7y7z+l)}

Therefore from equation (4.29), we get

P(sd(Yn, ynt1)) < p(max{d(yn—1,yn), d(yn, yn+1)}) — P(max{d(yn—1,yn), d(Yn, yn+1)}). (4.30)

If 0 < d(yn—1,Yn) < d(Yn,yns1) for some n € N, then (4.30) implies that

Qj)(d(ymyrwl)) < ¢(3d(yn>yn+l)) < ¢(d(ym yn+l)) - w(d(yn7yn+l)) < ¢(d(yn7yn+l))' 4.31)

So, we conclude that
Y(d(Yn, yn+1)) = 0. (4.32)

Hence y,, = y,,+1, which is a contradiction. Hence from (4.30) we obtain that

{d(Yn,sYn+1) :n=0,1,2,3,...} (4.33)

is a decreasing sequence. So, there exist ¢ € [0, +00) such that

lim d(yn,yn+1) = t.

n—+oo

Letting n — +o0 in (4.31), we get
o(t) < o(t) — ¥(t),

this is true only if ¢(¢) = 0 and hence ¢ = 0. Similar arguments to those given in Theorem 4.3, we
conclude that y,, = {Sz,} = {fxn,+1} is a Cauchy sequence in X. Since X is complete, then there
exists p € X such that

lim Sz,= lim fz,;1 =p.
n—>-—+o0o n—>-r—+0o0o

Thus by the compatibility of S and f, we obtain that

lim d(f(Sz,),S(fr,)) =0. (4.34)

n—>—+00

From the continuity of .S and f, we have

lim  f(Sz,) = fu, n£>H+1c>o S(fxn) = Sp. (4.35)

n—>-+oo

Further by use of triangular inequality and from equations (4.34) and (4.35) , we get

Sd(Syi fp) < d(Sp,S(fan)) + sd(S(Fa), [(S0) + sd(f(Sw), fr). 436)

Finally, we arrive at d(Sp, fu) = 0 as n — o0 in (4.36). Therefore, p is a coincidence point of S
and fin X.

The continuity of the functions f and S in Theorems 4.7 by adding another suitable conditions.
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Theorem 4.8. Assume all the hypotheses of Theorem 4.7 are satisfied, except the condition of the con-
tinuity of f and S. Also, suppose the following conditions:

(1) f(X) is a closed subspace of X.

(2) Iflim, o fz,, = fz, then fx, < f(x) Vn e Nand fz < f(fz).

(3) S and f are weakly compatible.

If there exists xo € X such that fxy =2 Sz, then f and S have a coincidence point in X.

Furthermore, if S and f commute at their coincidence point, then S and f have a common fixed point.

Proof. Following the proof of Theorem 4.7 line by line, we construct the Cauchy sequence y,, = Sz, =
fzny1. Since fX is closed, then there is some p € X such that

Thus from the hypotheses, we have fz, =< fu for all n € N. Now, we have to prove that p is a
coincidence point of S and f. From equation (4.26), we have

O(sd(Szn, Sp)) < ¢(My(2n, 1)) — Y (My(2n, 1)), (4.37)
where

fu S+ d(fen, Szn)] d(fon, Sp) + d(fp, Szn)
L+ d(fon, fu) ’ 2s ’

d(fx’“ an)d(fxm S:u)
et S (g}

d(fu, Sp)
5 ,0,0}

tew =

— max {d(fuvsuh

By letting n — 400 in (4.37) we get

P(sd(fu, Sp)) < o(d(fu, Sp)) —¢(d(fu, Sp)), (4.38)

which true only if ¢(d(fu,Sp)). Hence fu = Su. So p is a coincidence of f and S. Now, let
fu = Su = p. Since f and S are commute at p, then Sp = S(fu) = f(Sp) = fp. From Condition
(2), we conclude that fu < f(fn) = fp. So fuand fp. Thus quation (4.37) implies that

o(sd(Sp, Sp)) < ¢(My(p, p)) — (Mg (1, p)). (4.39)

By simple calculation, we find My (u, p) = d(Sp, Sp). Thus (4.39) becomes:

o(sd(Su, Sp)) < ¢(d(u, p)) — ¥ (d(ks p)),

which is true only if ¢/ (d(u, p)) = 0. Properties of v implies that Sy = Sp; that is, p is a common fixed
point of S and f.

Example 4.9. Define a metric d : X — X, where X = {0,1,3,3,4, ........ 1. ...} with usual order <
is as follows
0 ,ifz =y,
i y) = 1 ,?fx;éye{ol,l}.l .
le —y| ,ifz,y€{0,5;,5- :n#m>1},
5 , if otherwise.

A map S : X — X be such that SO = 0, S% = ﬁ forallm > 1 and let ¢(t) = t,¢¥(t) = % for
€ [0, +00). Then, S has a fixed point in X.

Proof. It is obvious that for s = 17?, (X,d, s, =) is a complete partially ordered b-metric space and also
by definition, d is discontinuous b-metric space. Now for z,y € X with < y, we have the following
cases:
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Casel: Letz =0and y = %, n > 1, we have two subcaseS'

Subcase 1: If n = 2t for some ¢t > 1, then d(Sz, Sy) = 13- and M (z,y) = L. Therefore, we have
10 1 Mz,
o(Spatsesn) = g < D 6(0(a,0) — w01 0).

Subcase 2: if n =2t — 1 for some ¢ > 1, then d(Sz, Sy) = 13 and M (z,y) = 5. Therefore, we have

o Gratsz.s) < HE = 6 (@) - w0 ()

Case II: Let z = E and y = with m > n > 1, we have three cases:
Subcase 1: If n = 2¢ and m = 2k for t,k > 1, then d(Sz, Sy) = 13- — 10y and d(z,y) = 1 — L <
M (z,y). Therefore, we have
10 | 1 M(z,y)
_ = < — 7 = — .
oGtz 5)) = g = g < G = o(01(29) ~ (M (5.0)
Subcase 2: if n =2t — 1 and m = 2k — 1 for ¢,k > 1, then d(Sz, Sy) = 13- — 10 and M (z,y) = 5.
Therefore, we have
10 11 5 My
o(asasn) = g - go< 5 = 5 = olar(e) - 6 ()

Subcase 3: Similar to those arguments given in Subcase 2.
Hence, condition (3) of Theorem 4.3 and remaining assumptions are satisfied. Thus, .S has a fixed point
in X.

Acknowledgement: The authors thank the editor and the reviewers for there valuable suggestions
and remarks.
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