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Abstract In this paper, we write the differential equations and harmonicity of involute of a
curve according to both Darboux and mean curvature vectors. In order to do these we make use
of a new method, that is, covariant derivative with respect to V. Consequently we obtain all
the characterizations of the involute curve in terms of the principal normal N and the Darboux
vector W of the main curve.

1 Introduction

To assign a relation between the invariants of a curve and characterizations of it in E* and other
spaces is one of the main topics we encounter most widely among those of scholars particu-
larly interested in geometry. There are so many papers explaining the close relevance between
the characterizations and invariants of the curve pairs. We may recall some remarkable papers
catching our attention: Ferrandez et al.[2] studied curves whose mean curvature vector field is in
the kernel of certain elliptic differential operators. Bulca et al.[3] worked some characterizations
of involute of a given curve in Euclidean space. Arslan et al.[4] examined weak biharmonic
rotational surfaces on which parallel mean curvature vector field is weak biharmonic. Cakir and
Senyurt [5] focused on the characterization of involute of a curve by means of the unit Darboux
vector of the main curve. It is another interesting study on biharmonic curves that we may make
a classification,[6]. In this way we can call curves satisfying the condition that the Laplace im-
age of mean curvature is equal to zero as biharmonic, while some of them provided that the
Laplace image of mean curvature is equal to non-zero real constant A times mean curvature may
be named as 1-type of harmonic. We use as a tool among many papers only some of them: Ko-
cayigit et al.[7] studied 1-type curves by using the mean curvature vector field of the curve itself.
They also studied the same topic by using the Darboux vector instead of mean curvature vector
field,[8]. We may also mention that Senyurt and Cakir[9] studied biharmonic curves whose mean
curvature vector field is the kernel of Laplace. Recently, Shaikh et. al.[10, 11, 12, 13, 14, 15]
initiated the study of surface curves in a different way, especially, rectifying, osculating and nor-
mal curves on a surface by considering isometry and conformal map between two surfaces and
investigated their invariancy under such maps. Throughout this work, we first take a unit speed
curve which we call main curve and then we write an involute of this curve. After that we give all
the characterizations of involute curve according to Darboux vector and mean curvature vector
of this curve itself. It follows that we make use of the relations between the Frenet frames of
involute curve and main curve. In this way we write all characterizations of involute curve in
terms of the main curve. Finally we give an example to support our assertions. Now let us recall
some basic concepts beginning with the Frenet-Serret formulas

T' = 9N, N' = —9xT + 978, B = —97rN. (1.1)
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Frenet vectors T', N, B form a Frenet frame and every Frenet frame moves along a rotation axis
which is called a Darboux vector and given by

W =T + kB, (1.2)

see [16].

Given that « is a differentiable curve with the unit tangent 7" and S is another differentiable
curve. [ is called the involute of o on condition that the unit tangent 7" is perpendicular to the
tangent vector of 3 at the corresponding points of these curves. It is clear from this statement

B(s) =al(s)+A(s)T(s), As)=c—s, ceR. (1.3)

The relation between the Frenet vectors of « and S is

—kT'+ 718 7T+ kB
Ts=N, Ng=——, Bg=——" 1.4)
’ RV e A= (
Also the relation between the curvatures of « and g is given as
VT (2)'s
— = K 1.5
"{B(s) K ’ Tﬁ(s) )\(Hz-‘rTz) ) (1.5)
see [16].
The mapping defined as follows along a differentiable curve «
A:xH (D) = x(a(I)),  AH =-D7H (1.6)
is called a Laplace operator and also the mapping
ArX = —D7D7X, VX € x* (D)) (1.7)

is called the normal Laplace operator, where H is mean curvature of o and D is Levi-Civita
connection, see [6].

Theorem 1.1. Let o be a unit speed curve with principal normal N and its involute curve is
denoted by 5. Then we can give the covariant derivatives on the curve 3 w.r. to Levi-Civita
connection D as

DNT =kN, DyN=—-xkT+7B, DyB=—7N, (1.8)
see [1].

Theorem 1.2. Let o be a unit speed curve with the mean curvature vector H. Then the following
propositions hold.

i)If AH = 0 then « is a biharmonic curve.

ii)If AH = A\H, then « is a 1-type of harmonic curve.

i) If AYH = 0 then « is a weak biharmonic curve.

iv)If AYH = \H, then « is a I-type of harmonic curve, provided that A € R — {0},

see [6].

Theorem 1.3. Let o be a general helix with the mean curvature vector H, then we can write
the differential equation of o w.r. to H

/ " /

with the coefficients \| = 3(%) and My = —- 3(%)2 — (K> 4+ 71%), see [7].

=
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Theorem 1.4. Let o be a differentiable curve with the Darboux vector W, then we can write
the differential equation of o w. r. to W

1 DIW + ;DEW + 3D W + e4W =0 (1.10)
with the coefficients c1 , ¢3, ¢3, ¢4
o = V(kt - K/T)Z, o2 = (Ok"7 — 967" — (967" = 9K'7)") (kT — K'T),
s = (K'7— k" + 9 (k7' — K'7) (K + 7)) (U7’ — OK'T)

+ ("7 — IrT" — (Or7’ — O'7)") (k"7 — KT"),
cs = (K" =w"7 =P (e’ +77) (67 — &'7)) (967 — IK'T) + (96" T — IkT”

—(Wkt" = 9K 7) (&' — K'T")),
see [8].

Theorem 1.5. Let o be a differentiable curve with normal Darboux vector W+, then we can
write the differential equation of o w.r. to W+

M DFDFWE + N\ DEWE + AW+ =0 (1.11)
with the coefficients Ay, A\; and )\,
X = K((WkT) +0x'7) — Ik (K" — Pr7?),
N = —k((WkT) +9K'T) and Ny = IK’T,

see [17].

2 Calculations of harmonicity and differential equations of involute of a
curve according to mean curvature and Darboux vector

It is worth noting at the beginning that throughout this study we use the Frenet elements given
in the set {T, N, B, k, 7} for the curve o and {T3, Ng, Bg, kg, 7g} for the curve 5. We also ex-
press W, H to denote the Darboux vector and mean curvature vector of o and we use Wg, Hg
for the curve . Itis quite clear that ¥ =|| - 3(s) |

We show that the Frenet formulas given in Theorem 1.1, that is, a new type of covariant deriva-
tive with respect to N, has a quiet appropriate practise through the Darboux vector W and mean
curvature vector H.

Theorem 2.1. Let a be a differentiable curve with principal normal N, Darboux vector W
and (3 is the involute of a. Then we can write the differential equation of the curve [3 with respect
to connection D as

wlD?VW + sz%\,W + w3 DNW 4w W + wsD?\,N + weD%vN 4w DyN 4+ wgN =0

with the coefficients wy, wy, w3, ws, Ws, We, W7, W8

C1

wlzma
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1 1 c
wy = 301(E)"+2CZ(E)'+72,

_ 1 m 1 " 1 ’ C4
wio=al)" el el + 10
we = c1y’

5 — K )
¢\, ey
we = 3CI(E) + VR
c /
wy = 301(%)”4—262(%)/—1— ;\i ;
W = ¢ (ﬂ)///_i_c (ﬂ)”—i—c (ﬂ)/_’_ cayp!
8 "Nk 2Nk Nk AK

and C1, C2, C3, C4
I\ 2
K2+ 72 kT — KT
= 3 2 2)3 ’
(w)F \(w2 +72)}

o = (KT/_K:/T( R2+T2)//—\//62+7T2( “T,_“/T))N

K2 4 72 K As(K2 + 72

2 2 _ 2 2 _
() (S ()

B kT — K'T (\/m)”’ \/m( kT — K'T )’”
ez As(K2 + 72) AK AK Ai(K2 + 72)

k' =K1\, 4 2 K2+ 72 kT —K'T |, K2+ 727 kT — KT\
+<(n2+72)%) ( +T)( (Ak)?2 +()\I$(K2+T2)>>)( K ((ﬁ2+72)%))

+<mr’—m’7(m)” _m( KT’—/@’T))”+ (((K/T—HT/ )IH2+72)')

K? + 72 AR A6 (K% + 72 K2+ 72)3 A\

kT — K'T <\//@2+72)” VR 472 ( KT —K'T )”
Ae(K2 4+ 72) AR AR Me(k2 4+ 72) ’
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V247207 kT — KT A\ VEZ+ 72 ms kT — KT\
C“((+( ))_ +)( ))

AK A6 (k2 4 72 Ak Ak(K? + 72
(m’7—f<n’< kT — K'T )_ 52+72(m)1/)-
2+ 12 \Ak(k2+72) AK

/{24—72( kT — KT )’) (nz—i—Tz( kT — K'T )’)
A6 \(k2 4 72)3 A6 \(k2 4 72)3
+<n7’n’7(m)” K2+72< ISJT/I{/T))”

K2 4 72 AR Ak(K? + 72

+(< KT — kT )’ /<52+72)’
(K2 +72)3 Ak

VEE+ T2, kT — KT\ VKX T2, 0 kT — KT\
(( )\: ) ()\n(fiz—l—ﬂ)) = ( )\: ) ()\FL(FLz—FTz)) ))

Proof.  From (1.10) we can write

cg1 D7, W5 + s D7, W + a3 D, Wis + caaWp = 0 2.1

with the coefficients cg1, cg2, ¢33, Caa

g = ﬁ(“B(TB)/_(“,B)/Tﬁ)27

e = (V(ks) 15— Ora(7s)” = (s(rs) = 9(kp)'7s)") (kalra) = (p)'7s),

eor = ((r9)"75 = Ralrp)" + 2 (ks(rs) = (k) m) (k) + (7)) ) (s ()" = D(r5) 75
+ (905" 75 = I (15)" = (W) = D(rs)'75)") ()75 = ra(s)" ).

car = ((6)(75)" = ()" (15) = P*(s(rp)' +73(7s) V(s () = (5)'5))

(9ra(ra) = 9()'7s)

+(9(k0)" 75 = I (75)" = (Irea(7) = D(a)' ) () (70)" = (9)" (7)) ) -
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By making use of equalities (1.4) and (1.5) we can write equivalents of coefficients cg1, cg2, cg3,
cgs and Wg as ¢y, ¢, 3, c4 and

1 o

Applying the formulas given in (1.8) we may write the counterparts of D, Ws, D7, Ws, D3, W
as in the following form:

/ /

1 1
DT5W/3 = TDNW—F()\ )W-I—)\ DNN+(>\I<L)N’
2 1 1 1 " / "
DyWs = +- W+2()\)DNW+()\)W+)\ N+2()\)DNN+(/\)N
1 1
Dy Wy = )\—D?VW+3( )D%VW+3( )”D W+(M)”’W
/
D3N +3 D N+3 "DNN "N .
FEDAN +3(E Y DAN 43 DN + (2)

Setting the equivalents of coefficients and derivatives with respect to N into the equ.(2.1) we get
desired result which completes the proof. O

Theorem 2.2. Let o be a differentiable curve with principal normal N, Darboux vector W
and ( is the involute of . We can give the differential equation of B w.r. to normal connection

51D DNW + 6, DNW + W =0

with the coefficients &1, 6,, 03

o -
T/k) 1, VeE47? T/K) K |, VEZ+ 72 kT — KT
= 2 G T G )+ T )
/) 1.,  (VEE+72) 7/6)K ., NEEFTE kT — KT
ns (iz)(ﬂ) + (A:)2 )()\\(/H/z—)l-Tz)+( )\:: Ve

I N e O G
NVE2 472 AK (K2 + 72)3/27"
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Proof. 1Tt is obvious from equation (1.11) we can write
ﬁ(ﬁﬁ)zTgD%‘B D%ﬁ WﬁJ' — Kg ((19&57’[3)/ + ﬁH%Tg)D%ﬂ Wé‘

+(f£'ﬁ((19/£575)/ + k7)) — OkpTa(K) — 1921<55(7'g)2)) WBL =0.
2.2)

Since the counterparts of £, 73 are clear from (1.5) we look at the equivalents of Wy, D%ﬁ Wy
and D%ﬁ D%ﬁ W referring the equalities (1.4) and (1.5) as follows

1 1 1
1 _ s 1 1
W,B = EW DTﬁWB = (E)/W + EDNW and
1 1 1
Dz, Dy, Wy = ED}VDILVW + Z(E)’D}VW + (M)”W.

Writing the equivalents of coefficients of (2.2) with the use of (1.4), (1.5) and then the derivatives
with respect to N into (2.2) we get desired result which completes the proof. O

Theorem 2.3. Let 3 be an involute of a differentiable curve o. Then we can give the differential
equation w.r. to connection characterizing the curve 3 by means of the mean curvature vector
Hp as follows

hﬁ]D%BH’B + hﬁzD%ﬂBHﬁ + h53DT5H,3 + hlg4Hﬂ =0 2.3)
with the coefficients hgi, hga, hgs and hga

= () ()

! !/

hgy = 319214357'/3(19/%,3(19,‘15)/) —(19/4:/3)2(2197'/3(19/{[3)/+?9/€,3(19T5)/>,

hos = (9h (5 + 73) — Ok (9ks)" = 3 (9 (9m) ")) (2075 (9rs) + O (975))
!/
+ (973 (9np)" = Frpms (k] +73) + (2075(9ks) + Drea(Wma)') ) (30ra (k) ) |
h54 = 194,%% (K% + Té) — 19&3 (19,%5)” — 3(19&5(19&5)/)1)

! 2 2y _ (9rg)’ ' /
19Tg(19/<;5) 19 IiﬁT/g(Iiﬂ +Tﬁ) 19%5 (2197’5(19,‘{5) ~|—19I€g(197’5) ))

((95)" — 03 (% +73)) = 3(9m5) (9m5) = 2(975)° (9ma) — Pams (975))
(

@)/193/%75) + ((197'5 (19/%)// — 194/<cﬁ7'5 (KJ% + Té) + (2197‘5 (19/%)/ + drg (197'5)/)/)

g (9r)" = 0% (5 + 73) = 3((9s)')7)-
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Proof. From equ.(1.1) we have Hpg = YxgNg. Taking the derivatives w. r. to T we get

Dr,Hg = —97k3T5 + (9kp) Ng + 9*kp3Bg (2.4
D%ﬁHﬁ = ( — 319/€g(19l<;5)/)T5 + ((19,‘65)// — (19%;5)3 — 193H57’§>N5
‘|‘(2197,@(19/€3)/ + 19/'6[3(197‘5)/)3,6, 2.5)
D%ﬁHg = (19411%3(%%3 + Té) - 19/%5(19&5)” - 3(19,%5 (ﬁ%g)/)/)Tg

+((Wnp)" = P ra(wh+73)) = 3(Dra) (Irs)
—2(975)* (Orp) — ﬂzﬂﬁTﬂWTﬁ)') Ng

+(197-ﬂ (19/13)” — 194li57',@(/€,2@ + Té) + (2197’/@(19/%3)/ + 19/'65(197‘3)/)/) Bﬁ .

(2.6)
From equ.(2.4) and equ.(2.5) we can write the vectors T3 and Bg as
dr3(0kg)" — 194,%,@7'5(/-@[23 + Té) — 7(119&[;)/ (2197',3 (Vkg) + 19&5(1973)’)
Ty = (Z2) (k575> Hpg
T BT3
2197’5(19/@3)’ —|—19/€3(197’5)/ 1 5
+ Ry DT Hg — TRE\ 3 )
(Z2) (#rgms )2 P (Y (Prgrg) T
B, — Orp(Ir)" — O w3 (r5 +73) — 3((Okp))? - 3rp(Ors) Hy
- 3 3 T
(Y (Prpms)? () (Prgrs)?
1
- D2 Hjy.
() (orgp 7

Putting the equivalents of vectors T3 and B into the equ.(2.6) results the desired equation which
completes the proof. O

Theorem 2.4. Let 3 be an involute of the curve a. Then we can give the differential equation
w. 1. to connection characterizing the curve 8 by means of the mean curvature vector Dy N as
Sfollows

hyDA N + h3D3N + hyD4N + hiDyN =0

with the coefficients hy, hy, h3, hy



600 Osman Cakir and Siileyman Senyurt

b (KT’—K/T)Z((E2+T2)3/2>/
b K2+ 712 K'T—rT! )’

I r
hy = 3l<;7‘ KT(\/H2+T2(\/,‘£2—|—7—2)/)/—(524_72)(2'%7- RT( /71%2_*_7_2)/

K* + 72 K? + 72

+m(fi/7)')/,

o= ((R+7) (247 +(% P) - Vit 2 (Vi + )
_3(¢Hz+fz<¢ﬁz+72y))@L’+ Ty VR
+(2% Vi +72) + k2 472 72;’427 ’)/) 3V + (Ve +72)),

hy = ((m%#)ﬁ% ViR + 2 (Vi + 1) = 3(Vie + (Vi + 7))
(i TR = (et ()
<%>’(zﬁ;+ TV R (D))
+(((\/n2+7 VR (R T +(72+I;/2T)2)>,—3(/<;2+72)(m)’

2

kT — K'T\2 k! — &' kT — KT N [ (K2 T2 (kT — KT
2 7) (VK2+T2)/_ ))(( )/(FL2+T2)3/2)

B (/Q2+T2 m( K2+ 72 KT — K'T

kTl — KT kT — K'T T —K'T\2
RT = RT /2 2y _
+< “2+72( ) \/HJQ-‘FTZ(H +T+(K2+T2))
r /
+<2%(\/E2+7— +\/l<é2—|—7' ( 2+:‘€2T)/> )(\/524—7'2(\/&24-7'2)”
2> (kT — K'T)? 2
) = SR

Proof. We can make use of equ.(1.4) and also equ.(1.8) in order to write the equivalents of
derivatives D3 Hg, Di, Hg, Dr,Hp with respect to N. It follows that

Hg = Dr,Ty = DyN, Dr,Hg = DN, D} Hy =D} N and D}, Hg = D} N.

By the same method from equ.(1.5) we can write the counterparts of coefficients hgi, hgo, hg3
and h54 as hl, hz, h3 and h4.

Setting the equivalents of coefficients and derivatives with respect to IV into the equ.(2.3) we
get desired result which completes the proof. O
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Theorem 2.5. Let 3 be an involute of o with the mean curvature Hg. According to connection,
harmonicity ( biharmonic or 1-type harmonic) of the curve (3 can be expressed through the Frenet
elements of o as

1. Involute curve (3 is biharmonic if

k(VK? 4+ 72 )N—/{</<52—0—72—|—(KT/ - I{/T)Z) _ZT(/W’ - K/T)(m)/_T(I{T/ — 5’7)/ o,
VrZ ¥ 72 K2+ 72 (k2 4 72)3/2 K2 4 72

T(nz+72~|—(HT/ — K’T)z) (VKT + 1) _%(m’ — KT (VK2 + T2) _H(m’ — /iIT)/ o,
2+ 12 2 (k2 + 72)3/2 W2+ 72

and k' + 717 =0.

2. Involute curve (3 is 1-type of harmonic if

k(VK? + 7’2)// B n(nz Ly (/W' — /47')2) 27_(57" — KT (VK2 + 72)
VE? + 12 K2 472 (k2 +72)3/2
kT — KT\’
(fa) =
T(Kz L2y (m-’ — fﬁ’T)z) TR 2K(m-’ — KT (VK2 + T2)
K% + 72 N (K2 + 12)3/2
kT — K'TV\/
7H( k% + 72 ) = AT,
and k' +77' =0, N eR.
Proof. From equ.(2.5) we have
AHy = 30rp(0kp) Ts + ((9rp)° — (9kp)" + 9’ kp75) Np

— (2’!97'[3(19/{[3)/ + 19/@3(197’[3)’)13[3

Taking the equations (1.4) and (1.5) together into consideration we get

k(T )"

ADyN = (4 (LT T KT (R )
VK2 + 72 K2 4+ 72 (H2+72)3/2
w1l — KT i — K

b (BT .

kT — K'T 2) 3 (VK2 + 72)" ZH(KT/ — ') (VK2 +12) B
V2 + 72 (K2 + 72)3/2 :

If we consider the case ADy N = 0 from (¢) of Theorem 1.2 we obtain that the first

proposition holds. By the same way if we consider the case ADyN = ADyN from (iz) of

Theorem 1.2 second proposition also holds. O
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Corollary 2.6. Let 8 be an involute of a. If «vis a general helix then (3 is biharmonic with respect
to connection.

Proof. If « is a general helix then we have 7/k = const. First derivative of this equality is

, , kK
KT —kT=0— — = — = const.
T T

From Theorem 2.5 we write

VE2+ 2 V2 +12=0 = k' 477 =0
kK
= — = —; = const.
T T

Again from Theorem 2.5 taking the equality /7 = const into account we get

A K2 2\ /2 2\
/-@(7( W4T —(/{2—1—7-2)) =0 and —7'(7( K1) —(/{2—1—72)) =0.
‘/K2+7'2 “/Ii2+7'2
This system yields that
VIZ 2\
(H—T)(i( ©4) —(f<;2—|—7'2)) =0
VK2 + 72
and we obtain k/7 = const. Hence the condition ADy N = 0 is satisfied. O

Corollary 2.7. Let 8 be an involute of o. If «v is a circular helix then (5 is 1-type of harmonic
with respect to connection.

Proof. If o is a circular helix then we have « = const and 7 = const. From theorem we have
—k(k? +72) = =Xk and 7(k? 4+ 7%) = A7. If we consider the case ADyN = ADyN, it is
clear that the involute curve f3 is of 1-type harmonic provided \ = x? + 72. O

Example 2.8. Given that the curve a(s) = %(coss, sins, s) be a circular helix. It is plain to
write the involute curve 3(s) as

B(s) = %(coss — (¢ — s)sins, sins+ (c — s)coss, ¢), ¢ € R.
It follows that W3 = (%)W and Hp = \%(—T—i—B) = DyN.

Taking the above theorems into account we can write the characterizations of the curve 8 through
the Frenet elements of « in the following cases.

1 1 1

. 1o 1 BPARVI
i) DN(/\W) Y DN (/\)W 0,
i) DL(1W) piw o (1)’W =0

N A A N A )

i) DNN 4+ DyN =0.

Conclusion Writing differential equations and defining the harmonicity of a curve in Euclidean
space are well known. From this point of view, by taking the advantage of properties of con-
nected curves we derive the necessary conditions and also clarify the differential equations of
involute of a curve in terms of the Frenet apparatus of the main curve. We wish this work inspire
the scholars to make scientific studies in non-Euclidean spaces.
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