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Abstract Inspired by certain study of recursion formulas involving multivariable hypergeo-
metric functions [14, 15, 16, 17, 18, 22, 23]. In this article, we introduce five new quadruple
hypergeometric functions together with their regions of convergence and then we establish cer-
tain recursion relations for these new functions. This enriches the theory of special functions.
The quadruple hypergeometric functions and results listed here are believed to be new.

1 Introduction

The multivariable multiple hypergeometric functions are highly significant in special functions
theory, used in a wide range of applications, such as integral representations, generating func-
tions, recurrence relations, finite and infinite sums, analytic continuation, asymptotic behaviour
and some special formulas (linear transformation, quadratic transformation, decomposition, re-
duction, limit and differentiation (see, e.g., [1, 2, 3, 4, 5, 6, 7, 11, 20, 21, 25] and elsewhere).
Besides from these studies, they are also utilized in theories such as perturbation theory (in nu-
merical analysis) and quantum theory (in modern physic) [10, 13]. In [5], Exton presented twenty
one complete hypergeometric functions in four variables denoted by the symbols K, K>, ..., K»;.
In [11], Sharma and Parihar defined eighty three complete quadruple hypergeometric functions,
namely F1(4), F2(4>, ceny FS(;). Bin-Saad and Younis [4] presented thirty new quadruple hyperge-

ometric functions given by X 1(4>,X2(4>, ...,X§3). In [15], the authors discovered the existence
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of twenty additional complete hypergeometric functions in four variables Xé s Xy, Xy

Each quadruple hypergeometric function in [4, 5, 13, 17] is of the form:

> ™ y™ 2P ud

X<4)(): Z QU”’JLI%Q)EW??v

m,n,p,q=0
where Q(m, n, p, q) is a certain sequence of complex parameters and there are twelve parameters
in each series X () (eight a’s and four ¢’s ). The Ist, 2nd, 3rd and 4th parameters in X 4)(.)
are connected with the integers m, n, p and g, respectively. Each repeated parameter in the series
X@ () points out a term with double parameters in Q(m, n,p, q).
For example,

X(4)(CL1 ,a1,az,0a2,0a3,a3,0a4, a5),

means that: (a1)m+4n(a2)p+q(a3)m+n(as)p(as), includes the term.
Similarly,
X(4)(a’17 ap,ay,az,a, ay,az, Cl3),

points out the term (a1)2m+2n+p(@2)p+q(a3)qs
and

4
X >(ahal,az,az,al,%,az,w),

shows the existence of the term ()24 (a2)2p+4(a3)n(asa)q. Thus, it is possible to form various
combinations of indices. There seems to be no way of establishing independently the number of
distinct Gaussian hypergeometric series for any given integer n > 2 without stating explicitly all
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such series. Thus, in every situation with n = 4, one ought to begin by actually constructing the
set just as in the case n = 3 (see [18]).

By using the conventions and notations above, we define the following quadruple hypergeometric
functions:

@ . .
]Oo(alaala az, az, ai, as, az, a4;C1,C2,C1,C2, T, Y, Zvu)

_ i (a1)2m+n(a2)2p+q(a3)n(as)q 2™ y" 2P u?
B — (Cl)m+p(32)n+q m! n!plq!’
1 1
‘x|<17|y|<lv|z|<17‘u|<l ) (11)

@ . .
101(@1,@1, ap,az,ar,as,az,a4,C1,C2,C2,C1,2,Y, z,u)

— i (al>2m+n(02)2p+q(a3)n(a4)q ™ y™ 2P ul )

m,n,p,q=0 (Cl)m+q(02)n+p m! n! p' q' s
1 1
\x|<z,|y|<1,|z\<17‘u|<1 , (1.2)
ng%(al’alaazvaz,a1,a3,a2,a4;c,c, €, G T, Y, 2, u)
= i (al)2m+n(a2)2p+q(a3)n(a4)q m iflq
m,n,p,q=0 (C)m+n+p+q m! n! p! ¢! s
1 1
o] < 2o lyl < Llel < 3o ful < 1), (1.3)

@ . .
103(0,1,611, ap,az,ar,a,as, a3, C1,C2,C3,C4,2, Y, Z7U)

= i (a1)2m1n(a2)n1p1q(a3)prq ™ Y™ 2P u |

(ct)m(c2)n(c3)plca)g  m!nlplql”

m,n,p,q=0
1
‘$| < 17 |y| < la |Z| < 17 ‘u| <1 ) (14)

@ : :
1()4(a‘l7a]?a27a25 ap, az,as,as3; C1,C€,62,63,7,Y, Z,'U/)

_ i (a1)2m+n(a2)n+p+q(a3)17+q ﬁyinfufq
(@)min(c2)ples)g — minlplgl”

m,n,p,q=0
1
(1ol < 3ol < Llal < Ll <1). (1.5
where (a),, is the well-known Pochhammer symbol given by

1, (n=0)

ala+1)..(a+n—1), (neN:={1,2,..})

I'(a) is the well-known Gamma function defined by
I(a) = / et 1dt, (Re(a) > 0).
0

Many authors have investigated several recursion formulas involving classical hypergeomet-
ric functions. In [8], Opps et al. introduced the recursion formulas for Appell’s function F> and
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gave its applications to radiation field problems. Wang [16] presented the recursion formulas
for Appell functions F1, F5, F5 and Fy. Sahai and Verma [9, 12] established the recursion for-
mulas for Lauricella’s triple functions, Srivastava hypergeometric functions in three variables,
k-variable Lauricella functions and the Srivastava-Daoust and related multivariable hypergeo-
metric functions. In [10, 11, 17], it was given the recursion formulas for Srivastava general triple
hypergeometric function, Exton’s triple hypergeometric functions and certain quadruple hyper-
geometric functions. In this paper, we aim to establish certain recursion formulas related to the

functions X'¥ (i = 100, 101, ..., 104).

In the following, some abbreviated notations are used in this paper. We, for example, write:
-Xl(gz) for the function ng()) (a1,a1,a2,a2,a1,a3,a2,045C1,C2, CL, C23 T, Yy 2, ) -
'Xl(gz)(ag + n) for Xl(gg) (a1,a1,a2 + nyaz + n, a1, a3, ap + 0, a4;¢1,C, €1, C23 T, Yy 2, 1),
*The notation X 1(32)(“2 + n,c; + np) stands for:

(4) . .
Xloo(a],al,az—i-n,az+n,a1,a3,a2+n,a4,C],02—|—n1,cl,cz+n],x,y,2,u),etc.

2 Main Results

Here, we establish the recursion formulas for the functions X 1%()), X 1(3)1» ey X 1(321- Throughout the

paper, n denotes a non-negative integer.

Theorem 2.1. The following recursion formulas hold true for the numerator parameter ay, ay,
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az, a4 ofthe ngg)
2r «—
Xig(ar +n) = Xig + o S (a1 +m)X{gh(ar + 1+ ni,e + 1)

n|:1

+ 48 Z X (a1 +n1,a5+ 1,00+ 1), 2.1)

n;=I

2z
Xl(gz)(al —-n)= Xl(g)o o Z(al +1 —nl)ngg)(al +2—ny,c+1)

’rL1:l

_Yyasz Z X100 ar+1—ny,a3+ 1,0+ 1) 2.2)

n11

27 —
Xig(az +n) = X{g + o > (aa+ n)Xigp(az + 1 +ni e +1)

ni=1

+ = i:Xl(gz)(az—l—m,m—l—l,cz—l—lL 2.3)
=1

Xiibaz =) = X~ 2 3 a1 - )Xl (an + 2 s +1)

ni=1

_ K Z X®(a+1—npa5+1,¢0+ 1), 2.4)
ny=1

ngg<a3+n)zx§og+% ZXIOO ai +1,a3 4+ ny, ez + 1), 2.5)
=1

XMz —n) = x{f) - ¥4 Z Xigh(ar + Las + 1 —np e+ 1), (2.6)
=1

X3 (ag +n) = X\o) + @ Z X@ (a2 + a5 +n1,00+ 1), 2.7)
ny=1

XW g —n) =xll - 12 Z X\ (a2 + 1ag + 1= np e+ 1), (2.8)
=1

Proof. From the definition of the hypergeometric function X {g()) and the relation

2
(a1 + Domrn = (a1)2m+n(1 + L:l + a1> (2.9)

we obtain the following contiguous relation:
X (ar+1) (2.10)

2z a
= x4 ?l(al F U)X +2, e+ 1)+ &Xfog(al tlLas+1l,ea+1).  (211)

To obtain a contiguous relation for X 1(32)(01 +2), we replace a; — ay + 1 in (2.11) and simplify.

This leads to
2

2
Xl(g%(a,] +2) =X+ cill Z(a] —I—n])Xl(g())(a] +n+1, ¢ + 1)
’I’L]=1

+ Y8 Z X% (ar + 01,03+ 1,00+ 1). (2.12)

n;=I
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Iterating this process n times, we obtain (2.1). For the proof of (2.2), replace the parameter
a; — a; — 11in (2.11). This gives

2x
=X-"a X ar+1,e+1)— yc;Xl(O())(ag—i—l a+1). (213)

(4
X 10())(‘11 -
Iteratively, we get (2.2).
The recursion formulas from (2.3)-(2.8) can be proved in a similar manner.
O

Theorem 2.2. The following recursion formulas hold true for the numerator parameter a3, a4 of
the X 1(32):

100(a3 +n)
n
( 1) 10())((11 +ny,a3 +ni, ¢ +ny), (2.14)
ni<n
4
Xl(oz)(% —n)
— ny
- Z (n)(al)n'(y)Xfé)o(al +n1, ¢ +n1), (2.15)
ni<n m (CZ)nl
Xigo(as +n)
= (:)m(z)n)'ungé(az+n1,a4+n1,02+nl), (2.16)
ni<n 1 C2 )n,
4
Xfo%(azx —-n)
= (")Wng)o(a2+nl, e+ m1). 2.17)
ny (62)n1

ni<n

Proof. Using the definition of X Egz) and the relation

n
(a3 + 1), = (ag)n(l n a—z), (2.18)
we get
X (as+1) = X + @X&x’)(al Flas+ e+ 1), (2.19)

Replace a3 — a3 + 1 in (2.19) to get

a
Xl(g())(a3+2): 1(02)"' 1yX1(0<))(<11-i-1 az+1,¢c1 + 1)

1
4 1y [Xl(oz)(al +La+1l,e+1)+ (a1 + 1)y X1(02)(a1 +2,a0+2, ¢ + 2)} (2.20)
2 (62 + 1)
Simplifying, we get
2a
X{ih(as +2) = 1(02)+ Y Xi(a +1, a3+ 1, e +1)
1 (CEL)Q)Z’ X\ (a1 +2, a3 +2, &2 +2). 2.21)
2)2

Iterating this process n times, we get (2.14). Proof of (2.15) is similar.
By using Pascal’s identity, the recursion formulas (2.14) and (2.15) can also be proved by an
induction method. O

The recursion formulas from (2.16)-(2.17) can be proved in a similar manner.
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Theorem 2.3. The following recursion formulas hold true for the denominator parameter cy, c;

of the X](g)o.'
4 4
Xfoé(@l —n)= Xfo%
Y I @
X 2 2 —
; (c1 —ni)(ci +1—mny) joo(ar +2, c1+2—mny)
z": ! X (@ +2,¢1 +2—mnyp) (2.22)
— (et —np)(er + 1 —mny) 10 ’ ’
4 4
Xl(oz)(CZ -n)= Xfog)
1 o)
X 1 1 2 —
Hmy; (e e+ 1y ol Fhos et 2 o)
1 4)
X 1 1 2 —ny). 2.23
+a2a4u7; o= i=m) lolaz +1, a5 +1, 2+ ny) ( )
Proof. Using the definition of the hypergeometric function X fg()) and the relation
1 1 m P )
= 1+ + , (2.24)
(Cl - 1)m+p (Cl)m+p ( c—1 c—1
we have
Xioer = 1) = Xigh+ UL x(E 0 42,0+ 1)+
Cl(Cl — 1)
(a2)2z ()
—X 2 1). 2.2
ale—1) toolaz +2, e1 +1) (2.25)

@ with the parameter c¢; — n for n times, we get (2.22).

Using this contiguous relation to the X,
The second recursion formula (2.23) can be proved in a similar manner O

Now, we present the recursion formulas for other hypergeometric functions from X fg)l -X 1(321'

We omit the proof of the given below theorems.

Theorem 2.4. The following recursion formulas hold true for the numerator parameter ay, ay,
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az, a4 ofthe Xf?))l N

X{g (a1 +n)

4
X1(0>1(a1 —-n)=
X{g (a2 +n)

4
X1(0>1(a2 —-n)

X{g) (a3 +n) =

4
X1(0>1(a3 —n)=
X{g(as +n) =

4
X1(0>1(a4 —n) =

2

T n
:Xl(g)l + o Z(al +”1)X§3)1(al +1+np,c+1)

n1:l

ya3 ZXI(OI a1+n17a3+1 02+1)

n]l

20 —
Xl(?))l T Z(al +1 _nl)Xl(g)](al +2—ny,c1+1)

’I’L]=1

a
) E X100a1+17n1,a3+102+1)
ni=l1

n

2z
= Xl(g)l + o Z(GZ +n1)X1(3>1(a2 +1+n,+1)

n1:1

ua4 Zle ap +ny,aq+ 1,01 + 1)

’I’L]l

2z 4
:X(“Lij 1—n) X (@ +2 - 1
o1~ (a2 + n1) X g (a2 + ni, e+ 1)

n;=I

ua4 ZXIOI (12+1 n17a4+1 C1 —‘rl)

n11

a
1(0)1+&ZX10] a;+ 1,a3 +ny,c0 + 1),

’I’L]l

Xl(g)l ya; ZXIOI a; + 1, a3+1—n1,02+1)

n;=I

ua
X1(0)1+7]2 ZXIOI a2+1 a4+n1761+1)
ny= 1
P Z X (a2 + a4+ 1—ny, e +1). (2.26)
ny= 1

Theorem 2.5. The following recursion formulas hold true for the numerator parameter asz, aq of
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the X f?))l :

101(‘13 +n

)
n\ (a1)n
( ) Uiy X,m(a1+n1 a3 +mny, ¢ +ny),

c
ni<n m 2 i
101(“ —n)

n al 4

( ) (@) ()™ fo)l(a1+n1702+n1)7

ni
ni<n
101(‘14 +n)

n az

n] 10)1(a2+n1,a4+n1,c1+n1)

nl Cl ny

n1<n

X1(0>1(a4 —n)

=> (:)WXSNGNL”M ¢ +ny),

(2.27)

(2.28)

(2.29)

(2.30)

Theorem 2.6. The following recursion formulas hold true for the denominator parameter cy, c;

of the Xl(g)l:
4 4
Xigr(er = n) = Xjo1+
n 1 .
(@022} e 7 Ty Y@ 2 et 2=
n1:l

1

x® 1 1 2
a2a4uz (et —m1)(c1 +1—my) 101(a2+ et hat ),

ny= 1
4
X1(0)1(02 -n)= X1(0)1 +

xW 1 1 2
alaSyZ(cl—nl cl—Fl—n) o1 (@1 + 1 as+1er + )

n|1

Z" 1 4)
X 2 2 — .
* @)z (e1 —=ni)(er + 1 —my) ton(02 2,2 ™)

n1:1

(2.31)

(2.32)

Theorem 2.7. The following recursion formulas hold true for the numerator parameter ay, ay,
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az, a4 ofthe Xf?))Z

2 —
Xigy(ar +n) = X[ + = 3" (a1 +m)Xpar + 1+ nc+ 1)

n;=1

+LZ3 ZIX](g)z(a1+n1,a3+1,C+1),
n|=
4 20 4
4
Xfo)z(al—"):Xfo;—j S (a4 1=n)X{g(ar +2—np,c+ 1)

711=1

- % Z ng())(al +1-npa3+1,c+1),
TL]:]
27 &
Xigh(az +n) = X[ + = 3 (a2 + m)X{gh(az + 1+ mpc+ 1)

n1:l

n
uas § xld
— X 1 1
+ c : topla2 +n1 a8 +1,¢4 1),
ny=

n

2z
Xigp(az —n) = X{3) - - Y (e +1-n)X (G (a2+2—ni,c+ 1)
n;=1
_ % Z ng)z(ag +1—-nj,as+1l,c+1),
nlzl
4 yay - 4
4

Xig(as +n) = Xig) + - > X (ar + 1as +ny, e+ 1),

n1=1

Xipp(as —n) = Xfgy = 75 37 Xigy(ar + Las + 1 —my.e 4 1),

ni=1

ua n
Xig(as +n) = X|g) + 72 3" Xig(az + 1,08 +ng e+ 1),
n1:l
Xip(as —n) = X{g) — % > X (ay+ a5 +1—ny,c+1). (2.33)
n|=1

Theorem 2.8. The following recursion formulas hold true for the numerator parameter asz, aq of
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the X fg)z

102(‘13 +n

)
n n
( ) Y Xloz(al—i—nl,ag +n1, ¢+ nq),

ni<n g

102(6“ n

)
n a
( ) ) f?);(a1+n1,c+n1),

n
ni<n

1()2(a4+”)

n
( ) 102(a2+n1,a4+n17c+n1)
ni<n

Xl(o)z(a4 -n)

=> <n>(a2)nl(_u)mxfgi(a2+m7 c+mp).

ni<n n1 (C)nl

(2.34)

(2.35)

(2.36)

(2.37)

Theorem 2.9. The following recursion formulas hold true for the denominator parameter c of

the X fé)z

4 4
X{pp(er —n) = Xg)

- ! @
F@)e Y e Ty X 2 e 2mm)

’rL1:l

- I 4)
X 1 1 2 —
o 2 e Ty Ve s et 2mm)

n1:1

- I (@
X 2 2—
+(a2)2zz S T — a2 +2,¢c+ ni)

ni=I

1

4)
+a2a4uz o1 )Xloz(a2+l,a4+l,c+2—n1).

nll

(2.38)

Theorem 2.10. The following recursion formulas hold true for the numerator parameter ay, ay,
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a3 of the X{g;:

27 —
X{gy(ar +n) = X{g) + . 3" (@ + )X (ar + 1 +n1,01 4+ 1)
1

n|=1

Yar x~ ()
— X 1 1
+ p Z los(ar +np,a2 + 1,60+ 1),

n1:l

Xig(ar —n) = X[ - o S (a1 - ) X{h(ar +2 - niye + 1)

n1:l

_ v ZXIOO ar+1-nia+1,c+1),

77,]1

a
Xigp(az +n) = X{g) + ﬂ Z X103 ar +1,a2 +ni, 2 +1)

n;=1

aZ
B2 ZXIOS ap+ni,a3+1,¢5+ )

'nll

a%u Z X103 ay +ny,a3+ 1,¢c4 + 1)

’I’L]l

a
Xl(gg(@*”) :Xl(g; oy Z X103 ar+1la+1-n,c0+1)

n;=I

- B ZXS% a+1—ny,a3+ 1,3+ 1)

ny= 1

- B me (a2 +1—np,a3+ 1cs+ 1),
n|= 1

zayn

Xio(as +n) = X{g) + o Z Xiop(az + 1,03 +ny,e3+ 1)

nll

ua2 ZX103 (ap + 1, a3+n1,04+1)

ny= 1
zZa
Xl(g;(ag —n) :Xl(g; 2 Z X103 a2+1 az+1—nq,c3+ 1)
n|= 1
—@ZX&B (a2 + 1a3 + 1 —ny,ea+ 1), (2.39)

n;=I

Theorem 2.11. The following recursion formulas hold true for the numerator parameter ap, a3
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of the X {g% :

n a1 )n, \ A3 )n,4n T yM29, 13
Xl(gé(QZ‘f‘n): Z ( )( D (63)ny4msy

N3<n NI,TLQ,'I'L?, (02)711(03)”2(04)"3
X Xl(é%(al +ni,az + N3, a3 + np +n3, ¢ + 11,63+ ng, ca + n3), (2.40)
n 01 ), (A3)nytns (—y)™ (—2)2 (—u)™
M= (1Yl Con a))
NA< n17n2)n3 (62)n1(63)n2(04)n3
3ISNn
x ngé(al +ny,a3 +na +ns, ¢ +ni, ez 4+ no,ca +n3), (241
X% (a3 +n) =
ny1,,MN2
> < n )M)szuX;gg(aﬁm,cﬁm,cﬁnz), (2.42)
m<n ny, N2 (03)’ﬂ1(c4)’ﬂ2

4
XI(O;(CB —n)=

n O (a2)n, (=2)" (—u)™ @)
E X N . 2.4
<n1 ) n2) (CS)m (04)n2 103(&2 et n2) 4

ni<n

where N3 = n; + nay + nsz, N = n; + no.

Theorem 2.12. The following recursion formulas hold true for the denominator parameters cy,
e, c3, ¢4 Of the Xl(gg :

4 4
X1(0>3(Cl —n) :X§0)3+
= 1
(ar)az CETH R — X ar+2=n1, 0 +2—my), (2.44)

ni=1

4 4
X1(0>3(02 —n) = X§0)3 +

n 1 @
X 1 1 2 — 2.45
a]azyzl (CZ_nl)(CZ+1—nl) 103(a]+ 7a2+ 702+ nl), ( )
n|=
4 4
X1(0>3(C3 —n) :X§0)3+
- ! @
X 1 1 2 — 2.46
a2a3zz (Cl—nl)(01+1_n1) 1()3(a2+ 7a3+ 7C3+ Tl])7 ( )

n;=I1
4 4
X1(0)3(C4 —n)= X§0)3 +

- 1
axa3u Z (o —n)(e +1=n1)

ni=1

XO(aa+ Laz+1ea+2—m). (247

Theorem 2.13. The following recursion formulas hold true for the numerator parameter ay, ay,
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a3 of the X{g}t:

Xl(gi(m +n)= Xl(gl + 26% zn:(al +n1)X1<32‘(a1 +14+ny,c+1)
ni=1
+% ingi(al—l—nhaz—i-l,cl—i-l), (2.48)
n;=1
Xih(or —m = Xl - 2 S (1 - )X (@ 42— e 4 1)
n;=1
_ yar ZX104 ar+1—ny,ar + 1, Cl-l-l) (2.49)
ni=1

a
X\ (a2 +n) =X{031+#y Z X® (a1 +1ap+n1,e1 +1)

n;=1

az
a3~ ZX1040,2—|—TL1,&3—|—102+ )

nll

azu Z X103 az +ny,a3 + 1,c3 + 1), (2.50)

’I’L]l

a
XW(ay—n) = x{f) - 4 Z X (ar+Las+1—np, e +1)

n;=I

X ZX104 (aa+1—np,a3+ 1,0+ 1)

nll

_azu Z X104 ay+1—ny,a3+ 1,c3 + 1), (2.51)

n|= 1
zZQ
Xioh(as +n) = X3 + *2 Z Xioh(az + Lag +ny, e+ 1)

nll

+ =2 S X (ar+ Loas +mr.es + 1), (2.52)
3
n]:l
zZa
Xl(égl(a3_n):X1(gz)1 <42 ZX“M a2+1 ag+1—n1762+1)
n|= 1
f@ZXfm (a2+1,a3+1—np,c3+1). (2.53)

n;=I

Theorem 2.14. The following recursion formulas hold true for the numerator parameter ap, a3
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of the X{gi:
X (a2 +n)
= Z < n ) (CL])"I (a3)n2+n3ymzn2un3
ni,n2,n3 (1) (€2)ny (€3)ns

N3<n
X ng‘)‘(al +n1,a2 + N3, a3 +ny +n3, ¢ +n, ¢ + g, c3 +n3), (2.54)
4
X1(04)1(‘12 -n)
= Z ( n )(al)nl(a3)n2+n3( y) 1( ) 2( u)nz
i Az (e (@2)ma(es)n,
x ngi(al +n1,a3 + 12 +n3, ¢ +np, ¢ +n2, 3+ n3), (2.55)
Xl(?)é)l(GS +n)
ny,,ny
> ( . >(G2)N22uXl(ézt(“HNz’cﬁnucwnz), (2.56)
Nr<n ny, 2 (Cz)nl(c3)n2

4
X1(04)1(a3 -n)

)\ ) ™2
_ Z ( n )(GZ)Nz( Z) ( u) Xl(?)zt(GZ + Na, ¢ + 11,03 +n2) (257)
Nyn \1: T2 (c2)m (€3)n,

Theorem 2.15. The following recursion formulas hold true for the denominator parameter cy,
e, c3 of the X fgz:

104(01 —n)= 104+
(a1)22 nzn: ci —n1)(011 +1—mn) Xl(g‘)t(al F2-myat2-m)
+a1a2y;l e nl)(cll—0—1 )Xl(gz)l(a1+1,a2+1cl+2—n1), (2.58)
Xigh(e2 =) = X[y +
azazyi (CZM)(CIQHm)Xféé(a2+1,a3+1,cz+2—m), (2.59)
=
Xioa(es = n) = Xjgu +
azaguzn: e nl)(cll—l—l )Xl(gz(a2+l,a3+1,C3+2—n1). (2.60)

n|1

3 Particular cases

4
If we set z = v = 0. Then Xfo)l(al,al,az,a27a1,a3,az,a4;cl,cz7cz,cl;x,y,z,u) reduces to
. . . 4
Horn series Hy(ay,as3; ¢, cp;x,y) defined in [21]. So the recursion formulas of X 1(0; reduces to

recursion formulas for Horn series Hy (a1, az; 1, c2; z, y).
Following abbreviated notations are used in this section. We, for example, write Hy for the
series Hy(a1,a3;c1,c2;,y), Hy(ay + n) for the series Hy(a; + n, asz;c1,c;x,y) and Hy(a; +

ni, c1 + ny) stands for the series Hy(a1 + n1,as; ¢ + na, c2; 2, y).

Theorem 3.1. The following recursion formulas hold true for the numerator parameter a, of the
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Horn’s series Hy :

n

2
Hylay +n] = Hy + c—x Z (a1 +m1) Hylar + 1 +ng, c1 + 1]+
1

n|=1
f%EEZIﬂhl+m,q+l¢a+ﬂ, 3.1)
2
ni=1
21 —
H4[a1—n}:H4—ZZ(a1+1—n1)H4[a1+2—n1,cl—l—l]—
n1:1
asy .
— Hylay+1—ny, e+ 1, 0+ 1]. 3.2
- n]z:% 4lay 1, C1 2+ 1] (3.2)

Theorem 3.2. The following recursion formulas hold true for the numerator parameter az of the
Horn’s series Hy :

m@+m:m+%ﬂZHmﬁm@+mq+m (3.3)
1

’I’L1=1
H4[a3fn]:H4facliyZH4[CL1+1,CL3+17711761+”. (3.4)

n1=1

Theorem 3.3. The following recursion formulas hold true for the numerator parameter az of the
Horn’s series Hy :

n ny
Hylaz +n] = Z (Z)WH4[a1+n17a3+n1,61+n1], (3.5)
n;=0 1
H4[a3 —n] = Z (:1>(al)(nc]1()_y)H4[a1 +np,Cy —O—nl}. 3.6)
n;=0 1

Theorem 3.4. The following recursion formulas hold true for the denominator parameters cy, c;
of the Horn’s series Hy :

H4[61 — n] = H;+

- 1
H, 2 2— 3.7
<a1)2le (cr—n)(ar+1—mg) dor 2 e+ ml; 3.7)
ny=
" /n (a1)an, ™
Hylep —n] = — O 2 .
a[cr —nl nz::O (m> NN alar + 2nq, ¢ + ng), (3.8)
H4[Cz — n] = Hy+
- 1
ay a3y Zl CETNICEa Hylay + 1,a3+ 1, o +2 — ny], (3.9)
ny=
H4[Cz — n] = i " M H4[a1 +mny,a3 +ny, cp + nl]. (3.10)
— \"u (c2)n, (c2 = 1), 7 ,

Similarly, certain particular cases leading to recursion formulas of certain hypergeometric
function of one, two and three variable hypergeometric series.
4 Conclusion

This paper is to obtain recursion formulas for some hypergeometric functions of four variables.
Also, some interested particular cases and consequences of our results have been discussed.
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Within such a context, new hypergeometric functions of four variables structures emerge with
wide possibilities of applications in physics and engineering. Therefore, the results of this work
are variant, significant and so it is interesting and capable to develop its study in the future.
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