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Abstract In this paper we define the Laplacian and signless Laplacian degree product dis-
tance matrix from the well known degree product distance matrix. Further we define Laplacian
degree product distance energy and signless Laplacian degree product distance energy. We ob-
tain the Laplacian degree product distance energy and signless Laplacian degree product distance
energy of some graphs of diameter 2.

1 Introduction

All the graphs considered here are finite simple, connected and undirected.Let G be a connected
graph of order n,the degree of a vertex is the number of edges incident on it and the distance
between two vertices is the length of the shortest path joining them.

The concept of distance valency matrix was introduced in 1999 by O.Ivanciuc [1].The dis-
tance valency matrix for a simple graph G of order n is defined by, Dval(p, q,7) = Dval(p, q,r, G)
as a square n x n matrix with entries [Dval(p, ¢, r)];; given by,

[Dval(p,q,r)lij = djvalival}, ifi # j
= 0,ifi=j
where d;; is the distance between vertex v; and v; and val means valency or degree of the vertex

with p,q and r being real numbers. Molecular matrices A, D, RD, Dval(—1,1,1), Dval(-2,1,1),
Dwal(—2,0,0) have been already discussed. We have discussed Dval(1,1,1) in [2] as DPD(G).

The Zagreb index was first introduced by Gutman and Trinajstic as , M;(G)=Y" _,, d(v)*.For

more details one can refer [3],[4], [5].

veV

Several results on Laplacian energy of graph G are reported in the literature [6],[7],[8]. Re-
cently signless Laplacian energy is studied in the literature [9],[10],[11]. We consider the ab-
breviation for Laplacian degree product distance matrix as Lpppys, Laplacian degree product
distance energy as LEppp, signless Laplacian degree product distance matrix as Q pppas, and
signless Laplacian degree product distance energy as, QEppp. In this paper we define the
Laplacian degree product distance matrix as, Lppp(G) = D*(G) — DPDM/(G) and signless
Laplacian degree product distance matrix as, Qppp(G) = D*(G) + DPDM(G), where D*(G)
is square of the degree matrix of G.

The following hold for Lppp(G) and Qppp(G).

+ Since the matrix Lppp(G) and Q ppp(G) are real symmetric, their eigenvalues are real.

+ The sum of eigenvalues of Lppp(G) or Qppp(G) is first Zagreb index of G,since
traceLppp(G)=traceQppp(G) = > 1, d3.
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o If 3; and ~;, i=1,2,3 . . . n. are eigenvalues of Lppp(G) and Qppp(G) respec-
tively then they can be arranged in non-increasing order as 8; > 3, > ... > [, and
MZ7 2 2 Tn-

Definition: Let G be graph of order n and size m.If avd?(G) denotes average square degree of

1 4 (G)

a graph given by, =1 , then analogous to usual Laplacian and signless Laplacian energy

n
we define the Laplacian and signless Laplacian degree product distance energy as,

m? — 2Zi<j did; |

n n 4
LEDPD(G) = Z ‘Bz — avdZ(G)\ = Z ‘Bz -
i=1 i=1

n
and )
n n dm* -2 _.did;
E _ o 2 _ o 1<J J
Q DPD(G) Zz:; |% avd (G)l Zz:; |’Yz n |
.9
The average square degree of G is 5= 4.5
Example: For the graph G given below,
1 -3 -4 —4 1 3 4 4
-3 9 -6 -6 39 6 6
L G) = G) =
pro(G) 4 -6 4 -4 Qorp(C) 4 6 4 4
-4 -6 -4 4 4 6 4 4
Laplacian degree product distance eigen- signless Laplacian degree product dis-
values are 5, = 14.1155, 5, = 8, B3 =| tance eigenvalues are v, = 19.0609,
5.0233 and B4 = —9.1388 vo = 1.4842, v3 = 0 and 4 = —2.5451
LEppp(G) = [14.1155—4.5|+[8 —4.5|+ ?fgljéfﬁz)j |41?5.|0—6F0|94; 152| ;'541"? _
|5.0233 —4.5| 4 14.5+9.1388| = 27.2776 2'9 1215 ' ' '

2 Bound on largest signless Laplacian degree product distance eigenvalue

Proposition 2.1. The largest signless Laplacian degree product distance eigenvalue is bounded
above by,

M -1 1 1
Mm<—+ \/n M + M{(— — =), where
n n n

n

M=) "d+ Y (did;d;)?
i=1 i=1

j=1
with d;j = d(v;,v;), My = M\(G) first Zagrab index of G.

Proof. The trace of Qppp(G)is > v = Y. d7 = M so that, > 5y = My — v, >\ 77 =
traceL}, pp = M we have, 73 + Y 572 = M, Y 02 = M — +3,

(35 7i)? < (n = 1) 35 7,

(M)~ 1) < (n— DM ),

M2 =2Miy +7v < (n—1)M — (n— 1)+,

ny; —2Mivi < (n—1)M — M3,
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2M, n—1 M?
- 71§( ) -1,
i 2 1n M, M?
2M, M —
71—7]71+%Sn M—fl-l—le,
n n n
M, \/nl 1 1
- M + M?
m - n + 1(nz n)
M 1 1 1
Hence,7]§—1+ (—2 —). 0
n n

Since the largest Laplacian degree product distance eigenvalue of any matrix is smaller than
largest signless Laplacian eigenvalue, the above bound also holds for Laplacian eigenvalue.
For the graph G in figure 1; n =4, M| = 18 and M = 514 giving v, = 15.7852.
M -1 1 1
‘+\/ e fﬁ)—2252083

Obviously for a graph w1th maximum pendent vertices such as star bound is close. For the graph
Kiq4mn=1,M; =20and M = 436 giving v; = 20.6788.

Ml + \/ ! 1(i2 ~ Ly — 208760184,
n n

Corollary 2.2. If G is a r-regular graph of order n, then

—1 1 1
o §r2+\/”M+r4(2—).
n n n

1
For cycle C),, r = 2 bound becomes y; < 4 + \/M + 16(— — E)
Solving for M; we have bound for first Zagrab index in terms of eigenvalues of Qppp given

by,
My <vyi+4/(n—1)377

Lemma 2.3. If A\j, Ay, ..., A\, are the eigenvalues of any matrix P of order n then the eigenvalues
of the matrix kI, = P are k £ A\, k + Xy, ..,k £ \,.

Lemma 2.4. Let a and b be two arbitrary constants, 1 is the identity matrix and J is n X n matrix
whose all entries 1's.If A = (a — b)I + bJ then the characteristic polynomial of A, is
N —Al=A—a+b" ' A—a—(n—1)b

Using Lemma[2.3] one can directly obtain the Laplacian and signless Laplacian degree prod-
uct distance eigenvalues from its degree product distance eigenvalues for a regular graph G.The
degree product distance energy is already discussed by the present authors in [2].

In general the Laplacian degree product distance energy and signless Laplacian degree product
distance energy are equal for a regular graph G.This is consistent with the equality of Laplacian
and signless Laplacian energy for regular graph G.

Hence we discuss graphs which are not regular.

3 LEppp of some graphs of diameter 2

Theorem 3.1. The Laplacian degree product distance energy of the complete bipartite graph
Ko is, LEppp (K n)=|mn—3n%(m—1)|+|mn—n+2n(m—1)|+|mn— B |+ |mn— B,
where 31 and (3, are the roots of the equation, [*> — (m? —2m?*(n — 1) +n? —2n%(m — 1))B +
(m? —2m?(n —1))(n* = 2n*(m — 1)) — m*n’] = 0.

Proof. In K, ,, m vertices have degree n and n vertices have degree m. The diameter being 2
the structure of the degree product distance matrix is,

nZIm — ZTLZA(Km) _anan
L Kon) =
prp(Kmnn) < —mndpxm m*I, —2m*A(K,)
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where J is matrix of all 1’s and A the adjacency matrix. The Laplacian degree product distance
polynomial is then given by,

— 03I, +2n2A(K,, mndmxn
|81 — Lppp(Kmn)| = (8 ) (Km) 2 " 2
mndy,xm (8 —m*)I, +2m*A(K,)
3,2 3,2
) . a2 m>n _ 2 m-n
Using Lemma 2.4 with, a = 8—m G- 1202 (m—1) and b = 2m B—n2+2m2(m—1)

|81 — Lppp(Km.n)|=[8—3n2""1B—n?+2n2(m—1)][8*— (m*—2m2(n—1) +n*—2n>(m —

1)B + (m? —2m?(n — 1))(n? — 2n%(m — 1)) — m?n?].

So that 8 = m+2m? (n— 1) times, n —2n? (m — 1) times and remaining two given by roots of,

(82— (m?—2m?*(n—1)+n>—-2n%(m—1))B3+(m*—2m?(n—1))(n> =2n*(m—1))—m3n3] = 0.
mn? + nm

Since the average square degree of K, ,, is “mtn = mn, theorem follows. O
m n

Corollary 3.2. If m = 1 we get star graph K ,, whose Laplacian degree product distance energy
is, LEppp(Ki,) = n? + |n — Bi| + |n — B, where 31 and B, are roots of the equation,
82— (n* —2n+3)B+ (n* —2(n— 1)n*> —n?)] =0.

Consider K,, + e and K,, — e graphs of diameter 2 obtained by adding or deleting an edge e
respectively from the complete graph K.

Theorem 3.3. The LEppp of K, +eis, LEDPD<Kn + 6):
_ _1)2 2 _ _1)2 2
|(n 2)(n—1)*+n +1—2(n—1)2|><(n—2)+|(n 2)(n—1)*+n*+1

- B +

n+12 , 5 ) n+1
n—2)(n—12+n2+1 n—2)(n—1)*+n"+1
=26y -yl |02 — Bl where By, 2 and By are

roots of the equation,[3* + ((n — 1)>(n —3) — (N> + 1))8> = (n — 1)*(n = 3)(n> + 1) + (n® +
4)(n—1)*)B+9n%(n—1)3] =0.

Proof. In K, + e one vertex having n degrees , one vertex having degree 1 remaining having
n — 1 degree then we get the matrix structure as,
Lppp(K, +e)=

n? -n —nn-1) ... —nn-1) ... —nn-1)]
-n 1 —2(n—-1) ... 2(n-1) ... =2(n-1)
—nn—1) 2n—-1) nw-12% ... —(n—1)? —(n—1)?
—n(n‘— 1) —Z(n‘—l) —(n'—l)2 (n—‘l)2 —(n.—l)2
_—n(n.—l) —2(11‘—1) —(n.—l)2 —(n‘—l)2 (n—.l)z ]

|BI — Lppp(Kn +e€)|=

B8 —n? n n(n—1) . mn(n-1) n(n—1)
n B—1 2(n—1) ... 2(n-1) ... 2n-1)
nn—1) 2(n—-1) B—(n—1)* ... (n—1)2 (n—1)>2
n(n‘f 1) Z(n;l) (n—.l)z 67(1;—1)2 (n;1)2

n(n‘f 1) 2(n;1) (n;l)2 (n;l)2 Bf(n‘fl)2

nin—1)Y5" ¢

Performing the operations, C} — B 1P+ (n—12n=2)

c 2(n -1 ¢y
2T B mn—12+(n—1)2n-2)
|BI — Lppp(K, +¢)|=

,wherei=1,2,..n.
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B2 n?(n—1)>2 3 2n(n —1)3
P+ m-2) T A D+ m-1)n-2)
. 2n(n —1)3 B—1- 4(n—1)*
B—(n—-1)+(n—-12n-2) B—(m—1)4+(n—1)2%n-2)

Laplacian degree product distance polynomial of Lppp (K, + €) is,

B — Lppp(Kn +€)[=[8 = 2(n— 12" 2 [3° + ((n = 1)*(n = 3) = (n? +1))8* = ((n — 1)*(n —
3)(n?+1)+ (n*+4)(n—1)*)B8+9n*(n— 1)3]. Extracting the eigenvalues and using the average
(n=2)(n—-12+n*+1

d =
square degree o

, theorem follows. O

Theorem 3.4. The LEppp of K,, — e is,

M—Z(n+l)2|x(n—3)+|

LEppn(Kn —¢)= |\ - W
(n-2)(n*-3)

—(n =2+
n—2)(n?—

=223 g4
2= ((n—1)*(n-3)+(n-2)>-(n—-1)2)B+(n—-2)%(n—1)>(n—4) -2(n—2)*(n—1)}] = 0.

Proof.The graph K,, — e is of diameter 2 and has two vertices with distance two remaining at
distance one. So that the Laplacian degree product distance polynomial of K,, — e is denoted by,

— Bal|, where 3y and B, are roots of the equation,

|81 = Lopp(Kn - e)| =[5 2(n+ 17" (B — (n = 2)][B% = ((n — 1)*(n = 3) + (n — 2)* -
(n—1)%)3+ (n 2) (n—1)%(n—4) —2(n —2)*(n — 1)?] = 0. Extracting the eigenvalues and
(n —2)(n*—23)

using the average square degree= , theorem follows. O

n

Noe we consider another pair of graphs of diameter 2.

Let K,, be a complete graph of order n then the vertex coalescence of K,, with K, will be
denoted by K,,0, K,, and the edge coalescence by K,,0.K,. K, O, K, has 2n — 1 vertices and
(2n)C; edges whereas K,,0. K, has 2n — 2 vertices and (2n)C, — 1 edges.

2(n—1)2+2(n—1)>

Theorem 3.5. The LEDPD OfK O Kl lS LEDPD(KWOUK ) ‘

2n — 1
o 2(n—1242(n-10° B 2(n—1)+2(n—1)}
2= [ 6(n— 12 x (n—3) +16, L=y
|82 — 2n - 1)2 + 21(n i) |, where 3y and (3, are the roots of the equation,
n—

B2+ (n—1)2Bn-9)8—4(n—1D*5n-7)]=0.

Proof.The graph K, 0, K, is of diameter 2 has two sets of vertices one at a distance 2 from each
other and other at 1.There is one vertex of degree (2n — 2) and remaining (2n — 2) of degree
2(n—1)>+2(n—1)3

(n—1). Since the average degree square of K,,0, K, is, avd*(K, O, K,) =

. With suitable labeling the Lppp of K,,0,K,, takes the form,
LDPD(KnOUKn)z

(2n —2)? —2n =12 —2n—1% ... —2n—12% —2n-—1)

n

—2n— 12 ... —2n—1)?
—2n — 12 ... —2n —1)?
—2n—12% ... —2n—1)?

—2(n — 1)2 (n—1)2 —mn—=1%2 .. —m=12  “2n-—1
—2(n — 1)2 —(n — ])2 (n — 1)2 e —2(n — 1)2 —2(n — 1)

—2n — )2 —(n —1)? [ (n —1)? —2n — 12 —2(n—12 ...  —2n—132
—2n — 12 —2(n—12  —2n—1% ... —2(n—1?2 (n — 12 —(n—1% ... —(n—1)?
—2n — 12 —2n—12 —2n—1% ... —2n—-12% —(n-1? (n — 1)2 L. —(n—1)?

T Y S S I S I . (n — L2

So that the Laplacian degree product distance polynomial of K,,O, K, is denoted by,

|BI — Lppp(K,O,K,,)|. Simplifying finally we arrive at

|5I - LDPD(KnOvKn)|=

[B—2(n—1D]"B—6(n—1)2"3[B%+ (n—-1)*(3n—9)8 — 4(n — 1)*(5n — 7)]. Using the

2(n—1)24+2(n—1)3
2n — 1

On similar lines we get the Laplacian degree product distance energy of K, O K.

average degree= , theorem follows.O
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Theorem 3.6. The LEppp of the edge coalescence of two complete graphs K, is given by,
22n —3)*+ (2n —4)(n — 1)?

LEppp(KnO.Kp)= | T —2(n—1)?| x (2n—6) +

|2(2n—3)2—|— (2n —4)(n —1)2 _Z(Zn_3)2|+|2(2n—3)2—|—(2n—4)(n— 1)? (17—
2n —2 2n —2

(n—1)3|—|—|61—2(2n_3) 45152112—4)(n—1) |+|62_2(2n—3) 45152112—4)(n—1) | where

B1 and B3, are roots of the equation, [3* + (n —1)2(3n — 8)8 —4(2n — 3)?*(n — 1)*(n — 2)] = 0.

4 QEppp of some graphs of diameter 2

We now state without proof results on Q Ep pp which follow on similar lines like LEp pp proved
in previous section.

Theorem 4.1. The signless Laplacian degree product distance energy of the complete bipartite
graph K,  is, LEppp(Kpm.n)= Imn+n?(m—1)|+|mn+m?(n—1)|+ |mn—y |+ |mn—"),
where ~, and 7y, are the roots of the equation, [y* — (2mn(m +n) —m? — n?)y + m?>n?(dmn —
2m —2n+ 1) —m*n?] = 0.

Corollary 4.2. If m = 1 we get star graph K, ,, whose signless Laplacian degree product dis-
tance energy is, QEppp (K1) = n—3(n—1)|+|n—2(n—1)(n—=2)|+ |n—y1| + |n — 72|,
where | and ~y; are roots of the equation, [y* — (n*> —2n — 3)y +3(n?> —n?)] =0.

Theorem 4.3. The QEDPD OfKn — e iS, QEDPD(Kn — €)=
n—2)(n*>-3 n—2)(n?>-3
=D ey 2D gy -

n
— 2 _
w\, where | and 7y, are roots of the equation, [v* — (3(n —2)?> + (n — 1)*(n —
n

2)y+ (n—1)*(n—-2)% =0.

Theorem 4.4. The QEppp OfKn + e is, QEDPD(Kn + 6)=
(n—2)(n— 1)2+n2+1_

n—2(n—-1)2+n?+1 n—2)n—-1)2%+n2+1
=201 ISR LT

-2 —1)? 241
Y|+ (n )(nn n )1 tni Y3|, where 1, 72 and s are roots of the equation, [y> + [(n* +

D+ (n=12n=2)12+[(n—1)*(n = 2)(1 = n)ly+n?(n — D¥(n - 2)] = 0.

—ml+ n+1

Theorem 4.5. The QEDPD OfKnOvKn is, QEDPD(KnOvKn):
2(n—1)*4+2(n—1)* 2(n—1)>+2(n—1)3 5

S e | P T (002 -
2 ( _ 1)3

2n— 1)+
—1
1)y +4(n—1)% =0.

2(n—1)>+2(n—1)3
2n —1

|+

|2 — 5 |, where 1 and , are roots of the equation, [y* — (n — 1)*(3n +

Theorem 4.6. The QEppp of K,O K, is given by, QEppp(K,0.K,) =
2(2n —3)2 + (2n —4)(n — 1)? y 2(2n —3)2 + (2n —4)(n — 1)?

| o [ (2n-5)+] o (=174 (-
202n —3)2 + 2n —4)(n — 1)2 202n —3)2 + (2n — 4)(n — 1)
R it b U N e L

and v, are the roots of equation, [y* — (3n> —4n? —9n —12)y+2(n—1)*(n—2)(2n—3)?] = 0.

5 Conclusion

We defined the Lppp and Qppp of a graph G, obtained expressions for energy of some graphs
of diameter 2.
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