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Abstract In this paper, we obtain some binomial sum formulas for (p, ¢)-Fibonacci and
(p, q)-Lucas quaternions, by using the exponential generating functions. By this way we ex-
amine formulas for Q2,,1r, Konir, " Qnirs P" Kntry Qmn, Kmyn and far more than these, where
Q. and K, are the n-th (p,q)-Fibonacci and (p, ¢)-Lucas quaternions, respectively with p, q
arbitrary nonzero real numbers.

1 Introduction

The (p, ¢)-Fibonacci sequence (U,,) = (U, (p, ¢)) and (p, ¢)-Lucas sequence (V,,) = (V,.(p, q))
are defined by

Uy = 07 U= 17 U, = pUn—l + qUn—Z (11)
and

Vo = 2;‘/1 =D, Vo :anfl +an72 (12)
for n > 2, where p, g are arbitrary nonzero real numbers. The terms U,, and V,, are called the n-th
(p, q)-Fibonacci and Lucas numbers, respectively. One can find properties of these sequences in

A
p+\rand

[5, 6, 7, 19]. The roots of the characteristic equation x? — pr—q =0 are a = 3

g VA
a 2
B2 —q=pB,a+pB=p a—pB=+Aand aff = —q. Moreover it can be seen that o" = a U, +
qU,_1 and " = BU,, + qU,,_; for all n € Z.
If A # 0, then Binet’s formulas for U,, and V,, can be given by

an_[@n
VA

for all n > 0. William R. Hamilton observed quaternions firstly in 1843. The group of quater-
nions are denoted as H. Although addition is closed and commutative, the quaternion multipli-
cation is not commutative over H. A quaternion ¢ is a hyper complex number of the form

, where A = p? + 4¢. Thus we can give the following properties; o> — ¢ = pa,

U, = andV, = a" + "

q=a+1ib+ jc+ kd
with real components a, b, ¢, d and basis 1,1, j, k, where
i?=j =k’=—-1,ij=k = —ji, jk =i = —kj, and ki = j = —ik.

The conjugate of quaternion q is defined as § = a — ib — je — kd in [8].
(p, q)—Fibonacci quaternion @Q,, is defined by

Qn = Un + iUnJrl +jUn+2 + kUn+37 n > 0

where U, is the n-th (p, ¢)—Fibonacci number and the (p, ¢)—Lucas quaternion K, is defined
by
Kn - Vn + iVn—H +jVn+2 + kVn+3a n > 0
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where V;, is the n-th (p, ¢)—Lucas number in [7, 9]. Moreover it is easy to see that

Qn+1 = an + QQn—l (13)

and
Kn+1 :pKn_Fqanla (14)

forn > 1.
Binet’s formulas for the (p, ¢)—Fibonacci quaternions @,, and (p, ¢)— Lucas quaternions K,
were discovered by lakin in [10]. For all n € Z,

aa” — B\Bn

Qn: Oé*ﬂ

and
K, = aa™ + gg"

where @ = 1 + i + jo?+ka3 and B = 1 + i8+j32+k3.

Quaternions are widely used in many researches as theoretical and application. For example,
in number theory, quaternions are used to prove Lagrange’s theorem which says that every pos-
itive integer is sum of at most four squares [13]. Quaternions are used to express the Lorentz
transform in special and general relativity in physics [3].

In computer graphics, programmers prefer to use spherical linear interpolation technique
based on all unit quaternions that form a unit sphere. By this method they can define the sequence
of rotations which affects the smoothness of the animation in computer games, that prevents
unnatural view, stucking or swinging widely [14]. Also quaternions are used in mechanics to
calculate movement and rotations.

One another application of Hamiltonian quaternion algebra is multi antenna radio transmis-
sion. Moreover the quaternions are widely used in control systems that guide aircraft and rockets,
in modern navigation programmes, besides in electric toothbrushes.

In this study we deal with the combinatorial part of quaternion algebra such as deriving
some sum formulas from exponential generating functions of generalized Fibonacci and Lucas
quaternions.

Ramirez proved Cassini’s identity for k-Fibonacci quaternions and gave a conjecture for
Catalan identity of k-Fibonacci quaternions, in [18]. Then Polatli and Kesim proved Ramirez’s
conjecture in [16]. Taking p = k and ¢ = 1 in the components of (p, ¢)-Fibonacci quaternion @Q,,
and (p, ¢)-Lucas quaternion K,, it is obvious that @,, and K, turn to k—Fibonacci quaternion
and k—Lucas quaternion, respectively.

In [2], Demirtiirk Bitim and Topal established Cassini’s identity for (p, ¢)-Fibonacci quater-
nions and (p, ¢)-Lucas quaternion counterparts of Cassini’s identity. Moreover the authors gave
generating functions of Q1 and K, .. These are the more general forms of the theorems
given in [18] by Ramirez and given in [16, 17] by Polatli and Kesim.

From this point of view, in this paper, firstly we obtained exponential generating functions
of (p,q)—Fibonacci quaternion @,, and (p,q)—Lucas Quaternion K,,. Actually Ipek in [11],
Patel and Ray in [15] gave these exponential generating functions. In [1], Cimen and Ipek
considered Pell quaternions () P,, and Pell-Lucas quaternions Q) PL,, which are the special cases
of (p, ¢)—Fibonacci quaternion @,, and (p, ¢)—Lucas Quaternion K, by takingp =2 and ¢ = 1

n n

in the identities (1.3) and (1.4). Moreover the authors proved sum formulas Z QPF;, Z QP,;

i=1 i=1

and i QPZi—l-
i=1

Then in [2], Demirtiirk Bitim and Topal established the general formula for Z Qi+ and
i=1

n
Z Kpitr. These formulas are also derived by Patel and Ray in [15]. In addition to this, they
i=1

gave the formulas
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n

n . ) i
Qnm, = Z < >qn ]FmJFm,—l ]Qj

=0 ™
and
n n ‘ _ ‘
Ko = Z <j>qn]FmJFm—1n_]Kj
=0

where m,k € Z, n > m > 0 and F,, is the (p,q)—Fibonacci number, by using induction.
We will prove these binomial sum formulas by using the exponential generating functions of
(p, g)—Fibonacci and (p,q)—Lucas quaternions. Moreover we obtain new sum formulas for
an+r and Kmn+r~

n n
Furthermore Ipek proved ZZ:(:) (?) q" Qa4 and Zz_; (?) (—1)'¢"'Q2i & sum formulas in
[11]. In this study we will give the following more general formulas

n

n
n s n s
E (i>q” ’pZQm,E (Z.)q” ‘D' Kiyr,
1=0 =0

2": (?) (—0)"™" Qaisr Zn: (7;) (—q)" " Kaiyr,

=0 =0

and,

S (1) @ 0200 3 (1) (@ Ui

i=0 i=0

2 Some Identities of Exponential Generating Functions

Firstly, in 1718, Abraham De Moivre used generating functions to determine the Fibonacci re-
currence relations. In 1948, J. Ginzburg proved Lucas’s (1876) formula

iFi:Fn-ﬂ_lv
=0

by using the generating functions. In 1967, V. E. Hoggatt, Jr. and D. A. Lind listed 18 various
generating functions of Fibonacci and Lucas numbers and some of their powers.
Then, R. T. Hansen [4] investigated

o)
j: n_F7rL+Fm—1I
Fm,+na7 - T 5

1—z—22
n=0
and
o0
n Lm + Lm,—lx
S Ly = Lot Lt
l -2 — 22
n=0
in 1972.
In this paper we consider exponential generating functions of (p, ¢) —Fibonacci and (p, ¢) —Lucas
> n X n..n
. N x . ax
quaternions. In short, we know that e* = Z — . Moreover it s easy to see that e** = Z
n! n!

n=0 n=0
Thus we can start by giving the known identities from [12], in Lemma 1 and Lemma 2.

ax Bx

Lemma 2.1. Let n € Z. Then £ -¢
a—f

F
generates the numbers —7 and
n!

L
e** + ¢f* generates the numbers —.
n:
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oo

Proof. Since e* = Z I

we derive the expected formula
n!
n=0

e _ e,Bm & F, N
P — E oz
a—f n!

n=0
by using the Binet’s formulas. In a similar way, it follows that

o0
e 4 P = Z &x"

n!
n=0

Lemma 2.2. Let A (x

O
Zan—andB x) = ll

Z by, —, where (a,,) and (by,) are any number
"l
sequences, then we obtazn

A@)B@) =Y [Z (7) b] - e
n=0 Li=0
and o
A@)B(-x)=Y [Z (T;) (—1)"_lanbn_11 = (2.2)
n=0 L:=0

Lemma 2.3. Let m,n,r € Z and © be any nonzero real number. Then the exponential generating
functions of the quaternions Q.+, and K+, are given by

0 " @aream:c _ Bﬂreﬁmm
D Quntry =
n! a—pf
n=0
and

(2.3)
Z me = aa"e™" " 4 fpre . 24)
Proof. If we consider Binet’s formulas, then we get
iQ o _ i oMt — Bﬂmn+r "
mETay a—pf n!
n=0 n=0
= aa’ - m n.l? Bﬁ7 = (Bm)nﬁ
a— 0 n!
n=0 n=0
_ &a” my B BB B
a—p a—p
é{a,’nea7nx _ B/BT [3’!77.1,
= "
and
> n
x
Z Kmn-&—ri‘ =
n!
n=0

Z [&amn+r 4 Bﬁm+r:| i'
o n.

o0

AT m\n z" Aar - m\n z"
= aa’ Y (a™)" BBy (B

n=0 ’ n=0 ’
aale®" T 4 BTl
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Theorem 2.4. Let n € N and r € Z. Then it follows that

. n n—i,.1
> <Z) P'Qisr = Qaniyr (2.5)
i=0

and

- n
> (Z) " Kt = Konso (2.6)

=0

Proof. If we use the fact that pa + ¢ = o? and pj3 + ¢ = 3% with Binet’s formulas, then we get

eqzarézemm —Brﬁe”m - ol Ge®’® ﬁ’”@eﬁzm _ aa” ol _ BBT o
a—f a—f a—p a—f
do/’ e 2\ 2
= a p—
S ) - S
n—

2n+r 552n+r n e

=y fa o Z sz - 2.7)

Beside this, we have

L o GeP — BT BerP® _ > T nalaa” 6 BB
| - (B[]

a—p

n

qu ] lZp”Qn+r ] :fj [Z (Z’) ne ZQW] = 2.8)

n=0 Li=0

by taking a,, = ¢" and b,, = p" Q. in (2.1). If we consider the equalities (2.7) and (2.8), then

we get
oo " B oo n n n iy "
Q2n+r = . Qerr )
n. 1 TL.
n=0 n=0 L:=0

which gives (2.5). On the other hand, calculating

ed% |:a7'depaw _‘_B'réepﬁw} = a aea T +6 B [3 T
A = 2\ x’ﬂ A or > 2\ X
= Ao Z(a) W—i_ﬂﬂ Z(ﬂ) o
n=0 ’ n=0
- A n-tr A r x" _ - z"
= Z |:04062 * +662n+ i| m - ZK2n+7‘H
n=0 n=0
and
qz [ T A POT +/8,B pﬁw:| _ i n z" i n {,\ n+r +35n+7} z"
el |a"ae e = 7Oq ) 70p Qo o
= lz qn] lz pn n+r
n=0 ’
> n n
_ n—i ’L
— Z Z ( ) z+r‘| [
n=0 Li=0

we achieve (2.6). O
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Theorem 2.5. Let n € N and r € Z. Then it follows that

> (n) (=)™ Qair = P" Qi (2.9)

- 1
=0

and

NE

n n—1i n
() (_Q) Koipr = p" Kpr. (2.10)

. (3
=0

Proof. If we use the facts o> — ¢ = pa and 8> — ¢ = pj3 with Binet’s formulas, then we get

ra o’z rA, Bz AT ARr
— a’ae T — B"fe _ Ga epor _ 5154 opha
a—p a—p a—p
— aa” Z n nﬁ_ 55T Z nﬂn
a—p !
n=0
el A n+r n+r .n n
e7e} — BB x T
Y el LG Y
a—pf n! n
n=0 n=0

Moreover, taking a,, = (—q)™ and b,, = Q2+, in equality (2.1), we have

et Oﬂ“é}eazx _ ﬁrﬁeﬁzx _ i (_q)" ﬁ i a2t — B‘an+7~ ﬁ
Q= 5 n! o — 5 n!

n=0

= [Z (7(1)" ;L,::‘| lz Q271+T‘Z;‘|
n=0

n=!

0
= i lz": <7Z) (—Q)ninwr] %T

n=0 Li=0

Thus it follows that

Zp Quer oy i[z( ) —g)" ’Qm] z

i=0
which gives (2.9). On the other hand, we obtain
e~ 4% [ar&ea T +/8rﬂ€ﬁ m:| = o GePe® +Brﬁ"ep5z
00 2" oo 2"
— darzpnanm—i_ﬁﬂsznﬁnm
n=0 ) n=0
el n 0 n
_ n | A _ntr A pn+tr xf _ n xf
= Zp {O‘O‘ + 08 :| ! *ZP ntr
n=0 n=0

and considering a,, = (—¢)™ and b,, = Ky,, in equality (2.1), it is seen that

e {ardeam_i_ﬂrﬂ Bm] _ [i(q)n ;E;] li <&a2n+r+352n+r) i::]

n=0 n=0

el nmn e "
- ey [T

n=0 n=0
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Thus it follows that
00 B o B 00 n n . "
z_;p ntr oy T Z lz_(:) (z) (_Q) K2i+r] N

which gives the equality (2.10). O
Theorem 2.6. Let n € N. We have

=0 i—0

and

=0

Proof. Using the fact that o + 8 = p with Binet’s formulas, it follows that

(@eaa: _ Beﬁx) (eax N eﬁm) &62(11 _ Be2ﬁz N &ePT — Bepm

a—pf - a—pf a—pf

nO(Oé _6ﬂn " n &
= ZZ +Z 5nv
= Yol

n=0

Moreover taking a,, = @,, and b,, = V,, in equality (2.1), we get

&e‘”—BeBm o " > z"
<a-/a> (2 +e™) = ZQ%]

1
i

Il

[]¢
— <
I\ 3
o

3

~_

s

L)
I&—I

Thus equality (2.11) follows from

;) 2"Qn + p" Qo) %7: = Zo [Zo (?) Vi—iQi %:L

Similarly, we have

(s ) (o) - a8 D)
a—p

n=0 n=0
o0 mn

= > [2"Qu—1"Q] =
0 n.

If we take a,, = K,, and b,, = U,, in equality (2.1), then we have
_ Bz
R i w e e
(3o 45) (5=5) = [ZK 1 ZU*
- 35 (o] 3
(3 n

n=0 Li=0
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Then it follows that
oo oo n n "
2” n - UnfiKi R
S wenral =33 (1o
which gives the equality (2.12).
Theorem 2.7. Let n € N. Then we have
"\ /n " /n 2"K,, — p" Ky
Un—iQi = QUi = ——7——
> (1)re=3:()e ;

and

Z( )Vn i = Z( )Kn 11/1—2 Kn-i-p K.

=0

Proof. Using the fact that a 4+ 8 = p with Binet’s formulas, it follows that

[deaw _ Beﬁz] |:eaz _ 65w:| deZam +362ﬂm & +B e
a —

; a—p (@=B8)?F  (a—B)

> 2"K, | ™ > p"Kp| ™
- S n

n=0 n=0
B i 2"K, —p"Ko] "
- — A n!’

Also taking a,, = @, and b,, = U,, in equality (2.1), then we have

o] (] [0 [fe

n=0 Li=0
Thus it follows that
> 2"K, —p"Ky | x gy z"
> [2 e Lol = z[ (%) ZQZ] a
n=0 n=0 Li=0
On the other hand,
|:€Y6(X"L+B€Bl:| [eaw —|—6’8I] — deZaw +36257;+dep7;+86p7;
- n z" S n | a N
= Y2 K. Y a4 8] S
n=0 n=0
oo "
= Y K.+ Ko
=0 n‘

and taking a,, = K,, and b,, = V/, in equality (2.1), we obtain

deo‘x+36m} [eam+em = lZK 1 ZV

Thus it follows that

Zili( e J(] o

n=0 Li=0
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Theorem 2.8. Let n € N and m € Z. Then we have

n

Z <7Z) (qu—l)n_i Ur’Lan = an

i=0
and .
n n—i rrg
Z () (qUp—1)"" UL K = Ky,
i
i=0
Proof. Considering the facts Uy, + qUp_1 = a™ and Uy, + qUp_; = B™ with Binet’s
formulas, we get
equyilman"L BeUmﬁm _ GeUmatqUp, ) ﬁe (U B+qUpm 1)z
a—p o —
aeax_ﬁeﬁw & = mni'n B - mnxn
= Oé—,B a_gg)( ) n! Oz—ﬂ;)(ﬁ) ol
00 &amm — Bﬂmn " 0o o
o K] R o
n=0 n—0

and taking a,, = (qU,,—1)" and b,, = U Q,, in equality (2.1), we have

A Umaz _ AU BT 0
etUm-12 28 a,ge = lZ(qu 1 ] ZU”Qn ]

Z <?) (qu—l)n ‘ U;nQi

I
3
I 3
o
| — |
o
I
(=]

Thus it follows that

Zan l Z[ ( ) qu l)n ZU’L Q’L n7
n=0 ! n=0 Li=0 !

which gives the formula

0

7=l

On the other hand, we have
edUm—12 [deU"”‘m—i-BeU’”ﬁz] — { e(UmatqUm 1) _._56 UmB+qUpm—1)z }

= {dea r —|—,365 xi|
[eS)

- Zd(a”l)"jf{@‘g@wm)”ﬁ

n=0
o0 n (o) n
. A x x
=5 [aam" +ﬁ/3m"} L= Ky,
n't n.
n=0 n=0

and taking a,, = (qU,,—1)" and b, = U K,, in equality (2.1), we get

i(qul ] ZU” n]

n=0 n=0

_ i [zn: (’;) (qUp_1)" UL K

edUm—12 [deUmaw _‘_BeUmB:v} —

,I,n

n!’
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Then it follows that

> " > " /n n—i 514 "

which gives the formula

; 1

7

=0

Furthermore, starting with the expressions

and

é\éareUmaz _ Bﬁ'reUmb

a—p

equn— 1z

equ—lf (&areUmar + ﬁBTeUmﬁw)

we obtain the most general formulas

Z (n) (qu—l)n_i U»yZan-H = an+7'

i

=0
and
n— .
Z <Z) (qufl) Urani-&-r — Dmn+r,
=0
respectively.
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