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Abstract In this paper we evaluate second order differential recurrence relation and four
different integral representation of p-k Mittag-Leffler function defined by [7]. Also point out
some special cases.

1 Introduction

The different Mittag-Liffler function has been given by different authors in last century are,
the Mittag-Leffler function E,, (=) introduced by Gosta Mittag-Leffler [5], in 1903, defined as

oo Zn

Here z € C,a > 0.
Wiman [3], generalized E,(z) in 1905 and gave E, s(z), known as Wiman function, defined as

o0 Zn

Here z,a, 3 € C; Re(a) > 0, Re(B3) > 0.
Prabhakar [11], in 1971, gave next generalization of Mittag-Leffler function and denoted as
E7 4() and defined as

Zn

o Zran—f—ﬁ)n'

(1.3)
Here z,a, 3,7 € C; Re(a) > 0, Re(8) > 0, Re(y) > 0.

Shukla and Prajapati [2], in 2007, gave second generalization of Mittag-Leffler function and
denoted it as £'%(2) and defined as,

n

E%q
ZF om—i—ﬁ n'

(1.4)

Here z,a, 3,7 € C; Re(a) > 0, Re(f) > 0, Re(y) > 0and g € (0,1) U N.

The function E'%(z) converges absolutely for all z if ¢ < Re(a) + 1 and for |2| < 1 if
q = Re(a) + 1. It is entire function of order R%(a).

K.S.Gehlot [8], introduce Generalized k- Mittag-Leffler function in 2012, denoted as GE,Z’Z ﬁ( 2)
and defined for k € R™; z,, 8,7 € C; Re(a) > 0, Re(3) > 0, Re(y) > 0 and ¢ € (0, 1) UN,
as,

B} Vg 22 1.
GEylas ka (na+ B)(n!)’ (1.5)
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where(7)nq,x 18 the k- pochhammer symbol and I (z) is the k-gamma function given by [10].
The generalized Pochhammer symbol is given as,

(Vng = W =q" H(%M)n, ifq€N. (1.6)

Recentely K.S.Gehlot [7], introduce p-k Mittag-Leffler function,
Letk,pe R™ —{0};a,8,v € C/kZ; Re(a) > 0, Re(3) > 0, Re(y) >0and ¢ € (0,1) UN.
The p - k Mittag-Leffler function denoted by , ;"% 5(2) and defined as

r=1

7,4 _ = p(’Y)anv in
pERE 5(2) = gipmm o (1.7)

Where ,(7)nq.k is two parameter Pochhammer symbol and ,, [ (z) is the two parameter Gamma
function given by [6].

The two parameter pochhammer symbol is recently introduce by [6], equation (2.1), the p - k
Pochhammer Symbol, ,(z), j is given by,

(@) = (%)(‘%’ +p)(‘%p +2p)-cccen (S + (n = 1)p), (1.8)

Where x € C; k,p € R* — {0} and Re(z) > 0,n € N.
Two Parameter Gamma Function is given by [6], equation (2.6), (2.7) and (2.14), the p - k
Gamma Function ,I';(z) is given by,

nlp™ ! (np) %

I =-1 1.
P k(x) ]{7 n]—>n<:o p(I)n+l,k ( 9)
or +1( )“ 1
1 . nlp"(np)s~
Ip(z) =— lim ——————. 1.10
plk(z) - im ok (1.10)
Where z € C/kZ ;k,p € R" — {0} and Re(z) > 0,n € N.
The integral representation of p - k Gamma Function is given by
o k
Te(z) = / e 5 dt, (kyp € RY — {0); Re(x) > 0). (L11)
0

Main Results

This section contains two subsection, first subsection contains recurrence relations of p-k Mittag-
Leffler function and second subsection we evaluate integral representations of p-k Mittag-Leffler
function.

2 Recurrence Relations of , E," ;(z).

In this section we evaluate the second order differential recurrence relation of p-k Mittag-Leffler
function.

Theorem 2.1. For k,p € R* —{0}; a+r, 5 +s+k,y € C/kZ™; R(a+r) > 0, R(B+s+k) >
0,R(7) >0,qg € (0,1) UN, we get
v’ 2.2
p P airgrsin(2) =P Bl prsian(2) = ﬁ[(a +r) 2 BB e (2)

47+ (a+7)28+425+2k)|2 BV, 50 pian(2)

HB+5)(B+s+2k) o Bl G ysian (2], @.1)

. d . d?
where pEZ,’Z,g(Z) = pEZ,’Z,g(Z) and pElZ:Z,ﬁ(Z) =iz pEIZ,’Z,ﬁ(Z)-
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Proof. The p-k Mittag-Leffler function, from equation (1.7),

o0

. (V)n k%
p B ar prsin(2) = g;)pfk(n(oz—fr)-l—qﬁ-f-s—i—k)(n!)’

using ([6], Equation 2.22), we have

— k (V)TL k2"
EYa _ N p i 2.2
pEiarrprorn(2) nZ:O ppli(n(a+r)+ B+ s){nla+r)+8+s)}Hn!)’ 22)
and
Ea _ p(Vngk 2 23
P B e prs e () nz:% ple(n(a+7)+ B+ s+2k)(n!)’ 3
using ([6], Equation 2.22), we have
nq k 2"
Ek a+r, B+s+2k Z + B+ s)(n')
P {n(a+r)+B+s)Hnla+7)+B+s+k)}
=k 1 1
E’qu — _ —
PEilacrroion(2) nZ:O P [(n(a +r)+B+s) (nla+r)+B+s+ k)}
% p(Vng,k 2"

plr(n(a+7)+ 6+ s)(n!)’

k p
pER air pision(2) = p[% p By arprsin(2) =S,

p p
S = k pEg gHrr ﬁ+s+k( ) k :DEZ gy-&-r B+s+2k( ) (24)
where
S = P(’Y)nqkzn 25
Z n(a+7) 1B+ s){n(a+tr)+B+s+ R} )
: . o k 1
applying the simple identity P ey + TR foru=n(a+7r)+ B+ s+kto(2.5),we
obtain,
S = Z Vg 2 X !
=l )+ﬁ+s)(n') {nla+r)+B8+s+k}{nla+r)+8+s+2k}
+§: p(Vngk 2"
i pTen(a+7)+ 8+ s){n(la+r)+ B+ s+2k)}(n!)’

k{na—i—r + B4 s}p(V)ngk 2"
5=3 n(a+ 1)+ B +s)(n))

1
X{n(a+7‘)+6+s}{n(a+r>+ﬁ+s+k}{n(a+r)+,8+s+2k}
= {n(a+7r)+B8+sHn(a+7)+ B+ 5+ Ek}p(V)ngr 2"
> Th(n(a 1 1) + B+ 5)(n))

1
X{n(a—H’)+ﬁ+s}{n(a+r)+B+s+k}{n(a+r)+ﬂ+s+2k}’

n=0




Recurrence Relation and Integral Representation..... 293

using ([6], Equation 2.22), we obtain

. i k{na+r + B+ stp(Vngk 2"
=5 (e + 1) + B+ 5+ 3k)(n!)

o~ {nlatr) + B8+ sHnla+7) + 8+ 5+ kp(Vngs 2"
+Z Z—ipfk(n(a—l—r)—i—ﬁ—l—s—i—?}k)(n!)

)

(Vg 2
Z a+p)+6+s+3k)(n')
x[n?(a+7r)2 4 2n(a+7r)(B+s+k)+ (84 s)(B+ s+ 2k)]. (2.6)

We now express each summation in the right hand side of (2.6) as follows:

d = ) p(Vng .k 2
L1y EY :
dz[ Ractr pstan(? ;)ppk a+r)+ﬁ+s+3k)(n')
o B D) p(V)ng,k 2
2B o prsian(2) + o By o, PINENC Z (c + )+ B+ s+ 3k)(n!)’
)nq k<
JET 2.7
z ka+r5+s+3k z_;)p a+r)+5+s+3k)(n') 2.7)
Again
2, < (n+2) (1) 2"
B L] 2.8
dZ2 [Z P ka+r5+s+3k Z Oé+’/‘ +,8+s+3k)(n') (2.8)
and

.,
@[Z PEIZ:(ZJrT,,@JrerC;k(z)]

==z pEl::/’gc-‘rT ﬂ+s+3k( z) +4z Ek o, B+s+3k:( z)+2 Ek a+r, ﬁ+s+3k( z), 2.9)
from equation (2.8) and (2.9) we have

{n }p( )nq,k z" 2 g
Z n(a+r)+B+s+3k)(n!) 2 i proran(2)
{n} ( )n g 2"
+4z B atrgrsrae(z) =3 Z d 2

n(a+r)+ B +s+3k)(n!)’

nOp

using equation (2.7), we have

Z {nz}p( Jng,k 2"

n(a+r)+ B+ s+ 3k)(n!)

2 B
=z PEZ,§+T,B+5+3]<( z)+z Ek a+r, 5+s+3k( z), (2.10)

applying equation (2.4), (2.7) and (2.10) to (2.6), we get

kS
FS=(at 1) BB e (2) F [+ 1) + (a4 7)(28 + 25 + 2k)]=

X PEZ:EV-&-T,B-&-S-&-Sk( 2)+ (B+8)(B+s+2k) B0, 51eran(2),
Hence.
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Theorem 2.2. For r € N;k,p € R — {0}; a, 3,7 € C/kZ~; R(a) > 0,R(8) > 0, R(v) >
0;¢ € (0,1) UN, we get

. r—1
p(Mara X pEL G500 (2) = jz bEras(z HZO T naﬁkﬁz(n,)] (2.11)
Proof. Consider the right hand side,
A= dT Ti:l qn k2" ]
dr k.o nOkana—i-ﬁ(n')

p(V)gnk 2"
dz’z pLi(na+ B)( n')]

n+7‘q,k:z
dzrz o n—i—r a—l—ﬂ)(n+ )]

using ([6],equation (2.34)), we have

Zp quppy—i_qu)nqkz-kr

dzT oLr(na+ B+ ar)(n+r)!

_ k,
A= p(Vgrk % Eg;quri(z)

Hence.

3 Integral Representation of ,E," ;(z).
In this section we evaluate four different integral representation of p-k Mittag-Liffler function.

Theorem 3.1. For k,p € Rt —{0}; a+r,8+s+k,y€ C/kZ™; R(a+r) >0,R(8+s+k) >
0,R(vy) > 0,9 € (0,1) UN, we get

2
/tﬁ+s+k LB (ttyae = L gy (1) — = B! (). 3.1
0

k,a+r,B+s k P~k,a+r,f+s+k I{J Pk, a+r,+s+2k

Proof. Put z = 1 in equation (2.4) and (2.5), we have

b .
S = % PEIZ,gt-ﬁ-T,B-&-s-&-k:(l) k PEIZ a+r, B+s+2k(1)

= p('}/)nq,k
Z a+7n)+ﬁ+8){n(a—|—r)+5+S+k)}(n!)’ 3.2)

now consider the integral,

R e N G

using the equation (1.7), we have

)nq k /1 —
A= tn(a+7’)+5+s+k Lt
Z wat )+ B0 ’

_ p(’Y)nq,k
S Sl Y T P By s e s ey

from equation (3.2), we have the desired result.
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Theorem 3.2. For k,p € Rt — {0};,8,7,0 € C;R(a) > 0,R(B) > 0,R(y) > 0,R(6) >

Oandq € (0,1) U N, then

1 Uos _ a
P o B pran(2) = F(5)/o wt T (1 =)’ BT (2 uF)du.

Proof. Consider the right side integral and using equation (1.7), we have

U o (Vg 2" /1 antd | 5—1
: Uk 1—u du,
F(5);)pfk(na+ﬁ)(n!) 0 (1-w)

using the definition of Beta function, we have

D SR S S GO IR A A G el LA )
4= I(s) nZ:Oka(naJrﬁ)(n!) r(ents 4 g)’

@

(=) BN (2 ut)du,

A

applying ([6],equation (2.19)), we have

o0

A= Vngk 2 — % EY4
nz:(,pfk na+,8+6k)(n') P o B o (2);

Hence.

Theorem 3.3. For k,p € R — {0}; 3,7 € C; R(8) > 0,R(y) > 0and a,q € N, then

q

1 (a—a) ga
9 a;—1(1 _ ,\bj—ai—1 (P01 )uz
p B e 5 (2) II”F% b—al)/u (1 —u) e du.

z:l 7=1

T4+i—1 Ptrj—1
Where a; = L and b; = g.
q

(0%

Proof. Using definition of p-k Mittag- Leffler function, from equation (1.7),

o0

A= B Vg 2
P k’k"‘ﬁ ;pfk (nka + B)(n!)’
using relation ([6], equation 2.22),we have
A= Vg 2" D
'r;) na k ka Z

Where D = p((;;"q Ly

using (equation 2.20, [6]), we have

Jan

Jan

p(')/)nq,k pqn(

D
p(ﬂ)n(yk pan(

)

R

using the relation given by equation (1.6), we have

pla—a)ngan ;_1:1(%:”*1 )

B4
Oéa”H?ﬂ(ﬁi )n

D

(3.3)

(3.4)

(3.5)
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_ Py Dai + )0 (b))
D=(—7) HUHI (b +n)I(a;)’
_plamege 2 I'(b;) Llai +n)I'(b; — ai)
D= (—; ) HH I'(bj —a;))I(a;) I'(bj —a; +a; +n)’

using the definition of Beta function, we have

@\ TT T L o
P oy [0 o

i=1 j=1

(g—a)

D

from equation (3.5) and (3.6), we have

q « 1 0 n (g—a),q
— a;—1 bj—a;—1 (UZ) p a4 \n
= L e VAN i=1(] — g)bi—a ) (B T4 g
HHFb—aIF(al)/u (1) Yo () du,
z:lJ:l n=0
a 1 1 b 1 (p(Qﬂx)qq)
A= | I I | 2\ ai=1(1 _ )bi—ai—1 (Fawt)uz g,
)i j=1 F(ai)I(b; — ai) /0 B ‘ '

Hence.

Theorem 3.4. For k,p € RT — {0};, 8,7 € C;R(a) > 0,R(B) > 0,R(y) > 0 and q €
(0,1) U N, then

l oo
pELE 5(2) = =5 / et B (atTp?)dt. (3.7)
F(k) 0

Proof. Using definition of p-k Mittag-Leffler function, equation (1.7), we have

oo

, _ (7)n ke z"
pEian() = nZ:O pF:(noz -qF B)(n!)’

using ([6], equation (2.20)), we have

N - 2" P I'(3 +qn)
O R W o 1) M Xy

s P pqn < ~ _
ElT (2)= / e telEtan=lgg,
PEie s = D R et B T o

27 pn an

1
EY4 — et
B = g [t Z p T L

’ 1 T i (2m1) 10
PEJZ,g,g(Z):F(Z)/O et (E—1) pEVO 52t k) dt.

Hence.



Recurrence Relation and Integral Representation..... 297

4 Particular cases

For some particular values of the parameters p, ¢ and k, we can obtain certain known results for
different Mittag-Leffler functions,

[A]

By putting p = k,

[i] in equation (2.1), then it reduces to the result earlier given by ([9], Theorem 2.1, page 178).
[ii] in equation (2.11), then it reduces to the result earlier given by ([9], Theorem 2.2, page 181).
[iii] in equation (3.1), then it reduces to the result earlier given by ([9], Theorem 3.1, page 182).
[iv] in equation (3.3), then it reduces to the result earlier given by ([9], Theorem 3.2, page 182).
[v] in equation (3.4), then it reduces to the result earlier given by ([9], Theorem 3.3, page 183).
[vi] in equation (3.7), then it reduces to the result earlier given by ([9], Theorem 3.4, page 185).

[B]

By puttingp =kand g =1,

[i] in equation (2.1), then we get the new recurrence relation for k-Mittag-Leffler function given
by [4] .

[ii] in equation (2.11), then we get the new recurrence relation for k-Mittag-Leffler function
given by [4].

[iii] in equation (3.1), then we get the new Integral representation for k-Mittag-Leffler function
given by [4].

[iv] in equation (3.3), then we get the new Integral representation for k-Mittag-Leffler function
given by [4].

[v] in equation (3.4), then we get the new Integral representation for k-Mittag-Leffler function
given by [4].

[vi] in equation (3.7), then we get the new Integral representation for k-Mittag-Leffler function
given by [4].

[C]

Byputtingp =g =k =1,

[i] in equation (2.1), then we get the well known result obtained by ([1], equation 2.1, page 134).
[ii] in equation (2.11), then we get the new recurrence relation for Mittag-Leffler function defined
by [2].

[iii] in equation (3.1), then we get the well known result obtained by ([1], equation 3.1, page
137).

[iv] in equation (3.3), then we get the well known result obtained by ([2], equation 2.4.1, page
803)..

[v] in equation (3.4), then we get the new Integral representation for Mittag-Leffler function
defined by [2].

[vi] in equation (3.7), then we get the new Integral representation for Mittag-Leffler function
defined by [2].
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