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Abstract In this paper, we introduce h(z)— Jacobsthal type polynomials and give some
properties of them and then using h(x)— Jacobsthal type polynomials, we describe rising and
decreasing diagonal functions and give some basic properties of them. Finally, we define aug-
mented h(z)— Jacobsthal- type representation polynomials, we compute generating functions,
Binet formulas, summation formulas, Simson formulas and explicit combinatorial form of them.

1 Introduction

Let h(z) be a polynomial with real coefficients. For n > 0, the h(z)-Jacobsthal polynomials
Jh.n (), and the h(x)-Jacobsthal-Lucas polynomials j;, ,,(x), are defined by

Ihn1(x) = Tpn (@) + h(2) T p-1(x), Jno(z) =0, Jyi(z)=1, (1.1)

and
Thnt1(2) = Jnn (@) + (@) jnn-1(x), Jnolx) =2, Jni(z)=1, (1.2)

respectively.
Note that, in particular case where h(z) = 2z, (1.1) reduces to the Jacobsthal polynomials and
(1.2) reduces to the Jacobsthal-Lucas polynomials.

The solutions of the characteristic equation 2> — z — h(z) = 0 associated to the recurrence
relations (1.1) and (1.2) are A = “VEERE) g = 1oV IR
Note that:

Aty=1, Ay=-h(x), A—7=/1+4h(z) (1.3)

In the literature there are many studies about Jacobsthal-type polynomials. Some of them are as
follows: In [5], Horadam studied Jacobsthal representation polynomials. He gave some proper-
ties of Jacobsthal representation numbers in [4], including generating functions, Binet formulas,
Simson formulas and summation formulas. Also in [6], author introduced convolutions for Ja-
cobsthal type polynomials and gave some important results of them. Also, in [1, 2, 3, 7, 8, 9],
authors studied on Jacobsthal- type polynomials and Jacobsthal- type numbers.

2 The h(x)— Jacobsthal- Type Polynomials

In the following Tables 1 and 2, we give the first few polynomials of (1.1) and (1.2) of these
Jacobsthal-type sequences.
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Table 1. h(xz)— Jacobsthal Polynomials {.J;, ,(z)}: 0 <n < 10

Jh’()(.’b) =0 Jh 6( ) =1 +4h( ) + 3h2(£L’)

Jpa(z) =1 Jn1(x) =1+ 5h(x) + 6h%(z) + h*(x)

ng(.’b) =1 Jh7g(£€) =1 + 6h(1’) + 10h2($) + 4h3(l)

Jp3(x) =1+ h(z) Jno(z) =14 Th(x) + 15h*(z) + 10h3(z) + h*(z)
Jpa(z) =14 2h(x) Jnao(x) = 14 8h(x) + 21h%(z) + 20h3(z) + 5h*(z)

)
Jns(x) =14 3h(z) + h*(x)

Table 2. h(x)— Jacobsthal-Lucas Polynomials {jj, »(z)}: 0 <n < 10

Jno(z) =2 Jhe(x) =1+ 6h(x)+ 9h2(x) + 2h3(z)

Jpi(z) =1 Jn1(x) =1+ Th(x) + 14h*(z) + Th3(z)

Jna(z) =14 2h(x) Jns(x) =14 8h(x) + 20h%(z) + 16h3(x) + 2h*(z)
Jn3(z) =1+ 3h(x) Jno(x) =14 9h(x) + 27h*(z) + 30h3(z) + 9h*(x)
Jpa(x) =14 4h(z) +2h%(z)  Jnao(x) = 1+ 10h(z) + 35h2(x) + 50h3(z) + 25h*(x) + 2h°(z)
Jns(x) =1+ 5h(x) + Sh*(z)

3 Some Properties of the h(x)— Jacobsthal- Type Polynomials

The Binet formulas for the /(z)— Jacobsthal and h(x)— Jacobsthal-Lucas polynomials are given
by

Ao n>0 (3.1)

Jh,n(x): A—’)/ ’ =

and
Jhn(@) =A"+9"  n>0 (3.2)
respectively.

The generating functions for the i (z)— Jacobsthal and h(x)— Jacobsthal-Lucas polynomials
are given as

o0 N 1

Z: Jh,n+l (1’)2’ = m (3.3)
and

= w1 4+20(x)z

Z]h,nH(CU)Z = Th(:c)zz 3.4
respectively.

Simson Formulas
From (3.1) and (3.2), we have the following Simson formulas, respectively:

Tt (@) Tp o1 (z) = Ji o (2) = (=1)"(h(2))", (3.5

Jhnt1(2)jnm—1(x) = o (2) = [1 + 4h(z)](—h(z))" (3.6)
—[1 4 4h(2)][Jhns1 (2) Tn -1 (x) = T}, (2)].

Summation Formulas
Immediately, from (3.1) and (3.2), we have
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Jh miz2(z) —1
m ] . ( ) 1
Z]h l = Jhm 2T 7 712(1:) . 3.8)

Explicit Combinatorial Forms
In the next theorem, we give the explicit combinatorial forms of Jj, ,, (=) and jj, ,,, (2);

Theorem 3.1.
@) (@) = (mlll)m(a:))l, (3.9)
=0
@) o)=Y (" ) (3.10)
=0

Proof. (i) We use induction on m:
Verification of (3.9) for m = 1,2, 3 is straightforward. Assume it is true for all m < k,

Jh k(x) + h(LIJ)Jh kfl(:L')

_i(k—l—l) i 2( —1—2> ()
(’“g ) + ( z)h(x) bt (ii)(h(x))’“z‘
4 (’“ 2

(k_l> (h(z))" by Pascal’s formula
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= Jppt1(z).
(44) The proof of (i) is similar to the proof of (4), so it is omitted.O

Interrelationships
From (3.1) and (3.2 ), we obtain

Ihn (@) T (2) = Tn2n (@) (3.11)
and
nn (@) = Tnn1 () + B(@) Jp 1 (). (3.12)
Using (3.1), (3.2 ) and (1.3), we get
(1 +4h(x)] Jnn(2) = jhnr1 (@) + h(z)jnn—1(2). (3.13)
An immediate consequence of (3.1), (3.2), (1.3) and (1.1) is

Ihn (@) + Jnn(x) = 2Jhnr1 (2). (3.14)
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By (3.1), (3.2 ) and (3.12), we have

[1 4+ 4h(x)]Jpn(z) + Jhn(z) = 250 n1(2). (3.15)
From (3.1), (3.2 ) and (1.3), we arrive at

1+ 4h(2) o (2) + jn(z) = 20" (3.16)
and
14 4h(2) Ty (2) = jpn(z) = —29™ (3.17)
Using (3.1) and (3.2 ), we obtain
Jnm (€)Jnn (@) = Tnn (@) jnm(2) = 2Jnnem(2) (3.18)
and
nm (@) nn () + (1 + 41(2)) Jnm (2) Jhn () = 2 ntm () (3.19)

In particular, if we put m = n in (3.18), we obtain (3.11). If we take m = n in (3.19), then we
have

G (@) + (14 40(2)) Th 1y = 2jn,2m () (3.20)
Using (3.3) and (3.4 ), we have
Ihnt1(2) = Th 1 () + 20(2) Jp 0 (2), (3.21)

(3.21) is also obtained from (3.1) and (3.2).
In the following equations, we obtain the derivative of h(z)— Jacobsthal and h(z)— Jacobsthal-
Lucas polynomials with respect to x:

djh,n('r)
dx

=nh'(z)Jhn-1(z) (3.22)

and

d‘]hﬂl (x)

[1 -+ 4h(a)] =

=1 (z)njnn-1(x) =20 (z)Jpn(x). (3.23)

Suppose we describe the " associated sequences {7 (¢)} and {7, (@)} of {J;., ()} and
{Jn.n ()} to be, respectively (¢ > 1),

I (2) = I D (@) + @) 7Y, (@) (3.24)
and
o (@) = gt @) + ()i () (3.25)

where J}(L?) (z) = J), ,(2) and j,(l(?ll(x) = Jp.n(2). From (3.24) and (3.12), we obtain

n

I (@) = Gnn(@). (3.26)
By (3.25) and (3.13), we have that
G (@) = [+ 4h(2)] Jh (). (3.27)
We generalize above formulas as follows:
T (@) = gem V@) = (14 40(2)) " Jnn (), (3.28)
Ten V(@) = 520 @) = (14 4h(@)) " jnn (). (3.29)

When the structure of { R, ;(x)} and {rj,;(x)} is examined, it is seen that rising and descending
diagonals will be obtained.
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4 Rising Diagonal Functions

In Tables 1 and 2, imagine parallel upward-slanting lines, in Tables 1 and 2 there exist the rising
diagonal functions { R ;(z)} and {rj ;(z)}, respectively. Some of the rising diagonal functions
are , say,

Rpo(z) =0, Rpi(x) = Rpa(x)=Rps(z)=1, Rpa(zx)=1+h(x), 4.1)

Ris(x) = 14+ 2h(z),..., Ruio(x) =1+ Th(z) + 10h*(z) + h’(z)
and
rno(z) =2, rpa(x) =ra(z) =1, rps(x) =1+ 2h(x), 4.2)
rha(z) =1+ 3h(x), ..., rhi0(z) =1+90(z)+ 208 (z) + Th(z).
The generating functions for rising diagonal functions are
1
Wl=s — — 4.3
ZR’” T 1t — h(2)B ()
> 2t
, e — 44
Z_(; (@)t = h(z)t3 4.4)

From (4.3) and (4.4) , we write the following equation:
Th,n (l‘) = ZRh7n+1(l') — Rh,n (.13) (45)

For n > 3, by the aid of (4.3) and (4.4), the recurrence relations for rising diagonal functions are
given by

Ry n(z) = Ry n—1(x) + h(z)Rp n—3(2) (4.6)
and

Thon(x) = rhn_1(x) + h(z)ry n—3(z). 4.7)
We now give the explicit combinatorial form of rising diagonal functions:
Theorem 4.1.

m—

() Rl Z(m 2= )(h(@)l, “.8)
=0
(@) rhm(a _1+i:m (ml_le— 1>(h(x))l. 4.9)

Proof. The proof can be done similar to the proof of Theorem 3.1. O

By (4.5) and (4.6), we have

Thn(x) = Ryn(z) + 20(2x) Rpn—z(x). (4.10)
By using (4.5) and (4.10), we obtain the following result:
rlzz,n( ) Rh n( ) - 4h(I>Rh,n+1 (x)RhJL—Z(‘T)' (4.11)

Partially differential equations of the first order are readily described from (4.3) and (4.4).
[es) oS}
Let Ry, = Ry(x,t) = > Ry (2)t " and ry, = rp,(,t) = Z 5. (z)t!. These are
=1 =

OR OR
3 h 2 h
W(@)P S — (1438) 5 =0 (4.12)
and
) 9
K (2)t (%th) (1+3t3) ;; —0. 4.13)
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5 Descending Diagonal Functions

Imagine parallel downward-slanting lines in Tables 1 and 2 in which there exist the descending
diagonal functions {D}, ;(z)} and {d} ;(x)}, respectively. Some of descending diagonal func-
tions are, say,

Dyo(x) =0, Dpi(z)=1, Dua(z)=1+h(z),.., 5.1
Dys(xz) = 1 +4h(z) + 6h%(z) + 43 (z) + h*(2)
and
dno(x) =2, dpi(x) =14+2h(x), dpa(z)=1+3h(x)+2hr*(2),..., (5.2)
dps(r) = 1+ 6h(z) + 14k () + 16h° (z) + 9h*(x) + 2R°(z).

The generating functions for descending diagonal functions are

;Dh,z(x)t = T— (11 h@) (5.3)

and

; ()t~ = o ! (Jlr ihég(c;))t (5.4)

therefore (I > 1)

Dy (z) = (1 + h(x))"! (5.5)
and
dp(x) = (14 2h(2))(1+ h(z))"". (5.6)
From (5.5) and (5.6), we obtain
d;hl(x) = (1 + Zh(x))D;hl(x). 5.7
For (1 > 2)
Dh l(lL‘) dh l(x)
: = ’ =1+ h(z). 5.
Dpi—1(z)  dpi—1(x) + hz) (5-8)
By (5.8), we get
Dpi(x)dpi-1(x) = Dpg—1(x)dp (). (5.9)
For (1> 1)
dh’l(l') o
Do) =1 2h(z). (5.10)
dn,i(z) = Dpi+1(x) + h(z)Dp (), (5.11)
(1 + 2h($))2Dh’l(l') = dh,l+1($) + h(l‘)dh’l(l’), (5.12)
Jn5(x)Dhi—1(2) = Dpay1(z) + h(z) Dy g1 (2), (5.13)

Jh75(a:)dh7l_] (33) = dh,l+] (a:) + h(l‘)th_] (l‘) (5.14)
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6 Differential Equations

Let
> 1
_ _ -1 _
Dy = Dh(xat) - ;Dh,l(m)t - 1— (1 + h((L‘))t (61)
and
> _ 1+ 2h(x)
dp =dp(z,t) =Y d = ——— 6.2
n = dn(@, 1) ; na(@) 1= (1 +h(@)) ©.2)
It is easy to get from (5.5), (5.6), (6.1) and (6.2),
., 0Dy, oDy
. 0dy od .
b (x)t m’ — 1+ h(a:)][a—; — 20 D] =0, (6.4)
D
14 () Pl D, ) 63
dd’zli;(””) B (2)[Dinr () + 11 ()], (6.6)
n—1
4" Dunlz) dﬁl’f’}(x) = (n— 1)1 (x))"". (6.7)

7 Augmented h(x)-Jacobsthal-Type Representation Polynomials

In [5], Horadam introduces the augmented Jacobsthal representation polynomial sequence {%,,(z)}
defined by

Tnr2(x) =Fpa(x) +22%,(2) + 3, Fo(z) =0, Ti(z)=1 (7.1
and the augmented Jacobsthal-Lucas representation polynomial sequence {7, (z)} defined by
Tnt2(2) = Tnr1(x) + 227, (2) +5, 70(2) =0, 7(z) =1 (7.2)

We, now, introduce the augmented h(z)-Jacobsthal-type representation polynomial sequence
{Zh.n(z)} defined by

Thn2(@) =Ty 1 (@) + h(x)Tpn(z) + 3, Thpo(z) =0, Tpi(z)=1 (7.3)

and the augmented h(x)-Jacobsthal-Lucas representation polynomial sequence {7y, (z)} de-
fined by

Thnt2(2) = Thps1 (@) + h(2)Thn(x) + 5, Tho(z) =0, mi(z) =1 (7.4)
Example 7.1.
Tho(z) =0, Tpi(z)=1,..,Tps(z) = Th*(x) + 40h*(x) + 102h(x) + 22. (7.5)
and

Tho(®) =0, 7hi(x) =1,...,mhs(x) = 9% (2) + 60h*(x) + 81h(z) +36.  (7.6)
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8 Some properties of {T}, ,,(x)} and {7, ,(x)}

Generating Functions

oo B 1+ 2y

%, -1 _ )
; na(T)y 1 =2y — (h(z) — 1)y2 + h(z)y?
iTh l(x)yl—l _ 1+4y .
e = ) = e R

Binet Formulas

Theorem 8.1. Forn >0

() Tnnla) = D2 +h2<iﬁ“n+l<x> -3

(i1)  Thn(z) = Jhns2(x) +h‘(‘if)w,n+1(w) —5

(8.1)

8.2)

(8.3)

(8.4)

Proof. (i) We use induction on n, verification of (8.3) for n = 0,1,2,3 is straightforward.

Assume (8.3) is true for n = k, so

Thala) = D2l B () 23

Now

Thpr1(x) = Thp(z) + h(2) T po1(x) +3

_ Jh}k.}rz(x) + h(a’:)Jh,]H_l(l‘) + Z[Jh’k+1(al‘) =+ 2Jh,k($)] -3

h(x)

_ Jh,k+3(x) + 2Jh7k+2($) -3
h(z) '

Thus, (8.3) is true for n = k + 1. This completes induction.
(44) The proof of (ii) is similar to (i), so it is omitted. O

From (8.3), (8.4) and (3.1), Binet formulas for T}, ,,(z) and 7, ,,(x) are derivable:

)\n+2 n+2 )\n+l_,yn+l

T 4 2(2~—=1—)-3
Thnl@) = =S
and
)\z/\:zn +4()\71 /\izn )_5
Th}n(l‘) = h(z) .

Simson Formulas

Thont1(2)Tnn—1(2) = Tpp(z) =(=h(2))"*[h(z) - 6]
— 3[Jh’n,1(£v) + 2Jh7n,2(x)],

Tt (2) Thon—1 () — T () =(=h(z))" "2 [h(z) — 20]
— S[Jh)n_l(l‘) + 4Jh,n—2($)]~

(8.5)

(8.6)

8.7)

(8.8)
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Summation Formulas

- _ Thnga(x) —3n—4

l§:1 ‘Ih,l(x) - h(.’L') ) (89)
- _ Thp2(z) —5n—6

l:g l Th}l(x) = h(f) . (810)

Explicit Combinatorial Forms

Theorem 8.2.
n2—1 B 1 B
() Shnle) = Jonle) +33 (” o l) B, 8.11)
=0
. —1-1
(i) Thn(@) = Jnn(a) +55 (” e >h(:c)l. (8.12)
=0

Proof.(i) We use induction on n, checking validates the case n = 1,2, 3. Suppose (8.11) is true
forn =1,2,3,...,k — 1, k. Then, by using (1.1) and the hypothesis,

‘Ih,k(x) + h(x)gh,k,l(x) +3
= Jh7k(I) + h(I)Jh7k_| (:Z:)

k—1 k=2

2

+3[§: (kl_lel_l)h(x)l—kZ (kl_fl_l>h(x)l+1 +1}

=0

ol

= Jnpr1(z) +3 Z (f; f)h(m)l by Pascal's formula
1=0

= Thk+1(2).

Thus, (8.11) is true for n = k 4 1, and so for all n.
(44) The proof of (i4) is similar to the proof of (i) and so it is omitted. O
Now, there is a connection between (8.3) and (8.4):

2(Jppti(z) — 1)

Th,n(m) - Th,’ﬂ(x) = h(:l?)

(8.13)
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