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Abstract We have considered three independent variable generalization of the third order
mock theta functions. We have given some identities for these functions. We have also given
q-integral representation and multibasic expansion for these functions.

1 Introduction

In mathematical world, Ramanujan and mock theta functions are synonyms. Ramanujan in his
last letter to Hardy [11] gave 17 functions and called them mock theta functions as they were
not theta functions. In the list of these 17 functions, 4 were of third order, 10 of fifth order and
3 of seventh order. Though Ramanujan classified them in different “order" he did not explain
what he meant by “order". Later Watson [15] added three mock theta functions in the list of
third order mock theta functions. We have generalized the third order mock theta functions, by
introducing three independent variables. The advantage of generalization is that by specializing
them we get some known functions and some new identities. Moreover the results I have proved
for generalized functions are new and hold for these known functions also. This is done in last
section. We have expressed these functions as q-integrals and given multibasic expansions. The
third order mock functions are ;

f(q) =
∞∑
n=0

qn
2

(−q; q)2
n

, φ(q) =
∞∑
n=0

qn
2

(−q2; q2)n
,

χ(q) =
∞∑
n=0

qn
2
(−q; q)n

(−q3; q3)n
, ψ(q) =

∞∑
n=0

q(n+1)2

(q; q2)n+1
,

ω(q) =
∞∑
n=0

q2n(n+1)

(q; q2)2
n+1

, ν(q) =
∞∑
n=0

qn
2+n

(−q; q2)n+1
,

ρ(q) =
∞∑
n=0

q2n(n+1)

((1 + q + q2)...(1 + q2n+1 + q4n+1))
.
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The first four are of Ramanujan and last three of Watson [15].
The third order generalized mock theta functions of Andrews [1] are;

f(α; q) =
∞∑
n=0

qn
2−nαn

(q; q)n(α; q)n
, φ(α; q) =

∞∑
n=0

qn
2

(αq; q2)n
,

ψ(α; q) =
∞∑
n=1

qn
2

(−α; q2)n
, ν(α; q) =

∞∑
n=0

qn
2+n

(α2q−1; q2)n+1
,

ω(α; q) =
∞∑
n=0

q2n2
α2n

(−q; q2)n+1(−α2q−1; q2)n+1
.

For α = q these functions reduce to classical mock theta functions of third order

2 Generalized Mock Theta Function of Third Order

We define the two variable generalized third order mock theta functions as;

f(t, α, z; q) =
1

(t)∞

∞∑
n=0

(t)nqn
2
z2nαn

(−zq; q)2
n

, φ(t, α, z; q) =
1

(t)∞

∞∑
n=0

(t)nqn
2
z2nαn

(−zq2; q2)n
,

ψ(t, α, z; q) =
1

(t)∞

∞∑
n=0

(t)nq(n+1)2
z2nαn

(zq; q2)n+1
, ν(t, α, z; q) =

1
(t)∞

∞∑
n=0

(t)nqn
2+nz2nαn

(−zq; q2)n+1
,

ω(t, α, z; q) =
1

(t)∞

∞∑
n=0

(t)nq2n2+2nz2nαn

(zq; q2)2
n+1

.

We have given generalization of only five of the third order mock theta functions and will be
considering only these generalization.
For t = 0, α = 1 and z = 1 these functions reduce to classical mock theta functions of third
order.

3 Some Identities for Generalized Mock Theta Functions

We prove the following identities for the third order generalized mock theta functions as;

Theorem 1.

(i) f(0, α, z; q) +
∞∑
n=1

qn(−1/z; q)n
znαn

=
(−q/zα; q)2

∞
(αz2q, q/αz2, qα ; q)∞

∞∑
r=−∞

(1− αz2q2r)(−zα; q)2
rz

4rαrq2r2

(1− αz2)(−zq; q)2
r

,

(ii) φ(0, α, z; q) +
∞∑
n=1

qn(−1/z; q2)n
znαn

=
(−q2/z3α2; q2)∞

(αz2q, q/αz2, q/zα; q)∞

×
∞∑

r=−∞

(1− αz2q2r)(−z3α2; q2)rz3rαrq2r2

(1− αz2)(−zq2; q2)r
,
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(iii) ν(0, α, z; q) +
1

(1 + zq)

∞∑
n=1

qn(−1/zq; q2)n
znαn

=
(−1/z3α2; q2)∞

(αz2q2, 1/αz2, q/zα; q)∞

×
∞∑

r=−∞

(1− αz2q2r+1)(−z3qα2; q2)rz3rαrq2r2+2r

(1− αz2q)(−zq3; q2)r
,

(iv) ψ(0, α, z; q) +
q

(1− zq)

∞∑
n=1

(−1)n(1/zq; q2)n
znαn

=
(q/z3α2; q2)∞

(αz2q3, 1/αz2q,−1/zα; q)∞

×
∞∑

r=−∞

(1− αz2q2r+2)(z3α2q3; q2)r(−1)rz3rαrq2r2+3r

(1− αz2q2)(zq3; q2)r
.

Proof of (i).

For proving the theorem we require following transformation formula [9]
∞∑

n=−∞

znqn
2

(sq, tq; q)n
=

(sq/z, tq/z; q)∞
(zq, q/z, stq/z; q)∞

∞∑
r=−∞

(1− zq2r)(z/s, z/t; q)r(zst)rq2r2

(1− z)(sq, tq; q)r
(3.1)

Replacing z by z2α and putting s = t = −z then, the left side is equal to
∞∑

n=−∞

qn
2
z2nαn

(−zq; q)2
n

=
∞∑
n=0

qn
2
z2nαn

(−zq; q)2
n

+
−∞∑
n=−1

qn
2
z2nαn

(−zq; q)2
n

(3.2)

Writing −n for n in the second term on the right side, we have
∞∑

n=−∞

qn
2
z2nαn

(−zq; q)2
n

=
∞∑
n=0

qn
2
z2nαn

(−zq; q)2
n

+
∞∑
n=1

qn
2
z−2nα−n

(−zq; q)2
−n

, (3.3)

using

(a; q)−n =
(−q/a)nqn(n−1)/2

(q/a; q)n
,

to simplify the second term on the right side, we have
∞∑

n=−∞

qn
2
z2nαn

(−zq; q)2
n

= f(α, z, q) +
∞∑
n=1

qn(−1/z; q)n
znαn

. (3.4)

The right side of (3.1) is

=
(−q/zα; q)2

∞
(αz2q, q/αz2, q/α; q)∞

∞∑
r=−∞

(1− αz2q2r)(−zα; q)2
rz

4rαrq2r2

(1− αz2)(−zq; q)2
r

. (3.5)

From (3.4) and (3.5), we have

f(0, α, z; q) +
∞∑
n=1

qn(−1/z; q)n
znαn

=
(−q/zα; q)2

∞
(αz2q, q/αz2, q/α; q)∞

∞∑
r=−∞

(1− αz2q2r)(−zα; q)2
rz

4rαrq2r2

(1− αz2)(−zq; q)2
r

.

(3.6)

Which proves (i).

Proof of (ii).
Put z = z2α, s = i

√
z and t = −i

√
z in the transformation formula (3.1).

Proof of (iii).
Put z = z2qα, s = i

√
zq and t = −i√zq in the transformation formula (3.1).

Proof of (iv).
Put z = z2αq2, s = √zq and t = −√zq in the transformation formula (3.1).
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4 q-Integral Representation for the Generalized Third Order Mock Theta
Functions

Thomae and Jackson [6, p.19] defined q-integral.∫ 1

0
f(t)dqt = (1− q)

∞∑
n=0

f(qn)qn,

using limiting case of q-beta integral, we have

1
(qx; q)∞

=
(1− q)−1

(q; q)∞

∫ 1

0
tx−1(tq; q)∞dqt, (4.1)

We give the integral representation for the generalized third order mock theta functions in the
following theorem.

Theorem 2.

(i) f(qt, α, z; q) =
(1− q)−1

(q; q)∞

∫ 1

0
ut−1(uq; q)∞f(0, αu, z; q)dqu,

(ii) φ(qt, α, z; q) =
(1− q)−1

(q; q)∞

∫ 1

0
ut−1(uq; q)∞φ(0, αu, z; q)dqu,

(iii) ψ(qt, α, z; q) =
(1− q)−1

(q; q)∞

∫ 1

0
ut−1(uq; q)∞ψ(0, αu, z; q)dqu,

(iv) ν(qt, α, z; q) =
(1− q)−1

(q; q)∞

∫ 1

0
ut−1(uq; q)∞ν(0, αu, z; q)dqu,

(v) ω(qt, α, z; q) =
(1− q)−1

(q; q)∞

∫ 1

0
ut−1(uq; q)∞ω(0, αu, z; q)dqu.

A detailed proof for f(qt, α, z; q) is given. The proofs of the other functions are similar , so
omitted.

Proof.
By definition

f(t, α, z; q) =
1

(t)∞

∞∑
n=0

(t)nqn
2
z2nαn

(−zq; q)2
n

Replacing t by qt we have

f(qt, α, z; q) =
1

(qt)∞

∞∑
n=0

(qt)nqn
2
z2nαn

(−zq; q)2
n

=
∞∑
n=0

qn
2
z2nαn

(−zq; q)2
n(q

n+t; q)∞

By equation (4.1), we have

=
∞∑
n=0

qn
2
z2nαn

(−zq; q)2
n

(1− q)−1

(q; q)∞

∫ 1

0
un+t−1(uq; q)∞dqu
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But

f(0, α, z; q) =
∞∑
n=0

qn
2
z2nαn

(−zq; q)2
n

So we have

f(qt, α, z; q) =
(1− q)−1

(q; q)∞

∫ 1

0
ut−1(uq; q)∞f(0, z, αu; q)dqu,

which proves (i) .
The proof of all the other fuctions is similar, so omitted.

5 Multibasic Expansion of Generalized Third Order Mock Theta Functions

The following bibasic expansion will be used to give multibasic expansion for the generalized
functions.

Theorem 3.

∞∑
k=0

(1− apkqk)(1− bpkq−k)(a, b; p)k(c, a/bc; q)kqk

(1− a)(1− b)(q, aq/b; q)k(ap/c, bcp; p)k

∞∑
m=0

αm+k

=
∞∑
m=0

(ap, bp; p)m(cq, aq/bc; q)mqm

(q, aq/b; q)m(ap/c, bcp; p)m
αm (5.1)

Using the summation formula [6, (3.6.7), p.71] and [10, Lemma 10, p.57], we have Theorem 3.
We will consider the following cases of the Theorem 3.

Case I
Letting q → q3 and making c→∞, in Theorem 3, we have

∞∑
k=0

(1− apkq3k)(1− bpkq−3k)(a, b; p)kq
3k2+3k

2

(1− a)(1− b)(q3, aq3/b; q3)kbkp
k2+k

2

∞∑
m=0

αm+k

=
∞∑
m=0

(ap, bp; p)mq
3m2+3m

2

(q3, aq3/b; q3)mbmp
m2+m

2

αm. (5.2)

Case II.
Letting q → q5 and c→∞ in Theorem 3, we have

∞∑
k=0

(1− apkq5k)(1− bpkq−5k)(a, b; p)kq
5k2+5k

2

(1− a)(1− b)(q5, aq5/b; q5)kbkp
k2+k

2

∞∑
m=0

αm+k

=
∞∑
m=0

(ap, bp; p)mq
5m2+5m

2

(q5, aq5/b; q5)mbmp
m2+m

2

αm. (5.3)

We now give multibasic expansion of generalized third order mock theta functions.

Theorem 4.

(i) f(t, α, z; q) =
1

(t)∞

∞∑
k=0

(1− tq4k−1)(1− q−2k+2)(t; q)k−1z
2kqk

2
αk

(1− qk+2)(−zq; q)2
k

× φ
[
q;0;tq3k;q3k+3

qk+3,−zqk+1,−zqk+1;0:0; q, q2, q3; z2qα
]
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(ii) φ(t, α, z; q) =
1

(t)∞

∞∑
k=0

(1− tq4k−1)(1− q−2k+2)(t; q)k−1z
2kqk

2
αk

(1− qk+2)(−zq2; q2)k

× φ
[
q;0;tq3k,q3k+3

qk+3;−zq2k+2;0; q, q2, q3; z2qα
]

(iii) ψ(t, α, z; q) =
1

(t)∞

∞∑
k=0

(1− tq4k−1)(1− q−2k+2)(t; q)k−1z
2kq(k+1)2

αk

(1− qk+2)(zq; q2)k+1

× φ
[
q;0;tq3k,q3k+3

qk+3;zq2k+3;0 ; q, q2, q3; z2q3α
]

(iv) ν(t, α, z; q) =
1

(t)∞

∞∑
k=0

(1− tq4k−1)(1− q−2k+2)(t; q)k−1q
k2+kz2kαk

(1− qk+2)(−zq; q2)k+1

× φ
[
q;0;q3k+3,tq3k

qk+3;−zq2k+3;0; q, q2, q3; q2z2α
]

(v) ω(t, α, z; q) =
1

(t)∞

∞∑
k=0

(1− tq6k−1)(1− q−4k+4)(t; q)k−1q
2k2+2kz2kαk

(1− qk+4)(zq; q2)2
k+1

× φ
[
q;0;q5k+5,tq5k

qk+5;zq2k+3,zq2k+3;0; q, q2, q5; z2q4α
]

We shall give the proof of (i) in detail, for others we will state the value of the parameters.

Proof of (i).
Taking

a = t/q, b = q2, p = q and αm =
(q3; q3)m(t; q3)mqmz2mαm

(q3; q)m(−zq; q)2
m

in (5.2)

we have

∞∑
k=0

(1− tq4k−1)(1− q−2k+2)(t/q; q)k(q2; q)kq
3k2+3k

2

(1− t/q)(1− q2)(q3, t; q3)kq2kq
k2+k

2

×
∞∑
m=0

(q3; q3)m+k(t; q3)m+kq
m+kz2m+2kαm+k

(q3; q)m+k(−zq; q)2
m+k

=
∞∑
m=0

(t, q3; q)mq
3m2+3m

2

(q3, t; q3)mq2mq
m2+m

2

(q3; q3)mqm(t; q3)mz2mαm

(q3; q)m(−zq; q)2
m

(5.4)

The right hand side is equal to

=
∞∑
m=0

(t; q)mqm
2
z2mαm

(−zq; q)2
m

= (t)∞f(t, z, α; q).



328 Pramod Kumar Rawat

The left hand side of (5.4) is equal to

∞∑
k=0

(1− tq4k−1)(1− q−2k+2)(t/q; q)k(q2; q)kqk
2+k

(1− t/q)(1− q2)(q3, t; q3)kq2k

×
∞∑
m=0

(q3; q3)k(q3k+3; q3)m(t; q3)k(tq3k; q3)mqm+kz2m+2kαm+k

(q3; q)k(qk+3; q)m(−zq; q)2
k(−zqk+1; q)2

m

=
∞∑
k=0

(1− tq4k−1)(1− q−2k+2)(t; q)k−1q
k2
z2kαk

(1− qk+2)(−zq; q)2
k

×
∞∑
m=0

(q3k+3; q3)m(tq3k; q3)mqmz2mαm

(qk+3; q)m(−zqk+1; q)2
m

=
∞∑
k=0

(1− tq4k−1)(1− q−2k+2)(t; q)k−1q
k2
z2kαk

(1− qk+2)(−zq; q)2
k

× φ
[
q;0;tq3k;q3k+3

qk+3,−zqk+1;−zqk+1;0; q, q2, q3; z2qα
]
.

which proves (i).

Proof of (ii).
Take

a = t/q, b = q2, p = q and αm =
(q3; q3)m(t; q3)mqmz2mαm

(q3; q)m(−zq2; q2)m
in (5.2).

Proof of (iii).
Take

a = t/q, b = q2, p = q and αm =
(q3; q3)m(t; q3)mq3m+1z2mαm

(q3; q)m(zq; q2)m+1
in (5.2).

Proof of (iv).
Take

a = t/q, b = q2, p = q and αm =
(q3; q3)m(t; q3)mq2mz2mαm

(q3; q)m(−zq; q2)m+1
in (5.2).

Proof of (v).
Take

a = t/q, b = q4, p = q and αm =
(q5; q5)m(t; q5)mqmz2mαm

(q5; q)m(zq; q2)2
m+1

in (5.3).
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6 Special Cases

We have following special cases of genrealized third order mock theta functions;

(i) f(0, 1,−1; q) =
1

(q)∞
,

(ii) φ(0,−1,−1; q) =
f(−q,−q)

(q)∞
,

(iii) φ(0,−1,−1; q) =
f(−q,−q5)

ψ(q)
,

(iv) φ(0, q,−1; q) =
f(−q,−q3)

(q)∞
,

(v) ν(0,−q−1,−1; q) = 1.

Case (i).

By definition

f(t, α, z, q) =
1

(t)∞

∞∑
n=0

(t)nqn
2
z2nαn

(−zq; q)2
n

(6.1)

For t = 0, α = 1 and z = −1, we have

f(0, 1,−1; q) =
∞∑
n=0

qn
2

(q; q)2
n

(6.2)

From [13, eqn.(A.6), p.170]

1
(q)∞

=
∞∑
n=0

qn
2

(q; q)2
n

(6.3)

By eqn.(6.2) and eqn.(6.3), we have

f(0, 1,−1; q) =
1

(q)∞
(6.4)

Case (ii).

By definition

φ(t, α, z, q) =
1

(t)∞

∞∑
n=0

(t)nqn
2
z2nαn

(−zq2; q2)n
(6.5)

For t = 0, α = −1 and z = −1, we have

φ(0,−1,−1; q) =
∞∑
n=0

(−1)nqn
2

(q2; q2)n
(6.6)
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From [13, eqn.(A.12), p.171]

f(−q,−q)
(q)∞

=
∞∑
n=0

(−1)nqn
2

(q2; q2)n
(6.7)

By eqn.(6.6) and eqn.(6.7), we have

φ(0,−1,−1; q) =
f(−q,−q)

(q)∞
(6.8)

Case (iii).

For t = 0, α = −1 and z = −1, we have

φ(0,−1,−1; q) =
∞∑
n=0

(−1)nqn
2

(q2; q2)n
(6.9)

From [13, eqn.(A.54), p.175]

f(−q,−q5)

ψ(q)
=
∞∑
n=0

(−1)nqn
2

(q2; q2)n
(6.10)

By eqn.(6.9) and eqn.(6.10), we have

φ(0,−1,−1; q) =
f(−q,−q5)

ψ(q)
(6.11)

Case (iv).

For t = 0, α = q and z = −1, we have

φ(0, q,−1; q) =
∞∑
n=0

qn
2+n

(q2; q2)n
(6.12)

From [13, eqn.(A.22), p.172]

f(−q,−q3)

(q)∞
=
∞∑
n=0

qn
2+n

(q2; q2)n
(6.13)

By eqn.(6.12) and eqn.(6.13), we have

φ(0, q,−1; q) =
f(−q,−q3)

(q)∞
(6.14)

Case (v).

By definition

ν(t, α, z, q) =
1

(t)∞

∞∑
n=0

(t)nqn
2+nz2nαn

(−zq; q2)n+1
(6.15)

For t = 0, α = −q−1 and z = −1, we have

ν(0,−q−1,−1; q) =
∞∑
n=0

(−1)nqn
2

(q; q2)n+1
(6.16)

From [13, eqn.(A.207), p.191]

1 =
∞∑
n=0

(−1)nqn
2

(q; q2)n+1
(6.17)
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By eqn.(6.16) and eqn.(6.17), we have

ν(0,−q−1,−1; q) = 1 (6.18)

Conclusion: I have made comprehensive study of generalized mock theta functions of order
fifth, sixth, eighth and tenth, and the papers have been communicated for publication.
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