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Abstract In this paper, we evaluate three different expressions for the composition of two
fractional integral operators whose kernals involve the product of generalized extended Mittag-
Leffler function and S}/ polynomial. Due to general nature of the operators in study we can
consider them as extension of some simpler fractional integral operators previously studied by
several authors. By specializing certain coefficients and parameters of these functions and taking
different values for f(¢), we can obtain a number of interesting applications for the composition
of fractional integral operators out of which we have stated a few.

1 Introduction

The importance of Mittag-Leffler function and its generalizations were understood when it was
observed that Mittag-Leffler function naturally arises in the solution of integral and fractional
order differential equations as well as solution of general problem of the theory of analytic func-
tions. Mittag-Leffler type functions have considerably developed in last two decades showing
vast potential of applications in stochastic systems theory, dynamical system theory, statistical
distribution theory, disordered and chaotic systems, etc. These functions are amenable to frac-
tional calculus techniques studied by Srivastava et al. [17, 22], Gorenflo et al. [2], Samko et al.
[13], Saxena-Saigo [14], Kiryakova [4], Kumar and Saxena [7], etc.

The one-parametric Mittag-Leffler function of the form Ej;(z) was introduced by Gosta Mittag-
Leffler [8] in 1903 and was defined by the power series of z € C as follows

o0 Zn
Es(z) = Z::O FGn 1) (6 € C, Re() > 0), (1.1)

which for 6 = 1 is a generalization of the exponential function. The very first generalization
of Es(z) was given by Wiman [25] in 1905 as the two-parametric Mittag-Leffler function also
known as Wiman’s function or generalized Mittag-Leffler function given by the series of z € C
as

o] Zn
Es.(z) = e 0, , Re(d) > 0, R 0). 1.2
s5.(2) RZ::OF((STLJH%) (6,x € C, Re(d) > e(k) > 0) (1.2)
In 1971, three-parametric generalisation of Mittag-Leffler function was introduced in a paper
written by Prabhakar [11] defined as,

9 o - (19)71 Zn

(k,0,9 € C, Re(d) > 0,Re(x) > 0,Re(¥) > 0),
where (19),, defines the usual Pochhammer symbol (see for details, [12], [19] and [20]):

(9o =1, (N =00+ 1) +2)---(I+n—1). 1.4
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Further, extension of Es(z) upto four parameters was introduced and studied by Shukla and
Prajapati [15] defined as follows

(0)pr 2"
9, T
sz < I'(0n + k) n! (15
(9,0, € C, Re(d) > 0,Re(x) > 0,Re(?) > 0andr € (0,1) UN),
(1.5) was later on further investigated by Srivastava and Tomovski [24] by taking
(1.6)

Zl"én—l—n n!

(z,k,9 € C, Re(d) > max(0,Re(&) — 1),Re(£) > 0).

The most recent generalization of Mittag-Leffler function is introduced by Ozarslan and Yilmaz
[9] as extended Mittag-Leffler function and is defined in the following manner

(d) . N — Bq(ﬁ—l—n,d—ﬂ) (d)n ﬁ >
Ey (z,q)—nZ:;) Bod— ) Ton i) (¢ >0,Re(d) > Re(v) >0), (1.7)

1
where Bq(x,y):/tw—l(l—t)y—leﬁ dt (1.8)
0

(Re(q) > 0,Re(z) > 0,Re(y) > 0).

The generalization of extended Mittag-Leffler function [1] is defined as follows:

(1.9)

°°B 19+nd 9 d), 2"
E)(zq,0,0) = = ) "

—~ B(9,d —9) I'(6n+ k) n!

(g >0, Re(d) > Re(¥) > 0, Re(d) > 0, Re(x) > 0),

where B,(f ’Q(a:,y) denotes generalized Beta type function as (see, for details, [18, p. 348,
Eq.(1.2)]; see also [10, p. 32, Chapter 4])

1
B(g”7c>(x,y) = /tI*I(l — )4 E (PQC; t(l_iI?f)) dt (1.10)
0

(Re(q) > 0, min(Re(z),Re(y),Re(¢),Re(p)) > 0).

S‘[f Polynomial

The SY polynomial was introduced and investigated by Srivastava [16] and is represented in the
following manner :

[v/U]
- A
SUlzl= > (V)j%#m’*, V=012,.. (1.11)
R=0 ’

where U is an arbitrary positive integer, the coefficients Ay r are constants, real or complex.
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Multivariable H-Function

The Multivariable H-Function is defined as follows [21, p. 251, Egs. (C.1-C.3)]:

21 (aj;ay),...,ay))l,c : (c§1),7;1>)1 Cps s ( g ),'y]( )) 1.C,

1 T
= o [ ®(EL, 60y &) T ©4(60) 25 deLdE,, ..., dée, 1.12
oy | [+ [ 26 G [T06) dads (112
£ L L
where w = v/—1,
B
]:[F(l—aj—l—Za fl)
q)(§l7§27"'7£t): D . r ] C r .
[0 —b;+ > 87) T Tla;— > ale)
j=1 i=1 j=B+1 i=1
A () B; ()
[1T(d” —87¢) I T(1 —cl? +41)
Oi(6) = ———— = — (i=1,2,.,7), (1.13)
[T I =) r(1—d +4")
j=B;+1 j=A;+1

All the Greek letters occurring on the left hand side of (1.12) are assumed to be positive real
numbers for standardization purposes. The definition of the multivariable H-function will how-
ever be meaningful even if some of these quantities are zero. The details about the nature of
contour £,, ..., £, conditions of convergence of the integral given by (1.12). Throughout the
paper it is assumed that this function always satisfies its appropriate conditions of convergence
[21, p. 251, Egs. (C.4-C.6)].

Fractional Integral Operators

A number of different extensions of several Fractional integral operators have been previously
studied by Nisar et al.[5], Nisar [6], Choi [3] and so forth. Considering aforementioned Frac-
tional integral operators as motivation, we propose to study two fractional integral operators
whose kernals involve the product of generalised extended Mittag-Leffler function and S, poly-
nomial defined and represented in the following manner:

y . t PO
o) =a [oe-oerg (w(1- 1) o)
0
t m t P1
-8y {y <x> (1 - x) ]f(t)dt (1.14)

o / 00 / ) , o P6
T f(2)) = 7 / 2 e — ) B (w’ (1 - t) ;q’7ff’7<’>
’ z
t
, t 77{ t l)i

and
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where f(t) € A, A denotes the class of function for which

O{|t]*}; Max{l|t|]} — 0
O{|t[¥re~w2It}; Min{|t|} — o0
provided that the conditions given by (1.17) are satisfied
minR(n+¢+1,p+1)>0 and min(po,n,p1) >0 (1.17)

and conditions (1.18) of operator (1.15) are satisfied

R(wp) >0 or R(wp)=0 and minR(n —w') > 0;
R(p' + 1) > 0,min(pf, 11, p1) = 0 (1.18)

2 Main Results

In the present section we provide three interesting results which are as follows:
Result 1

1o 1 r VA 001 €T
n'p" [ e _ z e
o e = [F () e [ 1P (2) e @
0 T
where
v/uj v’ /U’
F(t) = LOTEC 47 +mR + anl i] | é VurAv.rAv: e
F(U)F(U/)F(d 19) (d/ 19/ R=0 R'— R!R"
[ A*: C* ]
—t
—w(l —t)r
.yR(y/)R/tn+n1R(1 t)p+p '+p1 R+p| R’ +1HO 40:?;11,21;;117,21;;317,12;;317,12 _w/(ll_ t)po
q
1
q/
L B*: D*

2.2)
where
A*=(=1=n—n"=p—p" = (pi +m)R" — (p1 +m)R; 1, po, py,0,0),
(—pl—pllR/;l,O,p(l),0,0)
(1719;0,1,0,1,0),(1719';0,0,1,0,1)
B*:(_l_n_n/_P_Pl_(Pll+771)R,_(P1+771)R,0ap()7[)67070)>
(=1=n—n"—p' —mR—(p) +m)R':1,0,0,0,0)(1 - d;0,1,0,2,0),
(l—d’ 0,0,1,0,2)
C*:_;(l_d’l) (1_d/ 1)’(1v1) (1_d+19 1) (C ) (171)7(1_d/+19/7 ) ( )
=(0,1);(0,1),(1 — x,6);(0,1),(1 = &,8"); (0,1): (¢", 1)
(2.3)

and F*(t) can be obtained from F(t) by interchanging the parameters with dashes with those
without dashes and following conditions are satisfied

where f(t) € A
R +n+¢) > =2,R(p+p + py + po) > -2 (2.4)
R(wz) >0 or R(wp)=0 and R(y —w') >0
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Result 2

e = [ 6 (2) fe 5)

Glz) = DOTE)Tm+7 +mBR+m R + 1) Z Z (=V)ur(=V")v'rAv,rAv/ r

I'(e)['(e"T(d—9)T(d — 3T (9)T(Y) = 5 R!R'!
B A** . C** T
—(1—2)
—w(l —z)r
() a1 — ) R T (1—a)m
1
q
1
q/
L B** : D** ]
(2.6)
where

A" =(-n+n"—p—(p1 +m)R+mR;1,pp,0,0,0),(=p —mR;0,0,0,0,0)

(—p — 7| R';1,0,0,0,, p}), (1 —9;0,1,0,1,0), (1 — 9';0,0,1,0, 1)

B =(1~p—p —pR — poR; 1, po, p,0,0),

(=n—=n"—=p—nR — (p +m)R;0,p,0,0,0)(1 - d;0,2,0, 1,0),

(1-d;0,0,2,0,1)

= —1(1-4d,1); (1fd’ 1),(1,1) (1—d+9,1),(¢,1);(1,1),(1=d +9,1), (¢, 1)
=(0,1);(0,1), (1 = %,0); (0, 1), (1 = &",8"); (o, 1); (0", 1)

(

and following conditions are satisfied

2.7)

where f(t) € A
R +n+¢)>-2,R(p+p +py+po) > -2 (2.8)
min{n, 71, p1,p1} 2 0
Result 3

oo

N = [ 16 (%) e 2.9)

x

where G(x) is given by (2.6), f(t) € A exists and following conditions are satisfied
R(wa) >0 or R(wz)=0 and R(n+7n —w')>0;
R(p+ 0 +ph+ po) > —2,min{ny, i, p1,p1} > 0

Proof of (2.1),(2.9) & (2.5): In order to prove Result 1, we proceed by expressing I- and J-
operators in the left hand side of (2.1) in their integral forms with the help of (1.14) and (1.15),
we obtain:

N Vi . t Po
et ot [ ot orpg (w(1- 1) o)
0

U t m t P1 71/ 7 —7]/_/)/_1 /)/ 9-d’ ’ t P6 ’ / /
-SY |y - 1_5 t 2 (z—t)" E5 5 | w 1—; 3¢, 0',¢
t
, t 77{ t /)i
Sy |y (z) (1 - z) f(z)dzdt (2.10)
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Next, we exchange the order of t- and z- integrals (which is permissible under the conditions
stated) and obtain the following after a little simplification:

x

LI f ()} = ]f(Z)/g($72,t)dtdz+7f(2)/g($727t)dtdz
0 0 T

0
_ / F() Iz + / F()hdz  (say) @.11)
0 T

where

’ / / ’ . t po
gz, 2, t) = 71PN (g — )P (2 — )P 27 P _lng (w (1 — :c) 3 q, 0, §)
t m t P1 - t P(/)
AP -0 -
x T z
, t 77{ t Pi
N S ’ ! - 1 - -
v () (-

z

xr
I Z/g(z,z,t)dt and I :/g(x’z7t)dt
0

0

(2.12)

and

To evaluate I, we first express both the generalised extended Mittag-Leffler functions in terms
of their respective contour integral forms using (1.9). Next, express both the S}/ polynomials
in terms of their respective series with the help of (1.11). Further, on exchanging the order of
summations and contour integral, we get:

v’'/Uu
RIR
R

_ (1 ! T(Qr¢’) My ! (—Vur(=V")urAv,rAv: Rk
Ii= (27rw> ()T (o) T(d — 0)[(d — ") T(O)T(J) Rg@ 1

’

z
.yR(y’)R'/”_//t77+77/+771R+77fR/x*71*P*(711+PI)R*PO§2*1(x_t)P+P1R+P0§2
e, £,0

(z — t)P PR i o= (PR —piga— ] F(—§1)F12(<§2)1;(;T — &)
)
TW+&+L)I(d—9+&)(d+ &) g6 (—w)E D(=&)T(E) (0" — &)
[C(d+ & +2&)0(k + 0&1) (¢ — &)
_ T + &+ &)0(d =9 4+ &)T(d + &)
C(d' + &+ 284)0(K" + 6'&3)

(¢) "8 (=)o dtdey -~ d&s (2.13)

Now, we substitute t = uz in (2.13) and evaluate the u-integral using the known result[12, p. 47,
Eq.(16)]. Finally, re-interpreting the result in terms of the Multivariable H-function we obtain
1.

In order to evaluate I, we proceed on similar lines as mentioned above substituting ¢ = uz. On
substituting the values of I; and I in (2.11), we get the required result.

Similarly, we can prove the results (2.5) and (2.9) with the help of the results given by [12, p.60,
Eq.(5)], so we omit the details.

3 Applications

In this section, we provide the applications of result 1 and result 2.
Firstly, in result 1, we consider f(z) = (1 — v2)! and both S} polynomials equal to unity, we
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arrive at the following expression after a little simplification:

[ I*:
—w(1—£)"
0
xX ’ _w/ 1 L
J;‘”_l/t"“ (1 t>p (1 B 1>p+l+l 0,4:1,1:1,131,0:1,2;1,2 (1 Wt)
T ’}/t 4,3:1,2:3,1;0,1;3,1;3,1 £
0 1
q
1
L v J*
. P*: R
—w(l — yx)Pro
0,6:1,1;1,1;1,1:1,0;1,2:1,2 —w’(l —733)’)6
= (1 - ’Yff)p+p +l+2{H6,6 1,1 1,'2,1,2;0,1;3,1;3,1 .
YT
1
q
1
L7 Qo5
[ ~1 E*: G* T
—w (1 _ ’Yliz)ﬂo
1 an 0,6:1,1:1,1:1,1:1,0:1,2:12 | —w' (1= L g
+ (’Yﬂf) He 6111212013131 v ( 1 "’*)
T ym
1
i
L 7 F*: H* |
where
I*=(1-14v;1,0,0,1,0),(1 —4';0,1,0,0,1),
(=030,p0,1,0,0), (—p" =150, 5,1,0,0)
=(1-4d;1,0,0,2,0),(1 —d’; 0,1,2 0, 0),(l—n - 00, p0,1,0,0)
=1 -d1);(1-d,1);—;
(lal) (1_d+191)( )(171)7(1_d/+19, )(Clal)
= (07 1)7 (1 - ’{75); (07 1)7 (1 - K 75 )7 (1 P 77 - lvPo)i(Ov 1);(07 l); (0/7 1)
P* = (_1 - n—- 77/ _p_p/; 17/70’06’0’070)’(_0/ laoapl0707070)a
(1 _19;07170707170)7(1 _19/;0707130)031)7
(1—p—p" —=n—=101,po,pp,0,0,0), (=1 — p—p";0, po, py, 1,0,0)
Q =(=l=n—n"—p—10"10,p0,py,0,0,0), (=1 —n—n"—p';1,0,p,0,0,0),

(1-d;0,1,0,0,2,0), (1 —d’;0,0,1,0,0,2),
l,po,pé,0,0,0) ( 1—77 p— /) 1 00706707070)
=1 —-n1);(1—=d,1);(1-=d,1);—

), (1 —=d+9,1),(¢,1);(1,1), (1 =d' +9',1),(¢, 1)
1), (1= 5,8); (0, 1), (1 = #,8): (0, 1); (o, 1); (", 1)

(—l=p—=p' =n-1
(1,1
5% = (0,1); (0,

K*

dt

L*

3.1
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E*=(-1=n—n"=p—051,0,p0,0,0,0),(—p; 1,0, po,0,0,0),
(1 -1;0,0,1,0,0,1),(1 —4';0,1,0,0,1,0), (=1 — p— p' — 1’5 1,0, po, py, 0,0),
(=1 —p—p"0,1,po, py,0,0)
F*=(=1=n—n"=p—0"0,0,p0,00,0,0), (=1 =1 —1n" = p;1,0, po,0,0,0),
(1-4d;0,0,1,0,0,2),
(1-4d50,0,0,1,2,0),(—1—p—p' —n"; 1,0, po, pg,0,0),
(=1=n"—p—p" —=1;1,0,p0, p5,0,0)
G=010-79-011);(1-d,1);(1—-d,1);—
(L1),(1=d+9,1),(¢, 1);(1,1), (1 —=d +9',1),(, 1)
=(0,1);(0,1), (1 = #,0);(0,1),(1 —&',8");(0,1); (0, 1); (¢, 1)

provided the conditions obtainable from result 1 are satisfied.

Further, in result 2, if we take f(2) = »F} (a,b;¢; (a — 2)™), we obtain the following expres-
sion after a little simplification:

T t

v [ oo apam (u(1-2) ) o ()" (1))

00
’.oqr , t n{ t Pi Z\m

-Eg, ’g, w' (1 > iq ol ¢ SY |y <) (1 — ) 5 F (a,b; c (a — 7> ) dzdt
, x x x

v/Ul v/ /U]
L(OT(¢)T(n + m R+ 1)I(c ~V)ur(=V)vr Av,rAv: m
_ QLT+ mR+ D) DY (Vor(-V)owAvrdv r g

&\w

’

(y)"
(o) (") T(d — O)T(d — L@ T@L(b) 2 2= RIR!
[ —(1-2)(1-1) M*: O* ]
—w(l—z)» (1-1 P
1\ PP tmBEn R +2 —w'(1 - x)pé ( - é)po
. (1 . > H0,7:1,0;l,1;1,1;1,2;1,2;1,2;1,0 1
a 7,6:0,1;1,2;1,2;3,1;3,1;2,2;0,1 q
1
q’
—(a— 1y
é N*: P* |
(3.2)
where

M*=(=n+n"—p— (o1 + m)R+mR31,p0,0,0,0,0,0), (=p — mR;0, po, 0,0,0,0,0),
7PI7U;R,;1707070lea070 ) 1719;0717071707070 ’

0
(1 _19/2()’0717071;0a0)a(_2_P_Pl_77—2771R—771R/§1,P07P670707m71),
(=1=p—p'—=mR—nR’1,p0,p,0,0,0,1)
:(1_p_p,_pZ)R/_pOR;lap07p(I)70707070)7
(_77_77/_P_771R/_(P1 +771)R;07P7070707070),
(1 -4d;0,2,0,1,0,0,0),(1—-d’;0,0,2,0,1,0,0),
(_1_p_pl_T]_Q’T]]R_U;R/;15p07p(/)70707070)7
(=2=p—p" —n—=2mR—niR';1,po,p;,0,0,0,1)
O =—10-d,1);(1-d,1);1,1),(1 —=d+9,1),(¢,1); (1,1), (1 —=d' + 9, 1),(¢, 1);
(I-a,1),(1=0b,1),(0,1); -
=(0,1);(0,1), (1 = £,0); (0, 1), (1 = &",8); (0, 1); (0", 1); (1 = ¢, 1); (0, 1)

provided the conditions obtainable from result 2 are satisfied.
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