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Abstract In this paper, we compare two algorithms for computing the inverse of a hepta-
diagonal Toeplitz matrix. The numerical results are given to compare the effectiveness of this
method.

1 Introduction:

Heptadiagonal matrices frequently arise from boundary value problems, the finite element method
and the spectral method, and could be applied to the mathematical representation of high dimen-
sional, nonlinear electromagnetic interference signals [1-7]. Heptadiagonal matrices are a certain
class of special matrices, and other common types of special matrices are Jordan, Frobenius, gen-
eralized Vandermonde, Hermite, centrosymmetric, and arrowhead matrices [8-12].
The heptadiagonal systems emanate in many numerical models. These kinds of matrices appear
in many areas of science and engineering. So a good technique for computing the inverse of such
matrices is required. The paper is organized as follows: In Section 2,3 the first and the second
algorithms for computing the inverse of hetadiagonal toeplitz matrix. The illustrative examples
are presented in Section 4. Conclusions of the work are given in Section 5.

2 Inverse of a Toeplitz Heptadiagonal matrix algoritm 1:

Definition 2.1. We consider the heptadiagonal Toeplitz matrix:

H =



a b c d 0 · · · · · · · · · · · · · · · 0

α a b c d
. . .

...

β α a b c
. . . . . .

...

γ β α a b
. . . . . . . . .

...

0 γ β α a
. . . . . . . . . . . .

...
...

. . . . . . . . . . . . . . . . . . . . . . . . . . .
...

...
. . . . . . . . . . . . a b c d 0

...
. . . . . . . . . α a b c d

...
. . . . . . . . . β α a b c

...
. . . . . . . . . γ β α a b

0 · · · · · · · · · · · · · · · 0 γ β α a


where: H ∈Mn,n(K). Also γ, β, α, a, b, c and d are an arbitrary numbers. Assume that H

is non-singular and denote:
H−1 = (D1, D2, ..., Dn)
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where (Di)1≤i≤n are the columns of the inverse H−1.

From the relation H−1H = In where In denotes the identity matrix of order n. We deduce
the relations:

Dn−3 =
1
d
(En − cDn−2 − bDn−1 − aDn)

Dn−4 =
1
d
(En−1 − cDn−3 − bDn−2 − aDn−1 − αDn) (2.1)

Dn−5 =
1
d
(En−2 − cDn−4 − bDn−3 − aDn−2 − αDn−1 − βDn)

And:

Dj−3 =
1
d
(Ej − cDj−1 − bDj − aDj+1 − αDj+2 − βCj+3 − γDj+4) for 4 ≤ j ≤ n− 3

Where Ej = [(δi,j)1≤i≤n]t ∈ Kn is the vector of order j of the canonical basis of Kn.
Consider the sequence of numbers (Ai)(0≤i≤n), (Bi)(0≤i≤n) and (Ci)(0≤i≤n) characterized by a
term recurrence relation:

A0 = 0

A1 = 0

A2 = 1

aA0 + bA1 + cA2 + dA3 = 0 = 0

αA0 + aA1 + bA3 + cA4 + dA5 = 0

βA0 + αA1 + aA2 + bA3 + cA4 + dA5 = 0

γA0 + βA1 + αA2 + aA3 + bA4 + cA5 + dA6 = 0

γAj−4 + βAj−3 + αAj−2 + aAj−1 + bAj + cAj+1 + dAj+2 = 0 for 5 ≤ j ≤ n− 3

γAn−6 + βAn−5 + αAn−4 + aAn−3 + bAn−2 + cAn−1 +An = 0

γAn−5 + βAn−4 + αAn−3 + aAn−2 + bAn−1 +An+1 = 0

γAn−4 + βAn−3 + αAn−2 + aAn−1 +An+2 = 0

And:
B0 = 0

B1 = 1

B2 = 0

aB0 + bB1 + cB2 + dB3 = 0 = 0

αB0 + aB1 + bB2 + cB3 + dB4 = 0

βB0 + αB1 + aB2 + bB3 + cB4 + dB5 = 0

γB0 + βB1 + αB2 + aB3 + bB4 + cB5 + dB6 = 0 (2.2)

γBj−4 + βBj−3 + αBj−2 + aBj−1 + bBj + cBj+1 + dBj+2 = 0 for 5 ≤ j ≤ n− 3

γBn−6 + βBn−5 + αBn−4 + aBn−3 + bBn−2 + cBn−1 +Bn = 0

γBn−5 + βBn−4 + αBn−3 + aBn−2 + bBn−1 +Bn+1 = 0
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γBn−4 + βBn−3 + αBn−2 + aBn−1 +Bn+2 = 0

We have also:
C0 = 1

C1 = 0

C2 = 0

aC0 + bC1 + cC2 + dC3 = 0 = 0

αC0 + aC1 + bC2 + cC3 + dC4 = 0

βC0 + αC1 + aC2 + bC3 + cC4 + dC5 = 0

γC0 + βC1 + αC2 + aC3 + bC4 + cC5 + dC6 = 0 (2.3)

γCj−4 + βCj−3 + αCj−2 + aCj−1 + bCj + cCj+1 + dCj+2 = 0 for 5 ≤ j ≤ n− 3

γCn−6 + βCn−5 + αCn−4 + aCn−3 + bCn−2 + cCn−1 + Cn = 0

γCn−5 + βCn−4 + αCn−3 + aCn−2 + bCn−1 + Cn+1 = 0

γCn−4 + βCn−3 + αCn−2 + aCn−1 + Cn+2 = 0

We can give a matrix form to this term recurrence:

HA = −AnEn−2 −An+1En−1 −An+2En. (2.4)

HB = −BnEn−2 −Bn+1En−1 −Bn+2En. (2.5)

And:
HC = −CnEn−2 − Cn+1En−1 − Cn+2En. (2.6)

where A = [A0, A1, ..., An−1]t, B = [B0, B1, ..., Bn−1]t and C = [C0, C1, ..., Cn−1]t

Let’s define for each 0 ≤ i ≤ n+ 2

Qi = det

An An+1 Ai

Bn Bn+1 Bi

Cn Cn+1 Ci



Pi = det

An Ai An+2

Bn Bi Bn+2

Cn Ci Cn+2



Ri = det

Ai An+1 An+2

Bi Bn+1 Bn+2

Ci Cn+1 Cn+2


Immediately we have:

HQ = −Qn+2En−2 and HP = −Pn+1En−1 and HR = −RnEn (2.7)

Where: Q = [Q0, Q1, ..., Qn−1]t, P = [P0, P1, ..., Pn−1]t and R = [R0, R1, ..., Rn−1]t

Lemma 2.2. If Qn+2 = 0, then the matrix H is singular.

Proof. If Qn+2 = 0, The Q is non-null and by (8) we have HQ = 0. We conclude that H is
singular.
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Theorem 2.3. We supposed that Qn+2 6= 0, then H is non-singular.
And:

Dn =
−1
Qn+2

[Q0, Q1, ..., Qn−1]
t

Dn−1 =
−1
Pn+1

[P0, P1, ..., Pn−1]
t (2.8)

And:
Dn−2 =

−1
Rn

[R0, R1, ..., Rn−1]
t

Proof. We have det(H) = (−1)n+1(d)n−3Qn+2 6= 0. So H is invertible from the relations
Equations 7 and 8 we have HDn = En, HDn−1 = En−1 and HDn−2 = En−2.
The proof is completed.

Algorithm: New efficient computational algorithm for computing the Inverse of the hep-
tatadiagonal matrix
INPUT: the dimension n, β, α, γ, a, b, c and d.
OUTPUT: The inverse H−1 = (D1, D2, ..., Dn).
First step:

Dn =
−1
Qn+2

[Q0, Q1, ..., Qn−1]
t

Dn−1 =
−1
Pn+1

[P0, P1, ..., Pn−1]
t

And
Dn−2 =

−1
Rn

[R0, R1, ..., Rn−1]
t

Second step:

Dn−3 =
1
d
(En − cDn−2 − bDn−1 − aDn)

Dn−4 =
1
d
(En−1 − cDn−3 − bDn−2 − aDn−1 − αDn)

Dn−5 =
1
d
(En−2 − cDn−4 − bDn−3 − aDn−2 − αDn−1 − βDn)

Step 3:

Dj−3 =
1
d
(Ej − cDj−1 − bDj − aDj+1 − αDj+2 − βCj+3 − γDj+4) for 4 ≤ j ≤ n− 3

3. Inverse of a Toeplitz Heptadiagonal matrix algorithm 2:

Definition 2.4. The Hessenberg (or lower Hessenberg) matrices are the matrices H = [hij ]
satisfying the condition hij = 0 for j − i > 1. More general, the matrix is K −Hessenberg if
and only if Hij = 0 for j − i > K.

Theorem [17] : Let H be a a strict K −Hessenberg matrix with the block decomposition:

H =

[
B A

D C

]
, A ∈Mn−k(F ) , B ∈M(n−k)×k(F ) , C ∈Mk×(n−k)(F ) , D ∈Mk.

The H is invertible if and only if CA−1B −D is invertible and if H is invertible we have:

H−1 =

[
0 0
A−1 0

]
−

[
Ik

−A−1B

]
(CA−1B −D)−1

[
−CA−1 Ik

]
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Roksana Slowik [16] worked in the particular case of Toeplitz-Hessenberg matrices.
Our work is applied on a Toeplitz heptadiagonal matrix H. Then we find:

H−1 =

[
0 0
A−1 0

]
−

[
I3

−A−1B

]
(CA−1B −D)−1

[
−CA−1 I3

]
(2.9)

The blocks B, C,D and A are given as:

B =



a b c

α a b

β α a

γ β α

0 γ α

0 0 γ

0 0 0
...

...
...

0 0 0



C =

0 · · · 0 γ β α a b c

0 · · · 0 0 γ β α a b

0 · · · 0 0 0 γ β α a



D =

0 0 0
0 0 0
0 0 0


And:

A =



d 0 0 · · · · · · · · · · · · · · · · · · 0
c d 0 · · · · · · · · · · · · · · · · · · 0
b c d 0 · · · · · · · · · · · · · · · 0
a b c d 0 · · · · · · · · · · · · 0

α a b c d 0 · · · · · · · · ·
...

β α a b c d 0 · · · · · ·
...

γ β α a b c d 0
. . .

...

0 γ β α a b c d 0
...

...
. . . . . . . . . . . . . . . . . . . . . . . . 0

0 · · · 0 γ β α a b c d


Then the inverse of the matrix A will be:

A−1 =
1
d

n−2∑
k=0

n−1−k∑
r=1

lkEr+k,r (2.10)

Where:

l0 = 1; l1 =
−c
d

; l2 = (
−c
d
)2 − b

d
= −1

d
(cl1 + bl0); l3 = (

−c
d
)3 +

2bc
d2 −

a

d

l4 = (
−c
d
)4 − 3bc2

d3 +
2ac+ b2

d2 − α

d
; l5 = (

−c
d
)5 +

4bc3

d4 −
3b2c+ 3ac2

d3 +
2ab
d2 +

αc

d2 −
β

d

And lk = −1
d
(clk−1 + blk−2 + alk−3 + αlk−4 + βlk−5 + γlk−6)
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Proof. Since A is a triangular Toeplitz matrix, so is A−1. We prove (11) inductively on n. We
have:


1
0 1
0 − c

d
1

0 (− c
d
)2 − 2c

d
1

0 (− c
d
)3 − b

d
+ 3c2

d2 − 2c
d

1

0 (− c
d
)4 (− c

d
)3 + 3cb

d2
3c2

d2 − 2b
d

− 2c
d

1




1

− c
d

1

− b
d

0 1

− a
d

− b
d

c
d

1

−α
d

− a
d

0 c
d

1

− β
d

−( b
d
)2 − α

d
cb
d2 − a

d
c
d

1

 =


1
l1 1
l2 l1 1
l3 l2 l1 1
l4 l3 l2 l1 1
l5 l4 l3 l2 l1 1


(2.11)

With:

l1 =
−c
d
, l2 = (

−c
d
)2− b

d
= −1

d
(cl1+bl0), l3 = (

−c
d
)3+

2bc
d2 −

a

d
, l4 = (

−c
d
)4−3bc2

d3 +
2ac+ b2

d2 −α
d

And l5 = (
−c
d
)5 +

4bc3

d4 −
3b2c+ 3ac2

d3 +
2ab
d2 +

αc

d2 −
β

d

The first step of induction holds.
Consider now n > 4. We have:



1
0 1
0 l1 1
0 l2 l1 1
0 l3 l2 l1 1
0 l4 l3 l2 l1 1
0 l5 l4 l3 l2 l1 1
0 l6 l5 l4 l3 l2 l1 1

.

.

.
. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .

0 ln−3 · · · · · · · · · · · · · · · · · · l1 1





1
− c
d

1

− b
d

− a
d

−α
d

. . .

− β
d

− γ
d

0

.

.

.
. . .

0 1



=



1
l1 1
l2 l1 1
l3 l2 l1 1
l4 l3 l2 l1 1
l5 l4 l3 l2 l1 1
l6 l5 l4 l3 l2 l1 1
l7 l6 l5 l4 l3 l2 l1 1

.

.

.

.

.

.

.

.

.
. . .

ln−2 ln−3 · · · · · · · · · l1 1


Then:

ln−2 = − 1
d
(cln−3 + bln−4 + aln−5 + αln−6 + βln−7 + γln−8)

4. Examples

In this section, we give a numerical example to illustrate the effectiveness of our algorithm. Our
algorithm is tested by MATLAB R2014a.
Consider the following 9-by-9 pentadiagonal matrix

H =



1 2 3 7 0 0 0 0 0
−2 1 2 3 7 0 0 0 0
0.5 −2 1 2 3 7 0 0 0
4 0.5 −2 1 2 3 7 0 0
0 4 0.5 −2 1 2 3 7 0
0 0 4 0.5 −2 1 2 3 7
0 0 0 4 0.5 −2 1 2 3
0 0 0 0 4 0.5 −2 1 2
0 0 0 0 0 4 0.5 −2 1


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The columns of the inverse H−1 are:

D1 =



0.1504
0.1162
0.0810
0.0535
−0.0197
0.0040
−0.0749
−0.0231
−0.0250


, D2 =



−0.1562
−0.0050
0.0774
−0.0094
0.0809
−0.0333
0.1042
−0.0521
−0.0231


, D3 =



−0.0075
−0.1942
0.0329
0.0424
−0.0020
0.0719
−0.0088
0.1042
−0.0749


, D4 =



0.1352
−0.0073
0.0143
−0.0234
0.0456
−0.0266
0.0719
−0.0333
0.0040


, D5 =



−0.0568
0.0970
−0.0451
−0.0002
−0.0171
0.0456
−0.0020
0.0809
−0.0197



D6 =



0.0419
−0.0518
0.1552
−0.0577
−0.0002
−0.0234
0.0424
−0.0094
0.0535


, D7 =



−0.2098
−0.0457
−0.2617
0.1552
−0.0451
0.0143
0.0329
0.0774
0.0810


, D8 =



0.2727
0.1136
−0.0457
−0.0518
0.0970
−0.0073
−0.1942
−0.0050
0.1162


, D9 =



−0.2094
0.2727
−0.2098
0.0419
−0.0568
0.1352
−0.0075
−0.1562
0.1504


Let’s employ the same example and give the blocks A, B, C, and D of the matrix H

A =



7 0 0 0 0 0
3 7 0 0 0 0
2 3 7 0 0 0
1 2 3 7 0 0
−2 1 2 3 7 0
0.5 −2 1 2 3 7



B =



1 2 3
−2 1 2
0.5 −2 1
4 0.5 −2
0 4 0.5
0 0 4



C =

4 0.5 −2 1 2 3
0 4 0.5 −2 1 2
0 0 4 0.5 −2 1



D =

0 0 0
0 0 0
0 0 0


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Therefore the inverse H−1 is :

H−1 =



0.1504 −0.1562 −0.0075 0.1352 −0.0568 0.0419 −0.2098 0.2727 −0.2094
0.1162 −0.0050 −0.1942 −0.0073 0.0970 −0.0518 −0.0457 0.1136 0.2727
0.0810 0.0774 0.0329 0.0143 −0.0451 0.1552 −0.2617 −0.0457 −0.2098
0.0535 −0.0094 0.0424 −0.0234 −0.0002 −0.0577 0.1552 −0.0518 0.0419
−0.0197 0.0809 −0.0020 0.0456 −0.0171 −0.0002 −0.0451 0.0970 −0.0568
0.0040 −0.0333 0.0719 −0.0266 0.0456 −0.0234 0.0143 −0.0073 0.1352
−0.0749 0.1042 −0.0088 0.0719 −0.0020 0.0424 0.0329 −0.1942 −0.0075
−0.0231 −0.0521 0.1042 −0.0333 0.0809 −0.0094 0.0774 −0.0050 −0.1562
−0.0250 −0.0231 −0.0749 0.0040 −0.0197 0.0535 0.0810 0.1162 0.1504


In the table we give a comparison of the running time between ’toepltiz-hessenberg’ algo-

rithm and our algorithm in MATLAB R2014a.
The running time (in seconds) of two algorithms in MATLAB R2014a.

Table 1. The running time
Size of the matrix (n) Algorithm 1 Algorithm 2 LU method

100 0.036954 0.137472 0.918161
200 0.061992 0.520568 2.547606
300 0.090051 1.201593 6.816085
500 0.149696 3.235135 24.165349
1000 0.314484 13.066815 149.750575

3 Conclusion

In this work new numeric and symbolic algorithms have been developed for finding the inverse
of any nonsingular heptadiagonal matrix. And we show the efficient of our fast algorithm (algo-
rithm 1) by comparing it with the toeplitz-hessenberg algorithm (algorithm 2) and with the LU
method.

References
[1] L. Aceto, P. Ghelardoni, C. Magherini, PGSCM: A family of P-stable boundary value methods for second-

order initial value problems, J. Comput. Appl.Math. 236 (2012) 3857-3868.

[2] L. Aceto, P. Ghelardoni, C. Magherini, Boundary value methods for the reconstruction of Sturm-Liouville
potentials, Appl. Math. Comput. 219 (2012)2960-2974.

[3] D. Kaya, An explicit and numerical solutions of some fifth-order Kdv equation by decomposition method,
Appl. Math. Comput. 144 (2003) 353-363.

[4] S.M. El-Sayed, D. Kaya, An application of the ADM to seven order Sawada Kotara equations, Appl.
Math. Comput. 157 (2004) 93-101.

[5] Jie Shen, Tao Tang, Spectral and High-Order Methods with Applications, Science Press, Beijing, 2006

[6] J. Monterde, H. Ugail, A general 4th-order PDE method to generate bezier surfaces from the boundary,
Comput. Aided Geom. Design 23 (2006) 208-225.

[7] P.G. Patil, Y.S. Swamy, An eficient model for vibration control by piezoelectric smart structure using finite
element method, Eur. J. Comput. Sci. Netw.Secu. 8 (2008) 258-264.

[8] J.S. Respondek, Numerical recipes for the high efficient inverse of the confluent Vandermonde matrices,
Appl. Math. Comput. 218 (2011) 2044-2054.

[9] J.S. Respondek, Recursive numerical recipes for the high efficient inversion of the confluent Vandermonde
matrices, Appl. Math. Comput. 225 (2013)718-730.

[10] H. Li, D. Zhao, An extension of the Golden-Thompson theorem, J. Inequal.Appl. (2014).

[11] H.Y. Li, Z.G. Gong, D. Zhao, Least squares solutions of the matrix equation AXB+CYD=E with the least
norm for symmetric arrowhead matrices, Appl.Math. Comput. 226 (2014) 719-724.



250 B. TALIBIa, A.AIAT HADJb, D.SARSRIc

[12] Chaojie Wang, Hongyi Li, Di Zhao, An explicit formula for the inverse of a pentadiagonal Toeplitz matrix
, Journal of Computational and Applied Mathematics 278 (2015) 12-18

[13] A. Hadj, M. Elouafi, A fast numerical algorithm for the inverse of a tridiagonal and pentadiagonal matrix,
Appl. Math. Comput. 202 (2008) 441-445.

[14] D. Aiat Hadj, M. Elouafi the characteristic polynomial, eigenvectors and determinant of a pentadiagonal
matrix, Appl. Math.Comput. 198 (2) (2008) 634-642

[15] R. Slowik, Inverses and Determinants of Toeplitz-Hessenberg Matrices, TAIWANESE JOURNAL OF
MATHEMATICS. Vol. 22, No. 4, pp. 901–908, August 2018.

[16] L. Verde-Star, Elementary triangular matrices and inverses of k-Hessenberg and triangular matrices, Spec.
Matrices 3 (2015), 250256.

[17] J. Abderram´an Marrero and V. Tomeo, On the closed representation for the inverses of Hessenberg
matrices, J. Comput. Appl. Math. 236 (2012), no. 12, 2962-2970.

[18] J. Abderram´an Marrero, V. Tomeo and E. Torrano, On inverses of infinite Hessenberg matrices, J. Com-
put. Appl. Math. 275 (2015), 356-365.

[19] B. Bukhberger and G. A. Emel’yanenko, Methods of inverting tridiagonal matrices, USSR Comput. Math.
and Math. Phys. 13 (1973), no. 3, 10-20.

[20] D. K. Faddeev, Some properties of a matrix that is the inverse of a Hessenberg matrix, Numerical Methods
and Questions in the Organization of Calculations 5, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst.
Steklov. (LOMI) 111 (1981), 177-179.

[21] Y. Ikebe, On inverses of Hessenberg matrices, Linear Algebra Appl. 24 (1979), 93-97.

[22] J. Maroulas, Factorization of Hessenberg matrices, Linear Algebra Appl. 506 (2016), 226-243.

[23] M. Merca, A note on the determinant of a Toeplitz-Hessenberg matrix, Spec. Matrices 2 (2014), 10-16.

[24] T. Muir, A Treatise on the Theory of Determinants, Revised and enlarged by William H. Metzler, Dover,
New York,

[25] M. J. Piff, Inverses of banded and k-Hessenberg matrices, Linear Algebra Appl. 85 (1987), 9-15.

Author information

B. TALIBIa, A.AIAT HADJb, D.SARSRIc, a,c Department of Industrial Engineering and Logistics, National
School of Applied Sciences of TANGER; Abdelmalek Essaadi University, Morocco.
b Regional Center of the Trades of Education and Training (CRMEF)-Tangier, Avenue My Abdelaziz, Souani,
BP: 3117, Tangier. Morocco., Morocco.
E-mail: b.talibi@uae.ac.ma

Received: July 18, 2019.

Accepted: December 29, 2019.


	1  Introduction:
	2 Inverse of a Toeplitz Heptadiagonal matrix algoritm 1:
	3 Conclusion

