
Palestine Journal of Mathematics

Vol. 10(1)(2021) , 251–265 © Palestine Polytechnic University-PPU 2021

Hermite-Hadamard type fractional integral inequalities for
products of two generalized beta (r, g)-preinvex functions

Artion Kashuri and Rozana Liko

Communicated by Ayman Badawi

MSC 2010 Classifications: Primary: 26A51. Secondary: 26A33, 26D07, 26D10, 26D15.

Keywords and phrases: Hermite-Hadamard type inequality, Hölder’s inequality, Minkowski’s inequality, Cauchy’s in-
equality, power mean inequality, Riemann-Liouville fractional integral.

Abstract In the present paper, a new class of generalized beta (r, g)-preinvex functions is in-
troduced and some new integral inequalities for the left-hand side of Gauss-Jacobi type quadra-
ture formula involving products of two generalized beta (r, g)-preinvex functions are given.
Moreover, some generalizations of Hermite-Hadamard type inequalities for products of two gen-
eralized beta (r, g)-preinvex functions via Riemann-Liouville fractional integrals are established.
These general inequalities give us some new estimates for the left-hand side of Gauss-Jacobi type
quadrature formula and Hermite-Hadamard type fractional integral inequalities and also extend
some results appeared in the literature, see [1]. At the end, some conclusions and future research
are given.

1 Introduction

The following notations are used throughout this paper. We use I to denote an interval on the
real line R = (−∞,+∞) and I◦ to denote the interior of I. The nonnegative real numbers are
denoted by R◦ = [0,+∞). The set of integrable functions on the interval [a, b] is denoted by
L[a, b].

The following inequality, named Hermite-Hadamard inequality, is one of the most famous in-
equalities in the literature for convex functions.

Theorem 1.1. Let f : I ⊆ R −→ R be a convex function on I and a, b ∈ I with a < b. Then the
following inequality holds:

f

(
a+ b

2

)
≤ 1
b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
. (1.1)

In recent years, various generalizations, extensions and variants of such inequalities have been
obtained. For other recent results concerning Hermite-Hadamard type inequalities through var-
ious classes of convex functions, see [1],[3]-[8],[10]-[22],[24],[25],[28],[29],[32],[33] and the
references cited therein.

Definition 1.2. Let f ∈ L[a, b]. The Riemann-Liouville integrals Jαa+f and Jαb−f of order α > 0
with a ≥ 0 are defined by

Jαa+f(x) =
1

Γ(α)

∫ x

a

(x− t)α−1f(t)dt, x > a

and

Jαb−f(x) =
1

Γ(α)

∫ b

x

(t− x)α−1f(t)dt, b > x,

where Γ(α) =

∫ +∞

0
e−uuα−1du. Here J0

a+f(x) = J0
b−f(x) = f(x).

In the case of α = 1, the fractional integral reduces to the classical integral.
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Now, let us recall some basic definitions of various convex functions.

Definition 1.3. [7] A non-negative function f : I ⊆ R −→ R◦ is said to be P -convex, if

f(tx+ (1− t)y) ≤ f(x) + f(y), ∀x, y ∈ I, t ∈ [0, 1].

Definition 1.4. [9] A function f : R◦ −→ R is said to be s-convex in the second sense, if

f(λx+ (1− λ)y) ≤ λsf(x) + (1− λ)sf(y) (1.2)

for all x, y ≥ 0, λ ∈ [0, 1] and s ∈ (0, 1].

It is clear that a 1-convex function must be convex on R◦ as usual. The s-convex functions in the
second sense have been investigated in [9].

Definition 1.5. [2] A set K ⊆ Rn is said to be invex with respect to the mapping η : K ×K −→
Rn, if x+ tη(y, x) ∈ K for every x, y ∈ K and t ∈ [0, 1].

Notice that every convex set is invex with respect to the mapping η(y, x) = y − x, but the
converse is not necessarily true, see [2],[31] and the references therein.

Definition 1.6. [27] The function f defined on the invex set K ⊆ Rn is said to be preinvex with
respect η, if for every x, y ∈ K and t ∈ [0, 1], we have that

f (x+ tη(y, x)) ≤ (1− t)f(x) + tf(y).

The concept of preinvexity is more general than convexity since every convex function is prein-
vex with respect to the mapping η(y, x) = y − x, but the converse is not true.

The Gauss-Jacobi type quadrature formula has the following∫ b

a

(x− a)p(b− x)qf(x)dx =
+∞∑
k=0

Bm,kf(γk) +R?m|f |, (1.3)

for certain Bm,k, γk and rest R?m|f |, see [30].
Recently, Liu in [23] obtained several integral inequalities for the left-hand side of (1.3) under
the Definition 1.3 of P -function. Also in [26], Özdemir et al. established several integral in-
equalities concerning the left-hand side of (1.3) via some kinds of convexity.

Motivated by these results, in Section 2, the notion of generalized beta (r, g)-preinvex func-
tion is introduced and some new integral inequalities for the left-hand side of (1.3) involving
products of two generalized beta (r, g)-preinvex functions are given. In Section 3, some gener-
alizations of Hermite-Hadamard type integral inequalities for products of two generalized beta
(r, g)-preinvex functions via Riemann-Liouville fractional integrals are given. In Section 4, some
conclusions and future research are given. These general inequalities give us some new estimates
for the left-hand side of Gauss-Jacobi type quadrature formula for products of two generalized
beta (r, g)-preinvex functions and Hermite-Hadamard type inequalities via Riemann-Liouville
fractional integral.

2 New integral inequalities for products

Definition 2.1. [8] A set K ⊆ Rn is said to be m-invex with respect to the mapping η : K ×
K −→ Rn for some fixed m ∈ (0, 1], if mx+ tη(y,mx) ∈ K holds for each x, y ∈ K and any
t ∈ [0, 1].

Remark 2.2. In Definition 2.1, under certain conditions, the mapping η(y,mx) could reduce to
η(y, x). For example when m = 1, then the m-invex set degenerates an invex set on K.

Definition 2.3. [11] A positive function f on the invex set K is said to be logarithmically prein-
vex, if

f(u+ tη(v, u)) ≤ f1−t(u)f t(v)

for all u, v ∈ K and t ∈ [0, 1].
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Definition 2.4. [11] The function f on the invex set K is said to be r-preinvex with respect to η,
if

f(u+ tη(v, u)) ≤Mr(f(u), f(v); t)

holds for all u, v ∈ K and t ∈ [0, 1], where

Mr(x, y; t) =

{ [
(1− t)xr + tyr

] 1
r , if r 6= 0;

x1−tyt, if r = 0,

is the weighted power mean of order r for positive numbers x and y.

We next give new definition, to be referred as generalized beta (r, g)-preinvex function.

Definition 2.5. Let K ⊆ R be an open m-invex set with respect to η : K × K × (0, 1] −→ R,
g : [0, 1] −→ [0, 1] be a differentiable function and ϕ : I −→ K is a continuous function. The
function f : K −→ (0,+∞) is said to be generalized beta (r, g)-preinvex with respect to η, if

f (mϕ(x) + g(t)η(ϕ(y), ϕ(x),m)) ≤Mr(mf(ϕ(x)), f(ϕ(y)), p, q; g(t)) (2.1)

holds for some fixed m ∈ (0, 1], for any fixed p, q > −1, and for all x, y ∈ I, t ∈ [0, 1], where

Mr(mf(ϕ(x)), f(ϕ(y)), p, q; g(t))

=


[
mgp(t)(1− g(t))qfr(ϕ(x)) + gq(t)(1− g(t))pfr(ϕ(y))

] 1
r

, if r 6= 0;

[
mf(ϕ(x))

]gp(t)(1−g(t))q[
f(ϕ(y))

]gq(t)(1−g(t))p
, if r = 0,

is the weighted power mean of order r for positive numbers f(ϕ(x)) and f(ϕ(y)).

Remark 2.6. In Definition 2.5, it is worthwhile to note that the class of generalized beta (r, g)-
preinvex function is a generalization of the class of s-convex in the second sense function given
in Definition 1.4. Also, for r = 1, p = 0, q = s, g(t) = t, ∀ t ∈ [0, 1] and ϕ(x) = x, ∀x ∈ I, we
get the notion of generalized (s,m)-preinvex function, see [8].

Let see the following relevant example of generalized beta (r, g)-preinvex function wich is not
convex.

Example 2.7. Let take m = r =
1
2

two fixed numbers, p, q > 1, g(t) = eαt, where α > 1 and

ϕ(t) = t2. Consider the function f : [0,+∞) −→ [0,+∞) by

f(x) =

{
x, 0 ≤ x ≤ 2;
2, x > 2.

Also, we define the function η : [0,+∞)× [0,+∞)× (0, 1] −→ R by

η(y, x,m) =

{
−my, 0 ≤ y ≤ 2;
m(x+ y), y > 2,

Then f is generalized beta
(

1
2
, eαt

)
-preinvex with respect to η. But f is not convex (consider

x = 0, y = 3 and t ∈ (0, 1]).

In this section, in order to prove our main results regarding some new integral inequalities involv-
ing products of two generalized beta (r, g)-preinvex functions, we need the following lemma.

Lemma 2.8. Let ϕ : I −→ K be a continuous function and g : [0, 1] −→ [0, 1] is a differentiable
function. Assume that f, h : K = [mϕ(a),mϕ(a) + η(ϕ(b), ϕ(a),m)] −→ R are continuous
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functions on K◦ with respect to the same η : K ×K × (0, 1] −→ R for η(ϕ(b), ϕ(a),m) > 0.
Then for some fixed m ∈ (0, 1] and p, q > 0, we have∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)

(x−mϕ(a))p(mϕ(a) + η(ϕ(b), ϕ(a),m)− x)qf(x)h(x)dx

= ηp+q+1(ϕ(b), ϕ(a),m)

×
∫ 1

0
gp(t)(1− g(t))qf(mϕ(a) + g(t)η(ϕ(b), ϕ(a),m))

×h(mϕ(a) + g(t)η(ϕ(b), ϕ(a),m))d[g(t)].

Proof. It is easy to observe that∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)

(x−mϕ(a))p(mϕ(a) + η(ϕ(b), ϕ(a),m)− x)qf(x)h(x)dx

= η(ϕ(b), ϕ(a),m)

∫ 1

0
(mϕ(a) + g(t)η(ϕ(b), ϕ(a),m)−mϕ(a))p

×(mϕ(a) + η(ϕ(b), ϕ(a),m)−mϕ(a)− g(t)η(ϕ(b), ϕ(a),m))q

×f(mϕ(a) + g(t)η(ϕ(b), ϕ(a),m))h(mϕ(a) + g(t)η(ϕ(b), ϕ(a),m))d[g(t)]

= ηp+q+1(ϕ(b), ϕ(a),m)

×
∫ 1

0
gp(t)(1− g(t))qf(mϕ(a) + g(t)η(ϕ(b), ϕ(a),m))

×h(mϕ(a) + g(t)η(ϕ(b), ϕ(a),m))d[g(t)].

This completes the proof of the lemma.

The following definition will be used in the sequel.

Definition 2.9. The Euler beta function is defined for x, y > 0 as

β(x, y) =

∫ 1

0
tx−1(1− t)y−1dt =

Γ(x)Γ(y)

Γ(x+ y)
.

Theorem 2.10. Let k > 1, r > 1 and r−1 + l−1 = 1. Let ϕ : I −→ K be a continuous function
and g : [0, 1] −→ [0, 1] is a differentiable function. Assume that f, h : K = [mϕ(a),mϕ(a) +
η(ϕ(b), ϕ(a),m)] −→ (0,+∞) are continuous functions on K◦ with η(ϕ(b), ϕ(a),m) > 0. If
f

k
k−1 , h

k
k−1 are respectively generalized beta (r, g)-preinvex function and generalized beta (l, g)-

preinvex function on an open m-invex set K◦ with respect to the same η : K ×K × (0, 1] −→ R
for some fixed m ∈ (0, 1] where s, γ > −1, then for any fixed p, q > 0, we have∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)

(x−mϕ(a))p(mϕ(a) + η(ϕ(b), ϕ(a),m)− x)qf(x)h(x)dx

≤
(

1
2

) k−1
k

ηp+q+1(ϕ(b), ϕ(a),m)B
1
k (g(t); k, p, q)

×

[{
mf

rk
k−1 (ϕ(a))B

r
2

(
g(t);

1
r
, 2γ, 2s

)
+ f

rk
k−1 (ϕ(b))B

r
2

(
g(t);

1
r
, 2s, 2γ

)} 2
r

+

{
mh

lk
k−1 (ϕ(a))B

l
2

(
g(t);

1
l
, 2γ, 2s

)
+ h

lk
k−1 (ϕ(b))B

l
2

(
g(t);

1
l
, 2s, 2γ

)} 2
l
] k−1

k

, (2.2)

where B(g(t); k, p, q) :=
∫ 1

0
gkp(t)(1− g(t))kqd[g(t)].
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Proof. Since f
k
k−1 and h

k
k−1 are respectively generalized beta (r, g)-preinvex function and gen-

eralized (l, g)-preinvex function on an openm-invex setK◦, combining with Lemma 2.8, Hölder
inequality, Cauchy and Minkowski inequality, we get∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)

(x−mϕ(a))p(mϕ(a) + η(ϕ(b), ϕ(a),m)− x)qf(x)h(x)dx

≤ ηp+q+1(ϕ(b), ϕ(a),m)

[∫ 1

0
gkp(t)(1− g(t))kqd[g(t)]

] 1
k

×

[∫ 1

0
f

k
k−1 (mϕ(a) + g(t)η(ϕ(b), ϕ(a),m))

×h
k
k−1 (mϕ(a) + g(t)η(ϕ(b), ϕ(a),m))d[g(t)]

] k−1
k

≤ ηp+q+1(ϕ(b), ϕ(a),m)B
1
k (g(t); k, p, q)

×

[∫ 1

0

(
mgγ(t)(1− g(t))sf

rk
k−1 (ϕ(a)) + gs(t)(1− g(t))γf

rk
k−1 (ϕ(b))

) 1
r

×
(
mgγ(t)(1− g(t))sh

lk
k−1 (ϕ(a)) + gs(t)(1− g(t))γh

lk
k−1 (ϕ(b))

) 1
l

d[g(t)]

] k−1
k

≤
(

1
2

) k−1
k

ηp+q+1(ϕ(b), ϕ(a),m)B
1
k (g(t); k, p, q)

×

[∫ 1

0

(
mgγ(t)(1− g(t))sf

rk
k−1 (ϕ(a)) + gs(t)(1− g(t))γf

rk
k−1 (ϕ(b))

) 2
r

d[g(t)]

+

∫ 1

0

(
mgγ(t)(1− g(t))sh

lk
k−1 (ϕ(a)) + gs(t)(1− g(t))γh

lk
k−1 (ϕ(b))

) 2
l

d[g(t)]

] k−1
k

≤
(

1
2

) k−1
k

ηp+q+1(ϕ(b), ϕ(a),m)B
1
k (g(t); k, p, q)

×

[{(∫ 1

0
m

2
r g

2γ
r (t)(1− g(t)) 2s

r f
2k
k−1 (ϕ(a))d[g(t)]

) r
2

+

(∫ 1

0
g

2s
r (t)(1− g(t))

2γ
r f

2k
k−1 (ϕ(b))d[g(t)]

) r
2
} 2
r

+

{(∫ 1

0
m

2
l g

2γ
l (t)(1− g(t)) 2s

l h
2k
k−1 (ϕ(a))d[g(t)]

) l
2

+

(∫ 1

0
g

2s
l (t)(1− g(t))

2γ
l h

2k
k−1 (ϕ(b))d[g(t)]

) l
2
} 2

l
] k−1

k

=

(
1
2

) k−1
k

ηp+q+1(ϕ(b), ϕ(a),m)B
1
k (g(t); k, p, q)

×

[{
mf

rk
k−1 (ϕ(a))B

r
2

(
g(t);

1
r
, 2γ, 2s

)
+ f

rk
k−1 (ϕ(b))B

r
2

(
g(t);

1
r
, 2s, 2γ

)} 2
r
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+

{
mh

lk
k−1 (ϕ(a))B

l
2

(
g(t);

1
l
, 2γ, 2s

)
+ h

lk
k−1 (ϕ(b))B

l
2

(
g(t);

1
l
, 2s, 2γ

)} 2
l
] k−1

k

.

So, the proof of this theorem is completed.

Corollary 2.11. Under the same conditions as in Theorem 2.10 for r = l = 2 and g(t) = t, we
get ∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)

(x−mϕ(a))p(mϕ(a) + η(ϕ(b), ϕ(a),m)− x)qf(x)h(x)dx

≤
(
β(s+ 1, γ + 1)

2

) k−1
k

β
1
k (kp+ 1, kq + 1)ηp+q+1(ϕ(b), ϕ(a),m)

×
[
m
(
f

2k
k−1 (ϕ(a)) + h

2k
k−1 (ϕ(a))

)
+
(
f

2k
k−1 (ϕ(b)) + h

2k
k−1 (ϕ(b))

) ] k−1
k

.

Theorem 2.12. Let l ≥ 1, r > 1 and r−1 + r−1
1 = 1. Let ϕ : I −→ K be a continuous function

and g : [0, 1] −→ [0, 1] is a differentiable function. Assume that f, h : K = [mϕ(a),mϕ(a) +
η(ϕ(b), ϕ(a),m)] −→ (0,+∞) are continuous functions on K◦ with η(ϕ(b), ϕ(a),m) > 0.
If f l, hl are respectively generalized beta (r, g)-preinvex function and generalized beta (r1, g)-
preinvex function on an open m-invex set K◦ with respect to the same η : K ×K × (0, 1] −→ R
for some fixed m ∈ (0, 1] where s, γ > −1, then for any fixed p, q > 0, we have∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)

(x−mϕ(a))p(mϕ(a) + η(ϕ(b), ϕ(a),m)− x)qf(x)h(x)dx

≤
(

1
2

) 1
l

ηp+q+1(ϕ(b), ϕ(a),m)B
l−1
l (g(t); 1, p, q)

×

[{
mfrl(ϕ(a))B

r
2

(
g(t);

1
r
, 2(p+ γ), 2(q + s)

)

+frl(ϕ(b))B
r
2

(
g(t);

1
r
, 2(p+ s), 2(q + γ)

)} 2
r

+

{
mhr1l(ϕ(a))B

r1
2

(
g(t);

1
r1
, 2(p+ γ), 2(q + s)

)

+hr1l(ϕ(b))B
r1
2

(
g(t);

1
r1
, 2(p+ s), 2(q + γ)

)} 2
r1
] 1
l

. (2.3)

Proof. Since f l and hl are respectively generalized beta (r, g)-preinvex function and generalized
(r1, g)-preinvex function on an open m-invex set K◦, combining with Lemma 2.8, the well-
known power mean inequality, Cauchy and Minkowski inequality, we get∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)

(x−mϕ(a))p(mϕ(a) + η(ϕ(b), ϕ(a),m)− x)qf(x)h(x)dx

≤ ηp+q+1(ϕ(b), ϕ(a),m)

[∫ 1

0
gp(t)(1− g(t))qd[g(t)]

] l−1
l

×

[∫ 1

0
gp(t)(1− g(t))qf l(mϕ(a) + g(t)η(ϕ(b), ϕ(a),m))



Hermite-Hadamard type fractional integral inequalities 257

×hl(mϕ(a) + g(t)η(ϕ(b), ϕ(a),m))d[g(t)]

] 1
l

≤ ηp+q+1(ϕ(b), ϕ(a),m)B
l−1
l (g(t); 1, p, q)

×

[∫ 1

0
gp(t)(1− g(t))q

(
mgγ(t)(1− g(t))sfrl(ϕ(a)) + gs(t)(1− g(t))γfrl(ϕ(b))

) 1
r

×
(
mgγ(t)(1− g(t))shr1l(ϕ(a)) + gs(t)(1− g(t))γhr1l(ϕ(b))

) 1
r1 d[g(t)]

] 1
l

≤
(

1
2

) 1
l

ηp+q+1(ϕ(b), ϕ(a),m)B
1
k (g(t); 1, p, q)

×

[∫ 1

0

(
mgp+γ(t)(1− g(t))q+sfrl(ϕ(a)) + gp+s(t)(1− g(t))q+γfrl(ϕ(b))

) 2
r d[g(t)]

+

∫ 1

0

(
mgp+γ(t)(1− g(t))q+shr1l(ϕ(a)) + gp+s(t)(1− g(t))q+γhr1l(ϕ(b))

) 2
r1 d[g(t)]

] 1
l

≤
(

1
2

) 1
l

ηp+q+1(ϕ(b), ϕ(a),m)B
l−1
l (g(t); 1, p, q)

×

[{(∫ 1

0
m

2
r g

2(p+γ)
r (t)(1− g(t))

2(q+s)
r f2l(ϕ(a))d[g(t)]

) r
2

+

(∫ 1

0
g

2(p+s)
r (t)(1− g(t))

2(q+γ)
r f2l(ϕ(b))d[g(t)]

) r
2
} 2
r

+

{(∫ 1

0
m

2
r1 g

2(p+γ)
r1 (t)(1− g(t))

2(q+s)
r1 h2l(ϕ(a))d[g(t)]

) r1
2

+

(∫ 1

0
g

2(p+s)
r1 (t)(1− g(t))

2(q+γ)
r1 h2l(ϕ(b))d[g(t)]

) r1
2
} 2
r1
] 1
l

=

(
1
2

) 1
l

ηp+q+1(ϕ(b), ϕ(a),m)B
l−1
l (g(t); 1, p, q)

×

[{
mfrl(ϕ(a))B

r
2

(
g(t);

1
r
, 2(p+ γ), 2(q + s)

)

+frl(ϕ(b))B
r
2

(
g(t);

1
r
, 2(p+ s), 2(q + γ)

)} 2
r

+

{
mhr1l(ϕ(a))B

r1
2

(
g(t);

1
r1
, 2(p+ γ), 2(q + s)

)

+hr1l(ϕ(b))B
r1
2

(
g(t);

1
r1
, 2(p+ s), 2(q + γ)

)} 2
r1
] 1
l

.

So, the proof of this theorem is completed.
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Corollary 2.13. Under the same conditions as in Theorem 2.12 for r = r1 = 2 and g(t) = t, we
get ∫ mϕ(a)+η(ϕ(b),ϕ(a),m)

mϕ(a)

(x−mϕ(a))p(mϕ(a) + η(ϕ(b), ϕ(a),m)− x)qf(x)h(x)dx

≤
(

1
2

) 1
l

ηp+q+1(ϕ(b), ϕ(a),m)β
l−1
l (p+ 1, q + 1)

×
[
mβ(p+ γ + 1, q + s+ 1)

(
f2l(ϕ(a)) + h2l(ϕ(a))

)
+β(p+ s+ 1, q + γ + 1)

(
f2l(ϕ(b)) + h2l(ϕ(b))

) ] 1
l

.

3 Hermite-Hadamard type fractional integral inequalities for products

In this section, we prove our main results regarding some generalizations of Hermite-Hadamard
type inequalities for products of two generalized (r, g)-preinvex functions via fractional integrals.

Theorem 3.1. Let ϕ : I −→ K be a continuous function and g : [0, 1] −→ [0, 1] is a differ-
entiable function. Suppose K ⊆ R be an open m-invex subset with respect to η : K × K ×
(0, 1] −→ R for some fixed m ∈ (0, 1] with η(ϕ(y), ϕ(x),m) > 0, ∀x, y ∈ I. Assume that
f, h : K = [mϕ(x),mϕ(x) + η(ϕ(y), ϕ(x),m)] −→ (0,+∞) are respectively generalized beta
(r, g)-preinvex function and generalized beta (l, g)-preinvex function on an openm-invex setK◦.
Then for α > 0, p, q > −1, r > 1 and r−1 + l−1 = 1, we have

1
ηα(ϕ(y), ϕ(x),m)

∫ mϕ(x)+g(1)η(ϕ(y),ϕ(x),m)

mϕ(x)+g(0)η(ϕ(y),ϕ(x),m)

(t−mϕ(x))α−1f(t)h(t)dt

≤ 1
2

[{
mfr(ϕ(x))B

r
2

(
g(t);

1
r
, 2(α+ p− 1), 2q

)

+fr(ϕ(y))B
r
2

(
g(t);

1
r
, 2(α+ q − 1), 2p

)} 2
r

+

{
mhl(ϕ(x))B

l
2

(
g(t);

1
l
, 2(α+ p− 1), 2q

)

+hl(ϕ(y))B
l
2

(
g(t);

1
l
, 2(α+ q − 1), 2p

)} 2
l
]
. (3.1)

Proof. Since f and h are respectively generalized beta (r, g)-preinvex function and generalized
beta (l, g)-preinvex function on an openm-invex setK◦, combining with Cauchy and Minkowski
inequalities, we get

1
ηα(ϕ(y), ϕ(x),m)

∫ mϕ(x)+g(1)η(ϕ(y),ϕ(x),m)

mϕ(x)+g(0)η(ϕ(y),ϕ(x),m)

(t−mϕ(x))α−1f(t)h(t)dt

=

∫ 1

0
gα−1(t)f(mϕ(x) + g(t)η(ϕ(y), ϕ(x),m))

×h(mϕ(x) + g(t)η(ϕ(y), ϕ(x),m))d[g(t)]

≤
∫ 1

0
g(α−1)( 1

r+
1
l )(t)

[
mgp(t)(1− g(t))qfr(ϕ(x)) + gq(t)(1− g(t))pfr(ϕ(y))

] 1
r

×
[
mgp(t)(1− g(t))qhl(ϕ(x)) + gq(t)(1− g(t))phl(ϕ(y))

] 1
l

d[g(t)]
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≤ 1
2

{∫ 1

0

[
mgα+p−1(t)(1− g(t))qfr(ϕ(x)) + gα+q−1(t)(1− g(t))pfr(ϕ(y))

] 2
r

d[g(t)]

+

∫ 1

0

[
mgα+p−1(t)(1− g(t))qhl(ϕ(x)) + gα+q−1(t)(1− g(t))phl(ϕ(y))

] 2
l

d[g(t)]

}

≤ 1
2

[{(∫ 1

0
m

2
r g

2(α+p−1)
r (t)(1− g(t))

2q
r f2(ϕ(x))d[g(t)]

) r
2

+

(∫ 1

0
g

2(α+q−1)
r (t)(1− g(t))

2p
r f2(ϕ(y))d[g(t)]

) r
2
} 2
r

+

{(∫ 1

0
m

2
l g

2(α+p−1)
l (t)(1− g(t))

2q
l h2(ϕ(x))d[g(t)]

) l
2

+

(∫ 1

0
g

2(α+q−1)
l (t)(1− g(t))

2p
l h2(ϕ(y))d[g(t)]

) l
2
} 2

l
]

=
1
2

[{
mfr(ϕ(x))B

r
2

(
g(t);

1
r
, 2(α+ p− 1), 2q

)

+fr(ϕ(y))B
r
2

(
g(t);

1
r
, 2(α+ q − 1), 2p

)} 2
r

+

{
mhl(ϕ(x))B

l
2

(
g(t);

1
l
, 2(α+ p− 1), 2q

)

+hl(ϕ(y))B
l
2

(
g(t);

1
l
, 2(α+ q − 1), 2p

)} 2
l
]
.

So, the proof of this theorem is completed.

Corollary 3.2. Under the same conditions as in Theorem 3.1 for p = 0,m = q = 1, ϕ(x) =
x, g(t) = t and η(ϕ(b), ϕ(a),m) = η(b, a), we get (see [1], Theorem 3.3).

Corollary 3.3. Under the same conditions as in Theorem 3.1 for r = l = 2 and g(t) = t, we get

Γ(α)

ηα(ϕ(y), ϕ(x),m)
Jα(mϕ(x)+η(ϕ(y),ϕ(x),m))−f(mϕ(x))h(mϕ(x))

≤ 1
2

[
mβ(α+ p, q + 1)

(
f2(ϕ(x)) + h2(ϕ(x))

)
+ β(α+ q, p+ 1)

(
f2(ϕ(y)) + h2(ϕ(y))

) ]
.

Theorem 3.4. Let 0 < r, l ≤ 1, q > 1 and p−1 + q−1 = 1. Let ϕ : I −→ K be a con-
tinuous function and g : [0, 1] −→ [0, 1] is a differentiable function. Assume that f, h : K =
[mϕ(x),mϕ(x)+η(ϕ(y), ϕ(x),m)] −→ (0,+∞) are continuous functions onK◦ with η(ϕ(y), ϕ(x),m) >
0, ∀x, y ∈ I. If fp, hq are respectively generalized beta (r, g)-preinvex function and gener-
alized beta (l, g)-preinvex function on an open m-invex set K◦ with respect to the same η :
K ×K × (0, 1] −→ R for some fixed m ∈ (0, 1] where s, γ > −1, then for α > 0, we have

1
ηα(ϕ(y), ϕ(x),m)

∫ mϕ(x)+g(1)η(ϕ(y),ϕ(x),m)

mϕ(x)+g(0)η(ϕ(y),ϕ(x),m)

(t−mϕ(x))α−1f(t)h(t)dt

≤

[
mfrp(ϕ(x))Br

(
g(t);

1
r
, γ + rp(α− 1), s

)
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+frp(ϕ(y))Br
(
g(t);

1
r
, s+ rp(α− 1), γ

)] 1
rp

×

[
mhlq(ϕ(x))Bl

(
g(t);

1
l
, γ, s

)
+ hlq(ϕ(y))Bl

(
g(t);

1
l
, s, γ

)] 1
lq

. (3.2)

Proof. Since fp, hq are respectively generalized beta (r, g)-preinvex function and generalized
beta (l, g)-preinvex function on an openm-invex setK◦, combining with Hölder and Minkowski
inequalities, we get

1
ηα(ϕ(y), ϕ(x),m)

∫ mϕ(x)+g(1)η(ϕ(y),ϕ(x),m)

mϕ(x)+g(0)η(ϕ(y),ϕ(x),m)

(t−mϕ(x))α−1f(t)h(t)dt

=

∫ 1

0
gα−1(t)f(mϕ(x) + g(t)η(ϕ(y), ϕ(x),m))

×h(mϕ(x) + g(t)η(ϕ(y), ϕ(x),m))d[g(t)]

≤

(∫ 1

0
gp(α−1)(t)fp(mϕ(x) + g(t)η(ϕ(y), ϕ(x),m))d[g(t)]

) 1
p

×

(∫ 1

0
hq(mϕ(x) + g(t)η(ϕ(y), ϕ(x),m))d[g(t)]

) 1
q

≤

(∫ 1

0
gp(α−1)(t)

[
mgγ(t)(1− g(t))sfrp(ϕ(x)) + gs(t)(1− g(t))γfrp(ϕ(y))

] 1
r

d[g(t)]

) 1
p

×

(∫ 1

0

[
mgγ(t)(1− g(t))shlq(ϕ(x)) + gs(t)(1− g(t))γhlq(ϕ(y))

] 1
l

d[g(t)]

) 1
q

≤

{(∫ 1

0
m

1
r gp(α−1)+ γ

r (t)(1− g(t)) sr fp(ϕ(x))d[g(t)]

)r

+

(∫ 1

0
gp(α−1)+ s

r (t)(1− g(t))
γ
r fp(ϕ(y))d[g(t)]

)r} 1
rp

×

{(∫ 1

0
m

1
l g

γ
l (t)(1− g(t)) sl hq(ϕ(x))d[g(t)]

)l

+

(∫ 1

0
g
s
l (t)(1− g(t))

γ
l hq(ϕ(y))d[g(t)]

)l} 1
lq

=

[
mfrp(ϕ(x))Br

(
g(t);

1
r
, γ + rp(α− 1), s

)

+frp(ϕ(y))Br
(
g(t);

1
r
, s+ rp(α− 1), γ

)] 1
rp

×

[
mhlq(ϕ(x))Bl

(
g(t);

1
l
, γ, , s

)
+ hlq(ϕ(y))Bl

(
g(t);

1
l
, s, γ

)] 1
lq

.

So, the proof of this theorem is completed.
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Corollary 3.5. Under the same conditions as in Theorem 3.4 for p = q = 2 and g(t) = t, we get

Γ(α)

ηα(ϕ(y), ϕ(x),m)
Jα(mϕ(x)+η(ϕ(y),ϕ(x),m))−f(mϕ(x))h(mϕ(x))

≤ β 1
2

(γ
l
+ 1,

s

l
+ 1
) [
mh2l(ϕ(x)) + h2l(ϕ(y))

] 1
2l

×

[
mf2r(ϕ(x))βr

(γ
r
+ 2(α− 1) + 1,

s

r
+ 1
)

+f2r(ϕ(y))βr
(s
r
+ 2(α− 1) + 1,

γ

r
+ 1
)] 1

2r

.

Theorem 3.6. Let q ≥ 1, r > 1 and r−1 + l−1 = 1. Let ϕ : I −→ K be a continuous function
and g : [0, 1] −→ [0, 1] is a differentiable function. Assume that f, h : K = [mϕ(x),mϕ(x) +
η(ϕ(y), ϕ(x),m)] −→ (0,+∞) are continuous functions onK◦ with η(ϕ(y), ϕ(x),m) > 0, ∀x, y ∈
I. If f, hq are respectively generalized beta (r, g)-preinvex function and generalized beta (l, g)-
preinvex function on an open m-invex set K◦ with respect to the same η : K ×K × (0, 1] −→ R
for some fixed m ∈ (0, 1] where s, γ > −1, then for α > 0, we have

1
ηα(ϕ(y), ϕ(x),m)

∫ mϕ(x)+g(1)η(ϕ(y),ϕ(x),m)

mϕ(x)+g(0)η(ϕ(y),ϕ(x),m)

(t−mϕ(x))α−1f(t)h(t)dt

≤
(

1
2

) 1
q

[
mfr(ϕ(x))Br

(
g(t);

1
r
, γ + r(α− 1), s

)

+fr(ϕ(y))Br
(
g(t);

1
r
, s+ r(α− 1), γ

)] q−1
rq

×

[{
mfr(ϕ(x))B

r
2

(
g(t);

1
r
, 2(α+ γ − 1), 2s

)

+fr(ϕ(y))B
r
2

(
g(t);

1
r
, 2(α+ s− 1), 2γ

)} 2
r

+

{
mhlq(ϕ(x))B

l
2

(
g(t);

1
l
, 2(α+ γ − 1), 2s

)

+hlq(ϕ(y))B
l
2

(
g(t);

1
l
, 2(α+ s− 1), 2γ

)} 2
l
] 1
q

. (3.3)

Proof. Since f and hq are respectively generalized beta (r, g)-preinvex function and generalized
beta (l, g)-preinvex function on an open m-invex set K◦, combining with the well-known power
mean inequality, Cauchy and Minkowski inequalities, we get

1
ηα(ϕ(y), ϕ(x),m)

∫ mϕ(x)+g(1)η(ϕ(y),ϕ(x),m)

mϕ(x)+g(0)η(ϕ(y),ϕ(x),m)

(t−mϕ(x))α−1f(t)h(t)dt

=

∫ 1

0
gα−1(t)f(mϕ(x) + g(t)η(ϕ(y), ϕ(x),m))

×h(mϕ(x) + g(t)η(ϕ(y), ϕ(x),m))d[g(t)]

≤

(∫ 1

0
gα−1(t)f(mϕ(x) + g(t)η(ϕ(y), ϕ(x),m))d[g(t)]

)1− 1
q
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×

[∫ 1

0
gα−1(t)f(mϕ(x) + g(t)η(ϕ(y), ϕ(x),m))

×hq(mϕ(x) + g(t)η(ϕ(y), ϕ(x),m))d[g(t)]

] 1
q

≤

(∫ 1

0
gα−1(t)

[
mgγ(t)(1− g(t))sfr(ϕ(x)) + gs(t)(1− g(t))γfr(ϕ(y))

] 1
r

d[g(t)]

)1− 1
q

×

{∫ 1

0
gα−1(t)

[
mgγ(t)(1− g(t))sfr(ϕ(x)) + gs(t)(1− g(t))γfr(ϕ(y))

] 1
r

×
[
mgγ(t)(1− g(t))shlq(ϕ(x)) + gs(t)(1− g(t))γhlq(ϕ(y))

] 1
l

d[g(t)]

} 1
q

≤
(

1
2

) 1
q

{(∫ 1

0
m

1
r gα−1+ γ

r (t)(1− g(t)) sr f(ϕ(x))d[g(t)]

)r

+

(∫ 1

0
gα−1+ s

r (t)(1− g(t))
γ
r f(ϕ(y))d[g(t)]

)r} q−1
rq

×

{∫ 1

0

[
mgα+γ−1(t)(1− g(t))sfr(ϕ(x)) + gα+s−1(t)(1− g(t))γfr(ϕ(y))

] 2
r

d[g(t)]

+

∫ 1

0

[
mgα+γ−1(t)(1− g(t))shlq(ϕ(x)) + gα+s−1(t)(1− g(t))γhlq(ϕ(y))

] 2
l

d[g(t)]

} 1
q

≤
(

1
2

) 1
q

{(∫ 1

0
m

1
r gα−1+ γ

r (t)(1− g(t)) sr f(ϕ(x))d[g(t)]

)r

+

(∫ 1

0
gα−1+ s

r (t)(1− g(t))
γ
r f(ϕ(y))d[g(t)]

)r} q−1
rq

×

[{(∫ 1

0
m

2
r g

2(α+γ−1)
r (t)(1− g(t)) 2s

r f2(ϕ(x))d[g(t)]

) r
2

+

(∫ 1

0
g

2(α+s−1)
r (t)(1− g(t))

2γ
r f2(ϕ(y))d[g(t)]

) r
2
} 2
r

+

{(∫ 1

0
m

2
l g

2(α+γ−1)
l (t)(1− g(t)) 2s

l h2q(ϕ(x))d[g(t)]

) l
2

+

(∫ 1

0
g

2(α+s−1)
l (t)(1− g(t))

2γ
l h2q(ϕ(y))d[g(t)]

) l
2
} 2

l
] 1
q

=

(
1
2

) 1
q

[
mfr(ϕ(x))Br

(
g(t);

1
r
, γ + r(α− 1), s

)

+fr(ϕ(y))Br
(
g(t);

1
r
, s+ r(α− 1), γ

)] q−1
rq
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×

[{
mfr(ϕ(x))B

r
2

(
g(t);

1
r
, 2(α+ γ − 1), 2s

)

+fr(ϕ(y))B
r
2

(
g(t);

1
r
, 2(α+ s− 1), 2γ

)} 2
r

+

{
mhlq(ϕ(x))B

l
2

(
g(t);

1
l
, 2(α+ γ − 1), 2s

)

+hlq(ϕ(y))B
l
2

(
g(t);

1
l
, 2(α+ s− 1), 2γ

)} 2
l
] 1
q

.

So, the proof of this theorem is completed.

Corollary 3.7. Under the same conditions as in Theorem 3.6 for γ = 0,m = q = s = 1, ϕ(x) =
x, g(t) = t and η(ϕ(b), ϕ(a),m) = η(b, a), we get (see [1], Theorem 3.9). Also for q = 1, we
get Theorem 3.1.

Corollary 3.8. Under the same conditions as in Theorem 3.6 for r = l = 2 and g(t) = t, we get

Γ(α)

ηα(ϕ(y), ϕ(x),m)
Jα(mϕ(x)+η(ϕ(y),ϕ(x),m))−f(mϕ(x))h(mϕ(x))

≤
(

1
2

) 1
q

[
mf2(ϕ(x))β2

(
α+

γ

2
,
s

2
+ 1
)
+ f2(ϕ(y))β2

(
α+

s

2
,
γ

2
+ 1
)] q−1

2q

×
[
mβ (α+ γ, s+ 1)

(
f2(ϕ(x)) + h2q(ϕ(x))

)
+β (α+ s, γ + 1)

(
f2(ϕ(y)) + h2q(ϕ(y))

) ] 1
q

.

Remark 3.9. For α > 0, for different choices of positive values r, l =
1
2
,

1
3
, etc., for some fixed

m ∈ (0, 1], s, γ > −1, for a particular choices of a differentiable function g(t) = et, ln(t+ 1),
etc. and a particular choices of a continuous function ϕ(x) = ex for all x ∈ R, xn for all x > 0
and n ∈ N, etc., by Theorem 3.1, Theorem 3.4 and Theorem 3.6 we can get some special kinds
of Hermite-Hadamard type fractional integral inequalities for products of two generalized beta
(r, g)-preinvex functions. The details are left to the interested reader.

4 Conclusion

Motivated by this new interesting class of generalized beta (r, g)-preinvex functions we can
indeed see to be vital for fellow researchers and scientists working in the same domain. We con-
clude that our methods considered here may be a stimulant for further investigations concerning
Hermite-Hadamard type integral inequalities for products of various kinds of preinvex functions
involving classical integrals, Riemann-Liouville fractional integrals, k-fractional integrals, local
fractional integrals, fractional integral operators, q-calculus, (p, q)-calculus, time scale calculus
and conformable fractional integrals.
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functions, Stud. Univ. Babeş-Bolyai, Math., 62(4), 439–450,(2017).

[19] Kavurmaci, H., Avci, M. and Özdemir, M. E., New inequalities of Hermite-Hadamard type for convex
functions with applications, arXiv:1006.1593v1 [math. CA], 1–10, (2010).

[20] Khan, M. A., Chu, Y. M., Kashuri, A. and Liko, R., Hermite-Hadamard type fractional integral inequalities
for MT(r;g,m,ϕ)-preinvex functions, J. Comput. Anal. Appl., 26(8), 1487–1503, (2019).

[21] Khan, M. A., Chu, Y. M., Kashuri, A., Liko, R. and Ali, G., New Hermite-Hadamard inequalities for
conformable fractional integrals, J. Funct. Spaces, 2018, Article ID 6928130, pp. 9, (2018).

[22] Khan, M. A., Khurshid, Y. and Ali, T., Hermite-Hadamard inequality for fractional integrals via η-convex
functions, Acta Math. Univ. Comenianae, 79(1), 153–164, (2017).

[23] Liu, W., New integral inequalities involving beta function via P -convexity, Miskolc Math. Notes, 15(2),
585–591, (2014).

[24] Liu, W., Wen, W. and Park, J., Hermite-Hadamard type inequalities forMT -convex functions via classical
integrals and fractional integrals, J. Nonlinear Sci. Appl., 9, 766–777, (2016).

[25] Luo, C., Du, T. S., Khan, M. A., Kashuri, A. and Shen, Y., Some k-fractional integrals inequalities through
generalized λφm-MT -preinvexity, J. Comput. Anal. Appl., 27(4), 690–705, (2019).

[26] Özdemir, M. E., Set, E. and Alomari, M., Integral inequalities via several kinds of convexity, Creat. Math.
Inform., 20(1), 62–73, (2011).

[27] Pini, R., Invexity and generalized convexity, Optimization, 22, 513–525, (1991).

[28] Qi, F. and Xi, B. Y., Some integral inequalities of Simpson type for GA − ε-convex functions, Georgian
Math. J., 20(5), 775–788, (2013).

[29] Shi, H. N., Two Schur-convex functions related to Hadamard-type integral inequalities, Publ. Math. De-
brecen, 78(2), 393–403, (2011).

[30] Stancu, D. D., Coman, G. and Blaga, P., Analiză numerică şi teoria aproximării, Cluj-Napoca: Presa
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